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profit public service organization per- 
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ble for developing complete space and 
ballistic missile systems on behalf of 
the United States Air Force. 
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corporation include advanced systems 
analysis, research and experimentation, 
initial systems engineering, and gen- 
eral technical supervision of new 
systems through their critical phases. 


The broad charter of Aerospace 
Corporation offers its scientists and 
engineers more than the usual scope 
for creative expression and significant 
achievement, within a stimulating 
atmosphere of dedication to the public 
interest. 


Aerospace Corporation scientists 
and engineers are already engaged in a 
wide variety of specific systems proj- 
ects and forward research programs, 
under the leadership of scientist/ 
administrators including corporation 
president Dr. Ivan A. Getting, senior 
vice president Allen F Donovan, and 
vice presidents Edward J. Barlow, 
William W. Drake, Jr., Jack H. Irving, 
and Chalmers W. Sherwin. ‘ 

wil 


Aerospace Corporation is currently 
seeking scientists and engineers capa- 
ble of meeting genuine challenge and 
with proven ability in the fields of: 

* Space booster project engineering 

* Spacecraft design and analysis 

Aerothermodynamics 

* Solid rocket research 

* Nuclear rocket propulsion 

* Ion and plasma propulsion 

* Chemical propulsion 

* Large scale weapons operations 

research 

* Weapon system reliability planning 

* Vehicle control systems 
Those qualified and experienced in 


these and related fields are urged to 
direct their resumes to: 


Mr. James M. Benning, Room 103 
PO. Box 95081, Los Angeles 45, Calif. 


AEROSPACE CORPORATION 


engaged in accelerating the advancement of space science and technology 
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HE PURPOSE of this paper is to review some recent ad- 

vances in the study of gasdynamic problems including 

effects of chemical reactions. To provide a background for 
i the study the general concepts shall be outlined briefly. The 
rc discussions of the recent developments are restricted to in- 
viscid flow problems only, neglecting viscosity, heat conduc- 

7 - tion and diffusion. Particular attention is directed to recent 
advances in analyses of nonequilibrium dissociating gas 
— flows. In the hypersonic flight regime, high stagnation en- 
thalpies sufficient to cause dissociation are realized. When 
the time to reach equilibrium is comparable with the time it 
takes for a fluid particle to pass through the flow, then there 
exist regions of the flow field where nonequilibrium states are 
encountered. A brief survey of both the linear and the non- 
Ee linear methods of treatment of these nonequilibrium flows, 
including some new developments that have not appeared 
BY _ elsewhere, will be presented. 


Basic Concepts 


including 
_ chemical reactions depends on general concepts from three 


The formulation of gasdynamic problems 
essential areas: 

Thermodynamics of reacting mixtures. 

.. 2 Gasdynamics of reacting mixtures. 

3 Chemical kinetics of reacting mixtures. 

_ Useful concepts from these areas which are essential for the 

subject matter treated here shall be outlined briefly. whi 


Thermodynamic Equation 


‘The present study deals with the flow of a gaseous mixture 

_ which consists, generally, of N component gases among which 
chemical reactions may take place. The thermodynamic state 
of such a gaseous mixture is completely specified by 2N + 5 


-_-variables. Of these variables only N + 2 are independent 
__-variables. There are N + 3 relations between the 2N + 5 
_ variables. A fundamental thermodynamic equation (1)? is 


any equation from which these N + 3 relations can be de- 
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Advances in Nonequilibrium 
Dissociating Gasdynamics 
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duced. For instance, let h, p and s denote specific enthalpy. 
pressure and specific entropy of the mixture, respectively, anc 


let c; denote the mass fraction of the ? species (¢ = 1,..., N). 


h = h(p, 8, [1] 


From Equation 


then the functional relation 


is a fundamental thermodynamic equation. 
[1], V + 2 relations are deduced 


[2 
= oh fe) 3 
(0h/Op)., [ 
= 
where 


T,p = temperature and density of the mixture, respec- 
tively 
specific chemical potential of 7 species 


The suffixes in Equations [2-4] denote which of the variables 
are held constant. Suffix c; implies that all the values of c; are 
held constant, suffix c; that all the values of c; except that of 
c; itself are held constant. h, p, s, ci, T, p and wi; are 5 + 2N 
variables which completely determine the thermodynamic 
state of the gaseous system. A general thermodynamic change 
in the system satisfies the relation - 


Tds = dh — - mide, [5] 
i=1 


from which one can deduce the relations in Equations [2-4]. 


Gasdynamic Equations 


Kinetic theory provides a microscopic formulation of gasdy- 
namics. The microscopic state of a system is specified by 
molecular distribution functions, one for each species in the 
system. The equations which govern these distribution 
functions have the form of nonlinear integro-differential equa- 
tions. These equations can be interpreted as the microscopic 
equations of motion. This paper is concerned with gas flows 
in which the characteristic length is much larger than the 
length of free path of the molecules. For such flows a micro- 
scopically formulated problem can be translated into an 
equivalent system of differential equations governing the 
macroscopic flow variables. These differential equations 


- 7 id Dr. Li is Professor of Aeronautical Engineering and Director of Hypersonic Research, Rensselaer 
a Polytechnic Institute. He received his B.S. degree from the National Central University, China, in 
: 1940, and his Ph.D. from the California Institute of Technology in 1950. Before joining the faculty of a 
f Rensselaer, he was a senior research engineer, engaged in hypersonic research, at the California 
: Institute of Technology until 1955. Dr. Li has served as a consultant on hypersonic aerodynamics 
for several research laboratories including General Electric, Conmvale: nee Rand. He is presently a 
member of the ARS Hypersonics Committee. 
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form the continuum equations of motion which are designated 
here as the gasdynamic equations. The gasdynamic equa- 
tions for a binary mixture have been given by Chapman and 
Cowling (2). The gasdynamic equations for a multimixture 
have been given by Hirschfelder, Curtiss and Bird (3). To the 
Navier-Stokes approximation, a nonlinear coupled system of 
gasdynamic equations obtainable from the kinetic theory 
method is given in detail in (3) to which the interested reader 
is referred. 

In the present paper, attention is given to recent develop- 
ments in inviscid flows of reacting mixtures, neglecting vis- 
cosity, heat conduction and diffusion. The equations of 
motion can be therefore simplified as follows: 

Continuity equation of 7 species 

p(De;/ Dt) [6] 
u denotes the macroscopic 

o, denotes the chemical 

the mass rate of production 


where D/Dit = 0/dt + wV. 
velocity vector of the mixture. 
source function of t species, i.e., 


of species 7 per unit volume by chemical reactions. By defi- 
nition, 
i=1 
Continuity equation for the mixture 
Op/ot + V-(pu) = 0 [7] 
Momentum equation for the mixture 
p(Du/Dt) + Vp = 0 [8] 
Energy equation for the mixture 
p(Dh/Dt) = Dp/Dt (9) 
Define the stagnation enthalpy as 
H =h+ (1/2)u-u [10] 
(hen the energy equation can also be written as 
p(DH/Dt) = Op/ot [11] 


From Equation [11], an important conclusion is obtained: 
In steady inviscid flow of a reacting gas mixture, the stagna- 
tion enthalpy H remains invariant along a streamline. 

A suitable expression of ¢; shall be obtained by using con- 
cepts of chemical kinetics in the following section. At this 
point it may be pointed out that the dynamic and thermody- 
namic state of the gaseous system can be determined com- 
pletely from the calculation of p, c;, u, p, h, s, T, u; satisfying the 
system of Equations [1-4], [6-9] under specific boundary and 
initial conditions for a given problem. 


Determination of Chemical Source Function (4-8) 


Suppose that the mixture consists of NV. separate atomic 
species (Ay, As, ..., Ava) plus separate molecular species 
(Anagti1, The molecules are formed from 
combinations among the N, different species of atoms. The 
total number of chemical species are VN = N, + Ny», and the 
total number of possible independent chemical reactions is 


Nn. For the rth chemic: il reaction one may write the chemi- 

2.” (r A; [12] 


reactants i=1 products 


K, (r) 

are stoichiometric coefficients of react- 
ants and products, respectively. Stoichiometric coefficients 
zive the number of moles reacting. A; and K,™ are the 
iorward and reverse specific reaction rate constants, respec- 
tively, for the rth reaction. The net rate of progress in the 


where and 
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forward direction of the rth reaction is then expressible as 


N N 
R© = K, [A [Aj [13] 


[A:] = pe;/./; = molar concentration of the 7 species 
molecular weight of A; 


where 


, 


Since the rth reaction yields v5” — v;™’ moles of A;, the 


corresponding mass rate production of A; is 


It follows that the net mass rate of production of A; in all VN, — 
reactions is 
Nm 
> oi”) [16a] 
r=1 
Combining Equations [13-16a], one obtains 
hq 
Nm N 
pM ( 
r= T i=1 i=] 
[16b] 
where 
r ny Ar)! 
Ko = K, (4 
(r 
Ko 
fp 
ro = | KOT (2 [18] 
M,; 
i=1 
7 has the dimension of time and is the characteristic reaction 
time for the rth reaction. It may also be noted that AK is 
nondimensional and that if the rth reaction is at equilibrium, 
then, from Equation [16b] 
a> 
K™ = I (c;).”* 
i=1 
and, from Equation [17] 
om K,, | M; 
and thus one obtains 
i=1 
Equation [19] is the condition of chemical equilibrium of the 
rth reaction and K,,“ is the corresponding equilibrium con- 
stant. K,,“ is a known function of temperature obtainable 


from statistical thermodynamic principles 
a 


General Theorems 


In this section, some general results which are helpful for 
the understanding of inviscid flow of a reacting mixture will be 
outlined. In many problems, the energy equation can be 
substituted by the equation of variation of entropy, discussed 
in the following. General theorems of vorticity and circula- 
tion are also discussed. The equations of steady motion of a 
dissociating diatomic gas are obtained to illustrate the im- 
portant coupling among the flow variables and the chemical 
reaction rate. The discussions in the section on a simple dis- 
sociating gas also pave the way for developments in the latter 
part of this paper, which deal with recent results in the flow of 
a dissociating diatomic gas. 


= 


_ Entropy Production in the Flow of a Reacting Gaseous 
Mixture 


Chemical reactions are spontaneous irreversible thermody- 
~ namic processes which lead to entropy production in the flow 
_ field. This entropy variation along a fluid element can be 
-ealculated from Equation [5], thus, one has 


Ds Dh 1Dp 


whens, by Equations [6 and 9], one obtains 

[21] 
i=1 
The expression for o; as given in Equation [16b] can be sub- 
stituted in Equation [21] to yield (8) 


where 
<> 
R= universal gas constant 

x: = c(M/M;) = mole fraction of speciest _ 

M = average molecular weight of the mixture 

xi, = equilibrium mole fraction of species 7 


For 7 — 0, i.e., the ideal case of equilibrium flow, one ob- 


tains 


i=1 i= e 
(Ds/Dt). > 0 


: For 7) — ©, ie., the case of frozen flow, one obtains 
— (Ds/Dt); ~ 0. Therefore, in the flow of a reacting gaseous 
mixture there is a variation of entropy along the fluid element 


frozen 
-__ In nonequilibrium flows, it is convenient to represent equi- 
librium quantities with subse ‘ript e and nonequilibrium quan- 
tities with primes (10-13). If the translational, rotational and 
_ vibrational energies are assumed at equilibrium, as has been 
Boer in the present study, the specific inte rnal energy of 
the mixture is expressible as eh, 


5 represents the heat evolved in the formation of species 7 
per unit mass. One can also write 


h=h. +h’ = (e+ p/p) +h’ =e + p/p 


Then h’ = e’. The entropy change ds can be written as 


ds, dh./T — (1/pT)dp 


ds’ = dh'/T’ de’/T’ [27] 


In Equation [27], T’ represents the characteristic tempera- 
ture of the nonequilibrium state. Combining Equations 
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[23] 


[24-26], one obtains 


s = Pp T’ i 


Comparing this result with Equation [5], one has reson? 
= (T/T’ — \ei° [29] 

Consequently, one obtains from Equation [21] 

Ds 

30 
eT >, (1 - [30 


Equation [30] gives another variant of Ds/Dt. In this form, 
for equilibrium flow, T’ > T, (Ds/Dt). > 0; for frozen flow, 
oi— 0, (Ds/Dt);—> 0. 

This result shows clearly that entropy variation is coupled 
with the chemical relaxation processes along the fluid element. 


Variation of Vorticity and Circulation in Reacting Gas 


Flow 


For steady homenergic flow, Equations [8 and 11] can be 
combined to yield 


—u X € = VA — (1/p)Vp [31] 


where € = V X wis the flow vorticity. In a reacting non- 
equilibrium flow, the entropy production owing to chemical 
reactions must be accounted for in the calculation of the vor- 
ticity variation. From Equation [28], one has 


1 
Va - vp = 1) Dee Ves 
p i=1 


It follows that 
—u X €= TVs (1 >, [32] 
i=1 


It is concluded therefore that a steady homenergic irrota- 
tional flow is homentropic only for equilibrium flow or for 
frozen flow. In the general case of nonequilibrium flow a 
steady homenergic irrotational flow is not homentropic. 
Equation [32] is a generalization of Crocco’s theorem for inert 
gas flow. The classical circulation theorem (of Bjerknes) can 
be extended to account for nonequilibrium flow effects. Let 


T= [33 | 


where I is the circulation around a closed contour C formed of 
the line element dl. Then one obtains 


Dr/Dt = 


where A is the simply connected surface whose boundary is C. 
For equilibrium flow or for frozen flow, Equation [34] be- 
comes the classical circulation theorem. In the general case 
of nonequilibrium flow, DI'/Dt is not equal to zero in a region 
of constant entropy or constant temperature. Equations 
[32 and 34] show clearly that vorticity and circulation are 
also coupled with the chemical relaxation processes in the 


flow field. 


¢p IVT X Vs—V(T/T’) [34] 
A 


Steady Inviscid Motion of a Simple Dissociating Gas 


A simple dissociating gas is defined as the reacting gas mix- 
ture resulting from the dissociation of a pure diatomic gas: 
A, = 2A. In a simple dissociating gas, the translational, 
rotational and vibrational energies are assumed at equi- 
librium, vibrational energies being those pertaining to the 
simple harmonic oscillator model. It is further assumed that 
the ranges of density and temperature are restricted to such 
values that electronic excitation and ionization can be disre- 
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garded. Then, for a simple dissociating gas ohe obtains (13) 
aye) | + ad [350] 
52 a 35: 
= (1+ a)R:T [36a] 
where 
a = degree of dissociation aT a 
= gas constant for A» 
d = dissociation energy per unit mass 
h*,k = Planck’s and Boltzmann’s constants, respectively 
v = vibrational frequency 


In the case of a simple dissociating gas, Equation [6] can be 
written as (14) 
Da/Dt = 


[K(1 — a) — [37a] 
T 


where the right-hand side term has been obtained from Equa- 
tion [16b] and 


K = (M./4p)(K;/K,) 
tT = M,.?/[4p?K,(1 + a@)] [39] 
which may be obtained from Equations [17 and 18]. For the 


sase of steady inviscid flows, Equations [7, 8 and 11] can be 
combined to yield 


1 — pQh/p) pa] (: 
| p(Oh/Op) ic 


v) + 


= 0 


Using Equation [5], one obtains 


ay is defined as the frozen speed of sound of the mixture (15). 
Thus, the coefficient of the first term in Equation [40a] is 
expressible as 1/a;*._ The coefficient of the third term in 
Equation [40a] is a function of thermodynamic variables only 
and is expressible as (14) 


ne 


(Oh/0a) p,p _ 1 (op 1 /oh 
p(oh/ Op) pia Oa Cpe 0a p,T 
2] 
where 
Cpy = (Oh/OT)p,.a = specific heat at constant pressure and 
frozen composition 
By = —(1/p?)(0p/0T)y,2 = volume expansion coefficient 


at constant pressure and frozen composition 
To illustrate, Equations [37a and 40a] are expanded in Carte- 


sian coordinates (2,y,z), for steady flow, to obtain 


2 2 Ou 2 ov 2 ow 
(u ay") t rig, 


Ou Ov Ou , Ow ov. Ow 
& + + uu (> + + vu + = 


ar + + wo") = 0 


da da 


where (u,v,w) denote the Cartesian velocity components. 
Obviously, these equations are nonlinear and very involved 
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pis 


x=0 


Propagation of small disturbances produced by harmonic 
motion of a piston 


Fig. 1 


and can be treated by simple mathematical methods only 
when suitable simplifications are introduced. Some of these 
developments are outlined in the following sections. Equa- 
tions [40b and 387b] demonstrate very clearly the interde- 
pendence of u and a. From the results in the foregoing sec- 
tions, one can say that in the study of nonequilibrium flow the 
main difficulty is in analyzing the nonlinear coupling between 
the flow field and the chemical reaction. The main simplifica- 
tion of frozen flow or equilibrium flow is the disappearance (or 
degeneration) of these coupling effects. In these simplified 
flows Equation [37b] becomes reducible to.an algebraic equa- 
tion: 
For frozen flow aan 


= a = constant [87e] 


For equilibrium flow 


K. = a2/(1 — ae) [37d | 

and Equation [40b] becomes : 

(u? — a;?) = + (v? — a,?) ai’) 5 + 
Or Oy 
Ou Ou Ow ov Ow 

[43] 


where a; is equal to a; for frozen flow, and a; is equal to a, for 
equilibrium flow. Equation [43] has the familiar form of the 
classical gasdynamic equation and is amenable to well-known 
methods of treatment (16,17). The extension of these 
methods of treatment for solution of nonequilibrium flow 
problems is the subject matter of current interest. 


Some Linear Results of Inviscid Flows of a 
Simple Dissociating Gas 


Within the same limitations as in classical linear theories 
(16,17) linear results of nonequilibrium flow problems can be 
obtained. In linearized theories the entropy variation owing 
to chemical reaction along the fluid path can be shown to be 
a higher order effect and is neglected (14,15,18). Mathe- 
matically, the solution is greatly simplified because the govern- 
ing e qui itions are linearized. These recent linear results shall 
be reviewed briefly. 


Sound Propagation in a Simple Dissociating Gas 


The most useful linear result is the calculation of the 
velocity of sound propagation in a simple dissociating gas. 
Consider the propagation of weak waves generated by a_ 
piston moving in an infinitely long tube (Fig. 1), dealing only 
with plane waves. The medium is assumed to be a simple 
dissociating gas initially (¢ = 0) at rest and in a uniform un- © 
disturbed state of chemical equilibrium. Fort > 0, the piston — 
is given a small harmonic motion about x = 0. The dis- | 
turbances caused by the piston are assumed small, and the _ 
governing equations are linearized to obtain the acoustic 
equation (8) 


2 dx?) dtLay.2 oF 


2 
al 
\ 
40a | 
4 
| 
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To = [(1 — [45] 
1 1 0a 
a,.* ay, 2 + p ( Op [46] 


In Equation [44], wu’ denotes the perturbation velocity 
which is assumed small, and squares and products of small 
perturbation quantities have been neglected. ay, is calcu- 
lated from Equation [41] and represents the frozen speed of 
sound pertaining to the undisturbed state. a,.,, denotes the 
equilibrium speed of sound pertaining to the undisturbed 
state and is calculated from Equation [46] in which ).. is the 
thermodynamic function defined in Equation [42] and 
evaluated at the undisturbed conditions. r..’ is related to 
7. Which represents the chemical relaxation time of the undis- 
turbed state and is determined from Equation [39]. To 
Equation [44], the following boundary conditions must be 
applied: 


where 


U = maximum velocity of the piston 
w = frequency of the piston’s motion 


In order for the linear theory to be applicable, the magnitude 
of U must be very small. Solution of Equation [44] under the 
conditions of Equation [47] is expressible as (8) 


= U exp [—(wm/a;,) sin 6-2] X 


exp {iw[t — (m/a;,) cos 6-x]}} [48] 


where 
| 1 + (wr..’)? ] [49] 
1 = [(ay,,/de,)? — 1Jwr.’ 


From Equation [48], it is concluded that the disturbances 
are propagated at the following speed 


= ay, /(m cos 8) [51] 


and that the amplitude of the disturbance is decaying with in- 
creasing x as 


U exp [—(wm/ay;,) sin 6-2] [52] 


The dependence of a, as defined in Equation [51], on fre- 
quency represents the phenomena of sound dispersion. The 
amplitude decaying, as shown in Equation [52], represents 
sound absorption owing to chemical reaction occurring in the 
gas. This interesting example shows that chemical reaction 
could be an important factor contributing to sound absorption 
and dispersion. The present results also lead to the following 
conclusions: 

1 Forw—0, very low frequency wave does not decay with 
distance x and propagates with speed a,._. 

2 Forw— o, very high frequency wave does decay with 
increasing « and propagates with speed ay,,. 

3 wr.’ is an important nondimensional parameter which 
can be interpreted as the ratio of chemical relaxation time 
and characteristic vibrational time. wr..’ > 0 for equilibrium 
flow and wr.’ > o for frozen flow. 

4 In equilibrium and frozen flows, the small disturbances 
(of finite frequency w) are not attenuated and are propagated 
at speeds a,, and a,,, respectively. 

5 In nonequilibrium flow, the chemical reaction con- 
tributes to sound absorption and dispersion and a, < 
a ay, according to0 < wr,’ o. 


Gas 


For small disturbances to a free stream in chemical equi-- 
librium, Equations [40b and 37b] may be linearized and 


combined to obtain wee 


where 


= 
M.. 

x L/T 

L suitable characteristic length 

x = nondimensional ratio of the characteristic flow 


time L/u., and chemical relaxation time 7 


In Equation [53a], uw’, »’ and w’ are nondimensional perturba- 
tion velocities defined as 

= (u/ux.) — 1 = w’ = [54] 

M,,, and M,., are frozen and equilibrium Mach numbers, 

respectively. In linear theory, the entropy variation along 

a streamline is neglected. Consequently, the flow is irrota- 

tional, and a nondimensional velocity potential $(&, 7, ¢) can 
be introduced such that 


Thus, from Equation [58a] the potential equation of non- 
equilibrium flow is obtained (15) 


2 , , 
— M,.*) — (0 [53 
(1 Fea) + ag? 0 [53b] 


This equation is the governing differential equation for non- 
equilibrium flows that are a small departure from a uniform 
parallel stream. 

Some good progress has been made in the study of two- 
dimensional linearized nonequilibrium flows. Vincenti (15) 
and Moore and Gibson (18) presented solutions for disturb- 
ance fields produced by a wavy wall in subsonic and super- 
sonic nonequilibrium flows. These results illustrate some in- 
teresting nonequilibrium flow effects, such as the occurrence of 
pressure drag at subsonic speeds. 

Another interesting linear solution is Clarke’s (14), who 
considered the linearized planar flow past a sharp corner in a 
supersonic stream of an ideal dissociating gas (19,20).* 
Clarke found that the zone of influence of the corner is 
bounded upstream by the frozen Mach line (Figs. 2). In con- 
trast to the inert gas Prandtl-Meyer flow around a corner, 
the pressure is not constant on the wall downstream of the 
corner, but varies continuously in a relaxation zone. The 
wall pressure pu, immediately after the dissociating flow 
turns around the corner is determined by the formula 


Pwy = Po — — 1)0 [56a | 


3 Lighthill’s ideal dissociating gas (19) can be regarded as a 
simple dissociating gas for which f(@) = 1/2 in Equation [35a]. 
The equilibrium law of dissociation for the ideal dissociating gas 
is expressible in a very simple formula Wee 


2 
Qe p 


where pa is a constant characteristic density for dissociation. 
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corner there is recombination, which decreases the degree of 
dissociation from a... In the case of compressive flow in a 
concave corner, the degree of dissociation tends to increase 
above a. on the wall downstream of the corner. It would be 
of some interest to apply these linear results to the calculation 
of the total lift on a flat plate airfoil at a small angle of at- 
tack (Fig. 3a). Equations [56a and 57a] can be used to de- 
termine the values of py, and p,, on the suction side of the air- 
foil; Equations [56b and 57b] can be used to obtain the 
corresponding values on the pressure side. Qualitatively, the 
suction and the pressure acting on the airfoil can be illustrated 
as in Fig. 3b. One obtains thus 


4a Cry > CL > Cle 


frozen Mach wave 4a/VM,.? — 1 


— 1 = > ev > = 


nonequilibrium 


—— I .. where a is a small angle of attack. The location of the aerody- 
np J: fat namic center of the airfoil is also affected by the nonequi- 
a librium flow effects. 


Some Nonlinear Results of Inviscid Flows of a 
Simple Dissociating Gas 


Figs. 2 Supersonic flow around a sharp corner 7 1! 
a The results discussed in the foregoing section are restricted 
to small perturbation problems that are linearized. However, 
nonlinearity is a basic feature of hypersonic flows. There- 
fore, some nonlinear methods and solutions must be con- 
sidered. 


where @ denotes the small angle through which the flow is 
turned at the corner. This result is to be expected, since the 
chemical reaction does not have time to develop at the corner 
and py» must have the value pertaining to frozen flow. But as 
the flow proceeds, the chemical reaction tends to occur spon- Method of Characteristics 
taneously. If the flow continues long enough without change 
in direction, the chemical reaction will continue until chemical 
equilibrium is established. Therefore at the end of the re- 
laxation zone, it is expected that the wall pressure p,., will be 


given as a4 
u > | flat plate 


For M; > 1, Equation [40b] is a hyperbolic-type equation. 
The method of characteristics is suitable for its mathematical 
treatment. Many authors (11,21-26), using different ap- 


Clarke gives a formula‘ for p, which shows the continuous oo ae 
variation from pw; to pu, As shown in the preceding section, > 
a;,, is greater than a,..,, therefore, we have pw, is less than py, _ 


Hence, the boundary layer downstream of the convex corner 
in the relaxation zone on the wall is operating against an ad- 
verse pressure gradient which would tend to promote sepa- 


ration. Secte 
Clarke’s solution should be applicable to flow in a concave Di 
e 


corner of small angle (Fig. 2b). In this case, immediately ‘hse 
downstream of the corner one obtains 


Dey = Po + (patts?/V My? — (56b] 
and at the end of the relaxation zone, one obtains ae, TE 
Due = Po + — 1)0 [57b] “pressure 
In the case of concave corner, Pu; is greater than py. Ob- —(p,- Poo) 
serve also that in the case of expansive flow past a convex P : 
The formula is of the form 


Pw = Do F — (E; x)0 


where the top (minus) and the bottom (plus) signs apply, ~~ 
spectively, to the convex (Fig. 2a) and the concave (Fig. 2b) 
corners, and for a finite value of x, we have os 


forg—>0, T(0;x)>1 


n: noneguilibreum low 
for E—> oa, x) > — 1/VM,,2-1<1 f 
Clearly, T'(é; x) represents the modification factor owing to non- éé: equilibrium flow 
equilibrium flow effects, and x is the nondimensional ratio intro- 
duced in Equation [53a]. 
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proaches, have discussed the method of characteristics for 
problems having two independent variables (one of which 
may be the time variable). We shall restrict ourselves to 
steady planar or axisymmetric flows. In these flows of a 
simple dissociating gas, it has been possible to show that the 
streamline is a three-fold characteristic and that the two 
frozen Mach lines are each a single-fold characteristic. Along 
the streamlines, there are three compatibility conditions 
among the flow variables. Thus along the streamline dl, one 
has 


ds = —(o/pTq)(ui — ma)dl 
qdq + (1/p)dp = 0 [61] 


where g = Vu-u is the velocity magnitude. Obviously, 
Equations [59 and 60] are obtainable directly from Equations 
[21 and 6], respectively. Equation [61] is simply the dif- 
ferential form of the condition of constancy of the stagnation 
enthalpy. Along the two frozen Mach lines dl, there exists, 
respectively, the compatibility conditions 


VM? 
pq My pq 


where 


and 

M; = local frozen Mach number 

6 = 0 and 1, respectively, for planar and axisym- 
metric flows 

o = chemical source function for atomic species 

Hi, M2 = specific chemical potentials for atomic and 
molecular species, respectively 

6 = flow inclination to the z-axis 


The characteristic directions dl, dls are illustrated in Fig. 4. 

These results can be compared with classical results for inert 
gas flow. The new interesting features are: 

1 M, replaces the usual Mach number 1. 

2 Equations [59 and 60] are new compatibility conditions 
on streamlines 

3 The last term in Equation [62] represents the effects of 
entropy variation resulting from chemical reaction. 

The characteristic equations can be integrated numerically 
by means of Massau’s step-by-step method (27). In (25), this 
method has been applied to the investigation of the supersonic 
expansive flow at a convex corner. For small expansion 
angles, the method of characteristics calculations yield results 
in good agreement with the linear results discussed previously 
(14). 


Nonlinear Results of Steady Flow of a Dissociating Gas — 


Recent advances in nonlinear treatment of inviscid dis- 
sociating gas flows took place mainly in two problem areas®: 
Quasi one-dimensional steady flow in a hypersonic wind tunnel — 
nozzle (28-33), and dissociating gas flow past a blunt body — 
(20,34). In a recent review article by the present writer (13), 
these recent advances have been discussed mainly on il 
basis of the works of Li (32) and Lick (34). These results are 
mentioned here only very briefly. In a nonlinear theory, it is — 
desirable to adopt the simplest thermodynamic model in~ 
order to simplify the calculations. Lighthill’s ideal dissociat- 
ing gas has been used by many authors. Therefore, more at-_ 
tention shall be paid to these developments here. 

For quasi one-dimensional steady flow in a hypersonic wind | 
tunnel nozzle of a given geometry, the important nondimen- 
sional parameter is 


xi = K,(p/RT)*/(u/A)(dA/dz) [64] 


where A(x) represents the given nozzle geometry along the 
z-axis in the direction of flow. (Other symbols have been de- 
fined previously.) For adiabatic expansion through the 
nozzle, in regions where x; —~ 0 frozen flow will prevail, and 
in regions where x; > © equilibrium flow will prevail. This 
same parameter is important in an analysis using the stream- 
tube method (35). Some useful qualitative information 
about a flow problem may be obtained from knowledge of the 
variation of x;. For instance, in an accelerating flow region 
with falling pressure, x; tends to decrease along the stream- 
tube, and deviation from equilibrium flow would tend to ap- 
pear. Bray (28) and others have shown that once an ap- 
preciable deviation from chemical equilibrium has occurred 
in a hypersonic nozzle, a return to equilibrium is unlikely to 
take place within the nozzle. Experimental evidence in par- 
tial support of these conclusions has been reported in the r 
literature (36-38). Bray also considered what effects the 


nonequilibrium phenomena will have on quantities measured 
in the hypersonic wind tunnel test section. His estimates 
showed that the flow behind a normal shock wave is only 
changed slightly by freezing in the nozzle, that the heat ’ 
transfer rate and drag of a blunt body are reduced by only ‘ 
about 25 per cent even if complete freezing occurs in the test t 
section, and that the shock wave shape is sensitive to de- t 
partures from equilibrium. A nozzle shape which would 
minimize the departure from equilibrium flow was also ob- 
tained (28,29). 
For the calculation of the dissociating gas flow past a blunt 
body, Freeman (20) dealt with the direct problem, namely, 
the ideal dissociating gas (19) flow past a sphere. His scheme 
of calculations was based on a successive approximation I 
method (39), assuming .— © ande<1. (e€here denotes 
the ratio of the free stream density and the density in the ( 
shock layer.) As the zeroth approximation, let M. —~ ©, : 
¢— 0; then one obtains the Newtonian plus centrifugal pres- ‘ 
sure law which, in the case of hypersonic flow past a sphere, ' : 
gives 
/ 
P(t, Wa) = pata? sin + sin* [65] 
3 sin 2/R ( 
where p(x, Wa) denotes the pressure at a point (z, wa) lying ir 
on the streamline Wa in the shock layer (Fig. 5). To examine re 
the effect of dissociation on the streamline patterns, first ob- t 
tain the equation for streamline 4 as (20) ti 
ra/R [oe th 
sin z/R R 
The body oriented coordinate system where x denotes the = 
distance measured along the body surface from the stagnation th 
point and y denotes the normal distance from the body surface ° 
a 


5 Advances in the study of relaxation processes and reaction 
rates behind shock fronts in air and component gases have been = 
reviewed in (45). 1 
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Sphere radius = R 


(Fig. 5) is used here. As € > 0, y — 0, this means then that 
the shock wave coincides with the body surface. Generally, 
Equation [66] shows that the 4 streamline equation is 


Shock 
Fig. 5 Shock layer around a sphere 


To use Equation [66] for computations one must find the 
density variation e(z, Ya) along the streamline Ys. These 
calculations are simplified by adopting the ideal dissociating 
gas as a model, because the equations of state can then be 
written as (19) 


h = (4+ @)[(p/p)/(1 + + ad [35b] 

= (1+ a)R.T [36b] 

The chemical relaxation equation for an ideal dissociating gas 
is (20) 

Da/Dt = CpT~S [(1 — — (p/p,)a?] [67] 


where C ~ K,T*. C and s are assumed constants, and pg is 
the constant characteristic density for dissociation (as men- 
tioned previously). For the ideal dissociating gas, € in Equa- 
tion [66] can be expressed as (20 oo 
[66] I (20) 


_ 3(1+ a {1 — (ad)/[u.? cos? 
(cos? x4/R) (sin x/R) 


[68a | 


(sin 32/R + sin? a4/R) 


Equation [67] becomes expressible as 


( oa ) (222) 


4+ a 
_ cos’ Pa 
2 d 


(1 — a) exp 


where s has been assumed zero. ¢ has been given in Equation 
[68a]. This example again provides an illustration of the 
interdependence of the flow variables and the chemical 
reaction. Equation [69a] now must be integrated numerically 
to obtain a(z, x4) which can then be substituted into Equa- 
tion [66] to obtain the streamline shape. In Equation [69a], 
the parameter 


X2 = p.CR/u. [70] 


is a nondimensional ratio of the characteristic flow time and 
the chemical relaxation time. For x. ~ ©, chemical equi- 
librium flow prevails; then Equation [69a] is replaced by the 
algebraic condition 


Pa ox 
—— = € — ex 
1 Po 
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[69b] 


— (1/2) [u.? cos? (v4/R)/d] 


For x2 — 0, frozen flow prevails; then Equation [69a] is re- 
placed by ye 

a= aa [69c] 
where a4 denotes the degree of dissociation at point A where 
Wa enters the shock layer. In Freeman’s analysis (20) the 
gas is assumed undissociated at A (Fig. 5), i.e., a4 = 0. In 
the case of frozen flow, therefore, combining Equations [66, 
68a and 69c], one obtains 


cos’ x4/R d [71] 


In the case of an inert gas flow past a sphere, Freeman (39) 
obtained 
cos* 


= 
R (sin 32/R + sin? x4/R) 


where €4 = p./pa = 1/7 for Lighthill’s ideal dissociating gas 
(19). The disagreement between Equations [71 and 72] 
shows that the adoption of € as given in Equation [68a] would 
lead to some inaccuracy in the results of the streamline pat- 
tern. It is difficult to obtain a rigorous higher approximation 
solution; however, on physical ground, we may proceed in the 
following manner. Dissociation takes place along Wa ata 
finite rate which would cause two effects: An increase in 
entropy, and a decrease in temperature. Assuming that the 
entropy effect is a higher order effect, we would have p/p’? ~ 
pa/pa’ along Wa, where y can be regarded as an average adia- 
batie exponent. In our zeroth approximation, e > 0, y > 1, 
therefore, p/p ~ pa/pa. By Equation [86b] this implies 
T ~T.4/(1 + a), which shows that as @ increases along Ws, T 
decreases from the value of 74. This thus constitutes a 
reasonable physical model which permits the representation of 


€ as 


(1 + a) {1 — (ad)/[Zu.? ‘R)} 
2(4 + a) — (1 + a) {1 — (ad)/[3u~? cos? 

3 (cos? 24/R)(sin 
(sin + r4/R) 


Equation [68b] can be used instead of Equation [68a]. Then, 
in the case of frozen flow, the y;/R expression would agree 
with Equation [72]. Obviously, since «<< 1, Equations [68a 
and 68b] should have a common range of applicability when 


(1/2)u..? cos? r4 


Therefore, in the present problem, results computed by Free- 
man (20) using Equation [68a] should give the correct trend. 
A rigorous higher approximation theory would decide the 
accuracy or inaccuracy of the physical model les aiding to Equa- 
tion [68b]. 

The other significant results in the calculations of the dis- 
sociating gas flow past a blunt body are Lick’s (34). These 
results were obtained from an inverse problem, using high 
speed computors in the numerical calculations. They have 
been reviewed in (13). 

From these recent results on nonequilibrium flows past a 
blunt body, it is concluded: 

‘1 Along the stagnation streamline, the flow decelerates 
and x2 tends to increase (toward infinity) as the stagnation 
point is approached. Thus at the stagnation point, the flow 
usually tends to the chemical equilibrium state, except in the 
ideal case of frozen flow. 

2 As the flow accelerates away from the stagnation point 
along the body surface, x2 tends to decrease and deviation 
from equilibrium flow would tend to appear. Recently, Bloom 
and Steiger (40) also investigated the dissociating gas flow 
past blunt bodies. These authors assumed equilibrium flow 
in the subsonic region and found frozen flow i in the supersonic 
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3 The main complications in the calculations arise from 
the coupling between the fluid dynamic equations and chemi- 
cal relaxation equation. In the case of frozen or equilibrium 
flow, the chemical relaxation equation can be replaced by al- 
gebraic relations, and the nonlinear coupling becomes amen- 
able to much simpler treatment. This fact is amply demon- 
strated in our discussions of Freeman’s results. 

4 The effects of finite dissociation are to cause entropy in- 
crease and temperature decrease in the nose region. The 
shock layer gas is, then, of lower density in a frozen flow than 
that in an equilibrium flow. As deviations from equilibrium 
flow increases, the shock detachment distance tends to in- 
crease, and the shock wave shape tends to become more non- 
parallel to the body surface. Experimental evidence seems to 
support these predictions (41). 7 


Concluding Remarks 


The basic nonlinear features of hypersonic flows make it 
almost necessary to resort to nonlinear methods of treatment. 
However, much can be gained for an understanding of the 
problem by an exploratory investigation using linearization. 
In the present survey, some interesting effects resulting from 
chemical nonequilibrium based on linear theories have been 
observed. Much remains to be done to carry out further de- 
velopments in linear calculations of nonequilibrium dissociat- 
ing gas flows. For instance, the calculations of inviscid dis- 
sociating gas flows past slender bodies are being carried out. 

Methods of nonlinear treatments should be pursued with 
greater efforts in wider problem areas than those methods 
presently available. These are difficult undertakings, because 
the nonlinear gasdynamic problems are difficult even without 
nonequilibrium effects. It seems quite desirable here to follow 
Lighthill’s suggestions to adopt the simplest thermodynamic 
model in order to simplify the calculations. However, the 
availability of high speed computers would perhaps permit 
adoption of more realistic gas models in numerical computa- 
tions. The serious shortcoming of numerical methods is the 
lack of analytic formulas correlating the flow variables. 

In order to obtain dependable results, either by analytical 
or by numerical schemes, one must correctly estimate the 
chemical reaction rates. At this point, the recent compre- 
hensive experimental studies of oxygen dissociation rates as 
reported in (42 and 43) are noted. Further studies of chemical 
relaxation in reacting gaseous mixtures must be carried out. 
These studies would be most important for further advances 
in solving the problems of the nonequilibrium flows. It is en- 
couraging to note that many studies are being directed to the 
complicated chemistry of high temperature air. These ef- 
forts have yielded such interesting results as reported in (44 
and 45). 

It may be stated that there are certain fundamental ele- 
ments of nonequilibrium flows that are reasonably well under- 
stood. This is merely an attempt to review briefly these ele- 
ments in inviscid flow problems. For recent advances in the 
study of chemically reacting laminar boundary layers, the 
reader is referred to a paper by Lees (46). 


References 


1 Wilson, A. H., ‘“‘Thermodynamics and Statistical Mechanics,’’ Cam- 
bridge University Press, London, 1957, chap. 3, pp. 32-63. ° 

2 Chapman, S. and Cowling, T. G., ‘‘The Mathematical Theory of 
Non-Uniform Gases,’’ Cambridge Univ. Press, London, 1952, 2nd ed., 
chaps. 7 and 8, pp. 107-150. 

3 Hirschfelder, J. O., Curtiss, C. F. and Bird, R. B., ‘‘Molecular Theory 
of Gases and Liquids,’’ John Wiley & Sons, Inc., N. Y., 1954, chap. 7, pp. 
441-513. 

4 Hinshelwood, C. N., ‘‘The Kinetics of Chemical Change,’’ Oxford 
Univ. Press, London, 1941. 

5 Hinshelwood, C. N., ‘‘The Structure of Physical Chemistry,’’ Oxford 
Univ. Press, London, 1951, pp. 351—432. 

6 Glasstone, S., Laidler, K. and Eyring, H., ‘‘The Theory of Rate 
Processes,’” McGraw-Hill Book Co., N. Y., 1941. 

7 Penner, S8.S.,‘‘Chemical Reactions in Flow Systems,’’ AGAR Dograph 
No. 7, Butterworths Scientific Publications, London, 1955. 

8 Clarke, J. F., ‘‘The Flow of Chemically Reacting Gas Mixtures,” 
Rep. no. 117, College of Aeronautics, Cranfield, England, Nov. 1958. 


178 


9 Fowler, R. H. and Guggenheim, E. A., ‘Statistical Thermodynamics,” 
Cambridge Univ. Press, London, 1956, 4th impression, pp. 165-167. 

10 Denbigh, K. G., ‘‘The Thermodynamics of the Steady State,” 
Methuen & Co., Ltd., London, 1951. 

11 Wood, W. W. and Kirkwood, J. G., ‘‘Hydrodynamics of a Reacting 
and Relaxing Fluid,” J. Appl. Phys., vol. 28, no. 4, April 1957, pp. 395-398. 

12 Sedney, R., ‘‘Some Aspects of Nonequilibrium Flows,”’ Ballistic Re- 
search Laboratories, Aberdeen Proving Ground, Md., BRL Rep. no. 1099, 
March 1960. 

13 Li, T. Y., ‘‘Recent Advances in Nonequilibrium Flow in Gas Dy- 
namics,’’ Rensselaer Polytechnic Institute, Troy, N. Y., AFOSR TN60-597, 
RPI TR AE6001, May 1960. 

14 Clarke, J. F., ‘The Linearized Flow of a Dissociating Gas,’’ J. Fluid 
Mech., vol. 7, Part 4, April 1960, pp. 577-595. 

15 Vincenti, W. G., ‘Nonequilibrium Flow over a Wavy Wall,” J. 
Fluid Mech., vol. 6, Part 4, Nov. 1959, pp. 481-496. 

16 Liepmann, H. W. and Roshko, A., ‘‘Elements of Gas Dynamics,” 
John Wiley & Sons, Inc., N. Y., 1957. 

17 Oswatitsch, K., ‘Gas Dynamics,’ English version by G. Kuerti, 
Academic Press, Inc., N. Y., 1956. 

18 Moore, F. K. and Gibson, W. E., ‘‘Propagation of Weak Disturbances 
in a Gas Subject to Relaxation Effects,’’ J. Aero/Space Sci., vol. 27, no. 2, 


- Feb. 1960, pp. 117-128. 


19 Lighthill, M. J., ‘‘Dynamics of a Dissociating Gas, Part I. Equi- 


librium Flow,”’ J. Fluid Mech., vol. 2, Part 1, Jan. 1957, pp. 1-32. 


20 Freeman, N. C., ‘‘Nonequilibrium Flow of an Ideal Dissociating 
Gas,”’ J. Fluid Mech., vol. 4, Part 4, Aug. 1958, pp. 407-425. 

21 Chu, B. T., ‘‘Wave Propagation and the Method of Characteristics in 
Reacting Gas Mixtures with Applications to Hypersonic Flow,’ Brown 
University, Providence, R. I.,. WADC TN 57-213, AD 118,350, May 1957. 

22 Wood, W. W. and Kirkwood, J. G., ‘‘Characteristic Equations for 
Reactive Flow,”’ J. Chem. Phys., vol. 27, no. 2, Aug. 1957, p. 596. 

23 Resler, E. L., Jr., ‘Characteristics and Sound Speed in Nonisentropic 
Gas with Nonequilibrium Thermodynamic States,” J. Aeron. Sci., vol. 24, 
no. 11, Nov. 1957, pp. 785-791. 

24 Broer, L. J. F., ‘Characteristics of Equations of Motion of a Reacting 
Gas,”’ J. Fluid Mech., vol. 4, Part 3, July 1958, p. 276. 

25 Lick, W., ‘‘Inviscid Flow Around a Blunt Body of a Reacting Mixture 
of Gases, Part A, General Analysis,’’ Rensselaer Polytechnic Institute, 
Troy, N. Y., AFOSR TN 58-522, AD 158 335, RPI TR AE5810, May 1958. 

26 Cleaver, J. W., ‘‘Two-Dimensional Flow of an Ideal Dissociating 
Gas,’’ Rep. no. 123, College of Aeronautics, Cranfield, England, Dec. 1959. 

27 Howarth, L., Ed., ‘‘Modern Developments in Fluid Dynamics, High 
Speed Flow,”’ Oxford Univ. Press, London, 1953, vol. 1, chap. 3, pp. 71-104 
(by Meyer, R. E.). 

28 Bray, K. N. C., ‘‘Atomic Recombination in a Hypersonic Wind 
Tunnel Nozzle,” J. Fluid Mech., vol. 6, Part 1, July 1959, pp. 1-32. 

29 Hall, J. G., and Russo, A. L., ‘Studies of Chemical Nonequilibrium 
in Hypersonic Nozzle Flows,’’ Cornell Aeron. Lab. Rep. no. AD 1118-A-6, 
Nov. 1959; see also Hall, J. G., ‘‘Dissociation Nonequilibrium in Hypersonic 
Nozzle Flow,’’ AIChE preprint 7, May 1959. 

30 Wegener, P. P., ‘‘Supersonic Nozzle Flow of a Reacting Gas Mixture,” 
Phys. Fluids, vol. 2, no. 3, May-June 1959, pp. 264-275. 

31 Rudin, M., ‘Criteria for Thermodynamic Equilibrium in Gas Flow,” 
Phys. Fluids, vol. 1, no. 5, Sept.-Oct. 1958, pp. 384-392. 

32 Li, T. Y., ‘‘Nonequilibrium Flow in Gas Dynamies,”’ ARS preprint no. 
852-59, June 1959; also Rensselaer Polytechnic Institute, Troy, N. Y., 
AFOSR TN 59-389, AD 213 893, RPI TR AE5901, May 1959. 

33 Heims, 8. P., ‘‘Effects of Chemical Dissociation and Molecular 
Vibrations on Steady One-Dimensional Flow,’’ NASA TN D-87, August 
1959. 

34 Lick, W., ‘‘Inviscid Flow Around a Blunt Body of a Reacting Mixture 
of Gases, Part B, Numerical Solutions,’’ Rensselaer Polytechnic Institute, 
Troy, N. Y., AFOSR TN 58-1124, AD 207 833, RPI TR AE5814, Dec. 1958; 
also, J. Fluid Mech., vol. 7, Part 1, Jan. 1960, pp. 128-144. 

35 Heims, S. P., ‘‘Effect of Oxygen Recombination on One-Dimensional 
Flow at High Mach Numbers,”’” NACA TN 4144, Jan. 1958. 

36 Wegener, P. P., ‘Experiments on Departure From Chemical Equi- 
librium in a Supersonic Flow,’’ ARS Journat, vol. 30, no. 4, April 1960, pp. 
322-329. 

37 Nagamatsu, H. T., Geiger, R. E. and Sheer, R. E., Jr., ‘‘Real Gas 
Effects in Flow over Blunt Bodies at Hypersonic Speeds,’’ J. Aero/Space 
Sci., vol. 27, no. 4, April 1960, pp. 241-251. 

38 Nagamatsu, H. T., Workman, J. B. and Sheer, R. E., Jr., ‘‘Hypersonic 
Nozzle Expansion with Air Atom Recombination Present,’’ Rep. no. 60-RL- 
2332C, General Electric Research Laboratory, Schenectady, N. Y., Jan. 
1960. 

39 Freeman, N. C., ‘‘On the Theory of Hypersonic Flow Past Plane and 
Axially Symmetric Bluff Bodies,” J. Fluid Mech., vol. 1, Part 4, Oct. 1956, 
pp. 366-387. 

40 Bloom, M. H. and Steiger, M. H., ‘“‘Inviscid Flow with Nonequi- 
librium Molecular Dissociation for Pressure Distributions Encountered in 
Hypersonic Flight,’’ IAS preprint no. 60-26, Jan. 1960. 

41 Eckerman, J., ‘‘The Measurement of the Rate of Dissociation of 
Oxygen at High Temperatures,’’ PhD. Dissertation, Catholic University, 
Wash., D. C., 1958. 

42 Byron, S. B.. “Interferometric Measurement of the Rate of Dissocia- 
tion of Oxygen Heated by Strong Shock Waves,” J. Chem. Phys., vol. 30, 
no. 6, June 1959, pp. 1380-1392. 

43. Matthews, D. L., ‘Interferometric Measurement in the Shock Tube 
of the Dissociation Rate of Oxygen,”’ Phys. Fluids, vol. 2, no. 2, March-April 
1959, p. 170. 

44 Zinman, W. G., ‘‘Recent Advances in Chemical Kinetics of Homo- 
geneous Reaction in Dissociated Air,’’ ARS Journat, vol. 30, no. 3, March 
1960, pp. 233-237. 

45 Wray, K., Teare, J. D., Kivel, B. and Hammerling, P., ‘‘Relaxation 
Processes and Reaction Rates Behind Shock Fronts in Air and Component 
Gases,’’ Avco-Everett Research Laboratory, Everett, Mass., Rep. 
AFBMD-TR-60-26, Avco Res. Rep. no. 83, Dec. 1959. 

46 Lees, L., ‘Convective Heat Transfer with Mass Addition and Chemi- 
cal Reactions,’’ 3rd AGARD Combustion and Propulsion Panel Colloquium, 
Palermo, Sicily, March 17-21, 1958, Pergamon Press, N. Y., pp. 451-499. 


ARS JouRNAL 


I 
e 
te 
al 
es 
n 
Sa 
fo 
re 
cl 
ra 
Sp 
to 
F 
| 


Satellite Networks for Continuous 


Zonal Coverage R. DAVID LUDERS' 
El Segundo, Calif. 


Solutions are obtained to the problem of providing continuous surveillance of latitudinally 
bounded zones of the globe by means of a particular family of satellite networks. Each network of 
the family considered consists of satellites equally divided among, and uniformly distributed 
around, circular orbits of common altitude; the orbit planes are equally inclined with respect to 
the Equator and symmetrically arranged about the polar axis. Relations are obtained between the 
number and distribution of satellites used, the characteristics of the network in which they are 
arranged, and the extent of the continuous zonal coverage they accomplish. These relations are 
then employed to select from the family of networks considered those which minimize the number 
of satellites required as a function of altitude for a variety of coverage problems. Results obtained 


for several representative cases are given graphically. 


T MAY well be desirable in the near future to establish Analvtical Development _ 
orbital systems which afford continuous coverage of either 5 = 
all or a limited portion of the globe. A large variety of mis- General Principles 
sions requiring such systems are described in the literature 
(1,2,3).2, An important consideration in the feasibility of such 
systems will be the number of satellites and the orbital alti- 
tudes required to accomplish the desired coverage missions. 
Recently Vargo (4) presented a solution to the problem of ob- 
taining uninterrupted coverage of the entire globe by means 
of a particular network configuration. The present analysis _ 
treats a family of networks which provide continuous coverage a 
of latitudinally bounded zones on Earth. Using relations 
obtained between network characteristics and the resultant 
coverage, one can select those networks which require the 
fewest satellites as a function of altitude for a variety of 


A satellite at altitude h can view a spherical segment whose 
size 6 (measured by the great circle arc from the satellite sub- 
point to the small circle bounding the observed segment) de- 
pends upon o the minimum angle of visibility consistent with 
the sensor capability and mission objectives. Fig. 1 illustrates 


Assumptions 


The networks considered in this analysis consist of satellites 
equally divided among, and uniformly distributed around, 
circular orbits of common altitude; the orbit planes are 
equally inclined with respect to the Equator and are sym- 
metrically arranged about the polar axis. Each satellite 


sarries a sensor which observes the segment of the globe sub- a 
_ tended by the scanned solid cone whose axis is continually } : 
aligned with the local vertical. The globe is assumed spheri- 


eal, and no differential perturbations are assumed to act (i.e., 
_ no perturbations which would alter the relative orientation of 
satellites in any orbit plane or the angular spacing between 
orbit planes). Results obtained by King-Hele (5) show that 
_ for identically inclined, equal circular orbits, peturbations 
— resulting from Earth oblateness will not, in fact, produce a 
change in the interorbit spacing; one can compensate for the 
radial excursions executed by the satellites (and the non- 

_ spherical shape of Earth) by overdesigning the network. 

Received May 9, 1960. P 
Member of the Technical Staff, Systems Research and 
_ Planning Division. This study was performed while the writer 
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tories, Inc., Los Angeles, Calif. 
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the instantaneous coverage afforded by a single satellite. 
From the — and the law of sines, it follows that 


= R,[cos a/cos (0 + a) — [1] 
6000 7 
= 5000 
“4000 
Z& 3000 
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Fig. 2 Slant range and visible half-arc vs. satellite altitude and 


minimum viewingangle 


77 


Fig. 3 Spherical segments visible from Si, S: and Ss, respec- 


EXAMPLE : 


NETWORK CHARACTERISTICS: 


!. THE n, ORBITS ARE CIRCLES OF COMMON SIZE. 


2. mz SATELLITES (NOT SHOWN HERE) ARE EVENLY SPACED IN 
EACH ORBIT. 
3. THE ORBIT PLANES ARE EQUALLY INCLINED TO THE EQUATOR. 


. THE NODAL AXES OF THE n, ORBIT PLANES ARE UNIFORMLY 
SPACED AROUND THE EQUATOR. 


Fig.4 Typical satellite network 
180 


where R, is the radius of the Earth or other central body. 
Fig. 2 shows the relation between slant range S, observed 
half-are 6, satellite altitude h and minimum viewing angle a 

The spherical segments observed by the satellites in a com- 
mon orbit plane will combine to observe a swath of angular 
half-width ¥ on the globe. Fig. 3 illustrates the relation be- 


a tween great circle arcs @ and W and n2 the number of satellites 


in each orbit plane. Although a point such as P will be un- 
covered periodically as the satellites advance in orbit, the 
shaded swath will always be observed from the orbit plane. 
By spherical trigonometry applied to triangle RS,T 
cos 6 = cos cos [2] 
- The angle y will be found to depend upon m, the number of 
_ orbit planes used, their inclination, and the location and 
extent of the area to be continuously observed. 


_ Since N denotes the total number of satellites used in a 
network, it follows by definition that 


where 7; and m2 are integers. 

The general network consists of m orbit planes which are 
equally inclined with respect to the Equator and whose nodal 
axes are uniformly spaced around the equatorial circle. Fig. 4 
shows a typical satellite network of the type treated here, and 

_ Fig. 5 gives views of such inclined systems seen from above 
~ the pole. Note that as the orbit inclination with respect to 
the equator tends to 90 deg, the inclined network becomes 
polar. If m; is odd, the resulting polar network will consist of 
mn, distinct orbit planes. However, if m is even, the polar net- 
work obtained will consist of only n,/2 distinct planes; each 
“double plane” will contain two chains of m2 satellites 
moving in opposition. This fact will be important later in 
the discussion. 


INCLINED NETWORK 


\(90° -i) 
/ 


4 


Fig. 5 Comparison of satellite networks viewed from above the 
pole 
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Method 


Fig. 6 indicates the manner in 1 which the swaths observed 
by satellites in adjacent orbit planes will merge to provide 
continuous coverage of a latitude belt in each hemisphere. 

The zones viewed from the northeastbound satellites in 
orbit planes 1 and 2 will intersect at point S which will thus 
be the southernmost’ point viewed simultaneously from those 
lanes. The southeastbound satellites in orbit planes (nm, — p) 
ind [nm, — (p + 1)] will view swaths which intersect at 
point 7. (This “plane index’’ p is chosen as the least integer 
such that T falls to the west of S.) Let point V at latitude \ 
be the southernmost point on the rotating Earth, continuously 
observed by the satellite network. Then V will be deter- 
mined by the intersection of the northern boundaries of the 
unobserved areas terminating at points S and 7; by symmetry, 
V will fall directly below point B, the intersection of planes 1 
and (m, — p). The northernmost point N continuously ob- 
served by the network will be determined by the intersection - 
of the northern boundaries of the swaths viewed from planes 
| and 2. Its latitude will be denoted by yu. 

Combining Equations [1, 2 and 3] to eliminate 6, and ap- 
plying spherical trigonometric relations to the geometry in 
Fig. 6 yields the following system of relations 


= 


R:(cos ¢/cos{arceos [eos (rm/N) cos + a} — 1) 
[ 


\ = arctan 7 cos 
ny 


sin 
V1 — sin? i sin? {[(p + 1)/m Jr} 


aresin 


where 
= arcsin [sin cos 7 — cos cos wsin i] [6] 


ind where p is the least integer such that 


ny 
| 2 
ny 08 cos 
arctal 
1 — sin? isin? 
In the foregoing relations, 0 deg < Y < 90 deg. The ex- 


tremes of required coverage will be specified in the range 0 deg 
<A < uw < 90 deg, but a resulting negative value of \ ora 
value of w in excess of 90 deg will indicate, respectively, 
coverage south of the Equator by satellites in the northern 
hemisphere or coverage beyond the poles. (This will be men- 
tioned again later in the discussion.) Note that in relation 
[7], in order that the quantity under the radical be positive 
must not exceed arccos V1 — sin? 7 sin? this in- 
sures that the swaths observed from adjacent ascending orbits 
will have a discrete intersection. If y exceeds that value, the 
swaths will overlap everywhere (indeed, providing coverage 
to X = 0 deg, but making S an undefined point). 
Relations [4-7] may be combined in principle to eliminate 
pand y; then relations of the following form result 


fi(m, i, r, = 0 
(9) 


For a given coverage requirement and sensor resolution 
capability, the quantities 4, uw and o will be known Then 
from Equation [8] one may obtain values of 7 satisfying the 
coverage requirements for a series of integral values of m. 
These (m, 7) pairs when substituted in Equation [9] yield 
curves of N vs. h for constant n, and 7. The envelope to the n, 
family of curves thus obtained is the locus of the optimum 


’ Future remarks, applicable to either hemisphere, will be made 
in terms of only the northern a, 
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tinipated earlier in the discussion, when it was realized that, 
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DETAIL (2) [n,-(p+0)] 


Fig. 6 Mercator projection of general coverage geometry 


networks. An “optimum’’ network is defined here as one — 
which accomplishes the specified coverage mission eon 
the minimum number of satellites at a given system altitude 
Strictly speaking the envelope obtained is the theoretical | 
optimum curve since both nm and ne will not, in general, as- — 
sume integral values along it. The theoretical optimum 
curve will be useful primarily as a standard for comparison 
of practical networks (i.e., ones consisting of whole numbers" 
of orbit planes containing whole numbers of satellites). 


Applications 


The specified coverage will always be such that 0deg < A < 
< 90 deg and < i < 90 deg. However, if particular 
values are assigned to one or more of these quantities, certain © 
special networks may be examined. Two of these, the polar 
and equatorial networks, are discussed in some detail in the fol- 
lowing. The third case is concerned with the more common 


network where 0 deg <i< 90 deg. 
Case A: The Polar Network « 


For an orbit inclination of 90 deg, the network is polar. 
(The particular case = 4, = 3 is shown in Fig. 7.) Rela-_ 
tions [5-7] then simplify to the following forms 


p= (n/2 — 2) [10] 
= arcsin (cos A cos{ [(p + 1)/m]m}) [11] 
= arccos [—sin ¥/cos ] 


Equation [12] indicates that pu will exceed 90 deg for y > 0° 
deg. The quantity p in inequality [10] may best be examined 
by considering its behavior for even and odd m values. For 
odd m, p is equal to (mn, — 3)/2; then 


cos {[(p + 1)/m Ja} = sin (4/2n) [13a] 
so Equation [11] becomes 
= arcsin (cos A sin [14a] 
However, if n; is even, p is equal to (mn, — 4)/2; then 
cos {[(p + 1)/m Jr} = sin (2/n) [13b] 
in which case Equation [11] becomes 
= arcsin (cos A sin [14b] 


The discrepancy between Equations [14a and 14b] was an- 


> 
27 ASF 
- € SSIS 
= 
(5) 
aie 
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for instance, a four-plane inclined network degenerated at 
t = 90 deg to a double two-plane polar network. However, 
meaningful results may be obtained for a polar network con- 
taining any (even or odd) number of distinct orbit planes. 
To find w required for a two-plane polar network, one could 
set n; equal to 4 in Equation [14b] to obtain y and substitute 
that value of y and n, in Equation [4] to obtain N, the num- 
ber of satellites actually required in a double two-plane net- 
work. But only half that number of satellites is required in 
a polar network consisting of two distinct orbit planes. Es- 
sentially then, whether nm is odd or even, Equation [14a] can 
be applied to determine y. Consequently, Equation [11] be- 
comes 


= arcsin [cos A sin (4/2m)] [15] 


Fig. 8 illustrates the manner in which coverage of the polar 
caps down to latitude X is effected by overlapping zones of 
coverage swept out by the satellites in neighboring orbit 
planes. 

Equations [4 and 15] were solved to obtain N, the total 
number of satellites required, as a function of system altitude 
h and the number of orbit planes m, for the case of complete, 
global coverage (A = 0 deg) with ideal sensors (i.e., ¢ = 0 
deg). The results are displayed in Fig. 9. The rather sharp 
heels appearing in the curves of constant m indicate that it is 
undesirable (if satellite altitude is to be minimized) to pack 
an excessively large number of satellites into each plane. In- 
stead it is better to increase n; the number of orbit planes, and 

ie 1%, to decrease n, the satellite density per plane, in order to re- 
ASSUMPTIONS ' ai duce the system altitude at some N level. For example, 36 
satellites may be arranged as follows to provide complete 


|. ALL ORBITS ARE CIRCLES OF COMMON SIZE. _ global coverage: 


2. THE PLANES ARE EVENLY FANNED ABOUT ; Orbit planes Satellites/plane Required altitude 
THEIR COMMON AXIS, NS. m = 2 = 18 1500 nautical miles 


ld 3 12 672 

3. THE SATELLITES ARE EVENLY SPACED IN by 4, re. 522 
Fig. 7 Diagram of the polar satellite network 9 4 1500 


Then, from a minimum altitude standpoint, a network of 4 X 
9 is most desirable for complete global coverage if a polar net- 
work consisting of 36 satellites is to be employed. 

Fig. 10 presents the envelope to the m family of curves 
shown in Fig. 9. The requirement that both mn; and nz be in- 
tegers results in the step-like practical optimum curve. The 
variations in step size and frequency result from the irregular 
occurrence of N values which may be factored in an optimum 
or near-optimum fashion. For example, as was seen pre- 
viously, the minimum altitude of a 36-satellite polar network 
which provides complete gobal coverage is 522 nautical miles. 
In order to reduce the network altitude further, N must be in- 
creased to at least 40 (hk = 475 nautical miles), since the best 


> 


w 


———— ax6> 


NOTE ‘ONLY THOSE N VALUES WHICH ARE INTEGRAL 
[~~ MULTIPLES OF mn, ARE PHYSICALLY POSSIBLE H 
nm, = NUMBER OF ORBIT PLANES 
n2* NUMBER OF SATELLITES / PLANE 


200 400 600 800 1000 1200 1400 1600 1800 2000 
NETWORK ALTITUDE, h (NAUT MI) 


ae Fig. 9 Number and distribution of satellites in a polar network 
providing complete global coverage (\ = 0 deg, o = O deg) 


TOTAL NUMBER OF SATELLITES, N#n,Xn2 


Fig. 8 Coverage geometry for a polar satellite network 
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38- and 39-satellite networks require altitudes of 1492 and 651 
nautical miles, respectively. Note that when N is twice the 
square of an integer (2m), the theoretical optimum may ac- 
tually be attained. 

The theoretical optimum curves for ¢ = 10 and 20 deg 
demonstrate the strong dependence of N on o. The practical 
optimum curves for each of these o values may be obtained 
by a point-by-point transformation of the practical optimum 
curve for o = 0 deg by means of the curves in Fig. 2. 

The theoretical optimum satellite utilization curves for 
several nonzero values of \ were obtained in a similar manner 
and are presented in Fig. 11. Note that sizable reductions in 
~ystem requirements may be effected by modification of the 
coverage requirement. For example, a system of 24 satellites 
providing complete global coverage requires an altitude of 859 
nautical miles; but if X = 30 deg, the altitude need be only 
91 nautical miles. 

Equations [3, 4 and 15] indicate the following dependence 
of system altitude upon the number of orbit planes in a polar 


network 
cos 
{cos (arceos { cos cos [aresin (cos sin + f 


[16] 


Minimization of h with respect to m, holding N, o and X con- 
stant, results in the expression 

4n, tan 

m cos? sin 


(1 co sin 


ny 


)-1=0 [17] 


For the special case of complete global coverage mentioned 
earlier, \ is equal to zero deg and Equation [17] takes the 
form 


tan = no tan [18] 


whose solution is simply 
Ns = 2ny [19] 


In practice, an integral value of N will not generally be twice 
the square of an integer (2m,*) permitting such a theoretical 
optimum distribution. A convenient rule of thumb for select- 
ing the practical network which minimizes system altitude is 
to choose the pair of integer factors of N which minimizes 
quantity q defined by 


q = — 2n,| [20] 


It is clear from the manner in which n and nz are involved in 
Equation [16] why the (8 X 10) and the (5 X 6) polar net- 
works mentioned earlier require identical altitudes to provide 
complete global coverage. 

More generally, it appears that the minimum-altitude polar 
network of N satellites providing coverage down to latitude 
is the one for which g, assumes its minimum value, where 


= — 2n,/cos [21] 


Case B: The Equatorial Network 


In this case 7 is equa] to zero deg, and a single orbit plane is 
used to avoid redundancy. From Equation [5] it is clear that 


y=u [22] 


That is, the zone from — » to + u will be continuously observed 
by the equatorial chain of satellites. Then from Equations 
[4 and 22] it follows that 


h = Re{cos a/cos [arcos (cos r/N cos + — 1} [23] 


Equation [23] was solved to obtain curves of N vs. uw and h 
for a network consisting of a single equatorial orbit plane. The 
results are displayed in Fig. 13 together with the system re- 
quirements for multiplane inclined networks examined in case 
C. Discussion of the results is deferred until that time. | 
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Fig. 10 Theoretical and practical optimum satellite utilization 
in a polar network providing complete global coverage (\ = 0 deg) 
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Fig. 11 Comparison of polar satellite networks providing 
coverage from the poles to minimum latitude \. (¢ = 0 deg) 
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Fig. 12 Minimum latitude continuously observed as a function 
of inclination and number of orbit planes in network (u = 60 deg) 
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Fig. 13 Comparison of inclined and polar satellite networks 
providing coverage from the Equator to maximum latitude uy. 
(o = 0 deg) 


Case C: The General Network 


In the most common case, the orbit inclination will not 
necessarily be zero or 90 deg, nor will A or uw assume its ex- 
treme value of zero or 90 deg. For example, suppose coverage 
is required from a minimum latitude \ to a maximum latitude 
p of 60 deg. Substitution of values of wu, m and 7 in relations 
[5-7] yields \ as a function of those parameters as shown in 
Fig. 12. 

Because of the role of the integer p in Equation [5], \ is a 
piecewise continuous function of 7 for m,) > 2. The physical 
explanation for the discontinuous nature of X is as follows. 
As the orbit inclination 7 decreases, Y must increase so as to 
maintain coverage up to latitude ny. Then, when the northern- 
most mesh (below latitude 7) becomes covered, point V (the 
southernmost continuously observed point) will suddenly ap- 
pear in the next mesh to the south. As y increases further, 
will decrease continuously until that mesh is covered—and so 
on. For odd values of 7, \ will assume negative values until 
y reaches the value arccos 1/1 — sin? i sin? (a/m), when the 
swaths covered from adjacent ascending satellite orbits over- 
lap everywhere. Then A becomes undefined with coverage 
extending from — yp to +y. 

It is clear from Fig. 12 that the appropriate inclinations of 
networks providing coverage from \ = 0 deg to w = 60 deg 
are 


i= 40.9deg for m = 2 
41.4 deg 3 

4 


39.2deg 


Substitution of these (m, 7) pairs in Equations [4 and 6] yields 
N as a function of h and n for X = 0 deg and w = 60 deg. 
Similarly, curves may be obtained for other values of \ and 
u. Fig. 13 shows the results appropriate to networks provid- 
ing coverage from the Equator to latitude uw in each hemi- 
sphere. The N vs. h curve for the polar network was in- 
cluded in the figure as a basis for comparison of the two kinds 
of networks for various coverage requirements. 

Fig. 12 indicates that, in order to cover the latitude belt 
from —p to +y, a network consisting of an even number of 
orbit planes must observe all points down to latitude \ = 0 
deg. However, a-network in which 7, is odd need not observe 
all points down to the Equator in order to cover the zone from 
—pto+u; that is, for n, odd, the most remote point to be 
observed will be north of the Equator. Note that in Fig. 13 
for » = 30 deg, networks for which n; is odd are superior to 
those for which 7 is even; above a system altitude of 582 
nautical miles, a single equatorial orbit plane should be used 
to provide the required coverage, but immediately below that 
altitude a three-plane network is preferred. 
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It appears from Fig. 13 that at low system altitudes a polar 
network providing complete global coverage requires fewer 
satellites than does an inclined network providing coverage 
of a wide equatorial zone. The altitude at which the polar 
and the inclined networks require equal numbers of satellites 
increases with uw. For u = 90 deg, the inclined and polar net- 
works require equal numbers at an altitude of 1960 nautical 
miles, above which the inclined network consists of two orbit 
planes. Since each of the planes is inclined at 45 deg with re- 
spect to the equatorial plane, the polar and inclined networks 
are geometrically identical for a 90-deg rotation of the axis 
common to the orbit planes. 

af 


Conclusions 

A method was developed to determine the minimum num- 
ber of satellites required to provide continuous coverage of a 
latitudinally bounded zone by means of a particular kind of 
satellite network. 

Several representative cases of coverage requirements were 
examined with the following results: 

1 The polar network is preferable to the inclined network 
in providing complete global coverage. Ideally, the distribu- 
tion of satellites in it is such that the number of satellites in 
each orbit plane is twice the number of orbit planes. 

2 The number and inclination of the orbit planes in the 
optimum inclined network designed to satisfy a particular 
coverage requirement vary discontinuously with system 
altitude. 

3 To determine the properties of the optimum satellite 
network satisfying a certain coverage requirement, it is gen- 
erally necessary to compare the N vs. h performance curves 
obtained separately for the polar, equatorial and inclined net- 
works. From such performance curves, preferred orbital 
inclinations and distributions can be chosen for satellite net- 


works at pre-assigned 
g.. 
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Nomenclature 

h = altitude of each satellite in the network €<* 

i = inclination of each orbit plane to the Equator 23 

m, = number of orbit planes in the network 

nm. = number of satellites in each orbit plane 

N- = total number of satellites in the network 

Re = radius of Earth (= 3440 nautical miles) or other central 
body 


S = slant range (Fig. 2) 

6 = central angle subtended by the observed great circle half- 
are (Fig. 1) 

AX = minimum latitude to be observed continuously 

“ = maximum latitude to be observed continuously 

o = minimum angle of visibility (Fig. 1) ‘ae 

y = great circle arc half-width of observed swath ‘a 


References 


1 Clarke, A. C., ‘‘The Making of a Moon,” Harper and Brothers, N. Y., 
1958, revised ed., chaps. 8 and 15. 

2 Select Committee on Astronautics and Space Exploration, ‘‘The Next 
Ten Years in Space 1959-1969,"’ 86th Congress, Ist Session, House Docu- 
ment No. 115; U.S. Government Printing Office, Wash., D. C., 1959, pp. 
10-13. 

3 Pierce, J. R. and Kompfner, R., ‘‘Transoceanic Communication by 
Means of Satellites,”’ Proc. IRE, vol. 47, March 1959, pp. 372-380. 

4 Vargo, L. G., “Orbital Patterns for Satellite Systems,’’ AAS pre- 
print 60-48, Sixth National Annual Meeting, Jan. 18-21, 1960, N. Y. 

5 King-Hele, D. G., ‘‘The Effect of the Earth’s Oblateness on the Orbit 
of a Near Satellite,’’ Proc. Royal Society of London, Series A, vol. 247, Oct. 
1958, pp. 49-72. 


ARS JouRNAL 


43 
m 
hi 
di 
d n: 
tl 
in 
la 
hi 
as 
re 
la 
ni 
Tr 

V 
m 

p! 

tu 
tc 
el 
cc 

aa R 

W 
Li 

ar 
as 

wi 
st 
F 


characteristics are discussed. 


N THIS paper a picture will be presented of when and 
how a shock wave and continuum-type flow field develop 
in the nose region of a blunt body which re-enters the at- 
mosphere at hypersonic speed and at an altitude sufficiently 
high that the flow may at first be considered free molecular. 
For such a re-entering vehicle, the various types of flow re- 
gimes encountered down to low altitude conditions shall be 
delineated, and for each regime the nature of the flow field as 
well as the behavior of some of the more important aerody- 
namic characteristics shall be indicated. The basis of a 
theoretical treatment for calculating the flow characteristics 
in each regime, with the exception of a narrow transitional 
layer regime, will be outlined. Here, by narrow is meant less 
than one factor of 10 in free stream density change. In the 
higher altitude regions, the kinetic theory of gases will be used 
as the basis of the analysis, whereas in the lower altitude 
regions continuum theory will be applied and the full Navier- 
Stokes equations including the linear Fourier heat conduction 
law will be used. 

Our considerations will, in general, be restricted to the stag- 
nation region of a body which is roughly spherical in character. 
In addition, the gas shall be considered a neutral perfect one. 
When applying the kinetic theory, the gas is taken to be 
monatomic, although any conclusions from such an analysis 
probably will also hold for gases of more complicated struc- 
ture, provided relaxation phenomena in the transfer of energy 
to or from a vibrational degree of freedom, or to or from 
energy of dissociation, are not too important. In this same 
context, relaxation phenomenon shall not be considered 
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Shock Wave and Flow Field 
Development in Hypersonic Re-Entry 


A study is made of when and how a shock wave and continuum-type flow field develop in the nose 
region of a highly cooled bJunt body re-entering the atmosphere at hypersonic speed and in a free 
molecular flow regime. The various types of flow regimes encountered down to low altitude condi- 
tions are delineated, and the nature of the flow field and behavior of some of the aerodynamic 
It is shown that for a highly cooled body, free molecule flow condi- 
tions occur at a higher altitude than previously indicated. 
gested that kinetic theory solutions, which are essentially modified free molecule results, along with 
the Navier-Stokes equations with no surface slip, serve to define all of the flow regimes except for a 
narrow transitional layer regime which has a height of less than one factor of 10 in free stream 
density change. It is also suggested that the appearance of a definable shock wave occurs very 
rapidly in terms of density change near the beginning of the transitional] Jayer regime, and that its 
location, as in continuum flow, is governed principally by the body geometry, whereas its thickness 
is determined by a local mean free path. 


RONALD F. PROBSTEIN? 


Brown University 
Providence, R. I. 


Based on available evidence, it is sug- 


when using continuum theory and appropriate “average” 
equilibrium values for defining the state of the gas shall 
be used. Finally, although the importance of knowing the 
re-emission process at the surface in a rarefied gas flow is 
recognized, for lack of more detailed information at present, 
average accommodation coefficients which measure the 
extent to which the mean energy and momentum of the 
molecules are accommodated to the surface shall be used, in 
common with other works on the subject. It is clear that not 
all of the restrictions mentioned are essential and their re- 
moval would only increase the technical complexity of the 
calculation. 
On the basis of these assumptions, it will be shown that for 
a highly cooled body the onset of free molecule conditions 
occurs at a higher altitude than suggested in many classical 
works on this subject, e.g., Tsien (1)* and Schaaf and Cham- 
bré (2). More important, however, it appears that kinetic 
theory solutions which result in slightly modified free molecule 
results (“first collision” type theories) along with solutions of 
the Navier-Stokes equations with no slip at the surface (at 
least for a cold body) serve to define all of the flow regimes 
except for a narrow transitional layer regime which has a 
height of less than one factor of 10 in free stream density 
change. (The available evidence for this will be presented 
later.) Connected with this feature is the fact that the ap- 
pearance of a definable shock wave occurs very rapidly (in 
terms of density increase) near the beginning of the transi- 
tional layer regime. From these considerations, it seems 
likely that for engineering purposes it may be possible to 
calculate the flow field behavior and aerodynamic charac- 
teristics in the nose region of a blunt vehicle re-entering the 
atmosphere at hypersonic speed. on 


Free Molecule Regime 


Above about 90- to 100-miles altitude, when a vehicle re- 
enters the atmosphere, the vehicle can be shown to be in what 
is usually termed the free molecule flow regime. The charac- 
teristic of this regime is that the gas is sufficiently rarefied so 


3 Numbers in parentheses indicate References at end of paper. 
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that the mean free path is everywhere much greater than a 
characteristic body dimension, so that collisions between the 
molecules and the boundary dominate over collisions be- 
tween the molecules themselves. 

In order to define a free molecule flow in terms of mean free 
path, we must first properly define what we mean by mean 
free path. The mean free path, it is to be recalled, is the mean 
distance (in a statistical sense) traveled by a molecule be- 
tween successive collisions in a given time. Unlike the col- 
lision frequency, which is the average number of collisions 
undergone by each molecule per unit time, the mean free path 
is dependent upon the choice of coordinate system. In addi- 
tion, the mean free path is inversely proportional to the 
density, so that it will vary from point to point in the flow 
field except when the density is uniform. Therefore, when 
using the mean free path as a characteristic length in a field 
of nonuniform density, one must exercise extreme caution. 

In this paper the body shall be considered moving through a 
gas with a macroscopic velocity U, which is large (not infinitely 
so) in comparison with the mean random velocity of the 
molecules in the free stream. In addition, the body shall also 
be considered highly cooled, so that U is also large in com- 
parison with the mean velocity of the molecules which are 
emitted diffusely from the surface. Such a flow has been 
termed hyperthermal by Schamberg (3). 

For a rarefied gas flow, one may think of the gas as com- 
posed of essentially two types of molecules, the incident 
molecules and those molecules emitted from the body surface. 
To illustrate the mean free path computation, let us calculate 
for rigid elastic spherical molecules the mean free path of the 
emitted molecules, denoted by the subscript e, with respect 
to the incident molecules, denoted by the subscript 7. Witha 
coordinate system fixed in the body, the average number of 
collisions per unit time of an e molecule passing through a 
cloud of i molecules will be equal to the density of 7 molecules 
per unit volume n;, multiplied by their speed relative to the e 
molecule times the effective mutual collision cross section 
mo”. Within the hyperthermal assumption, the relative 
speed will be approximately U, so that the collision frequency 
is given by vy; = Unyro*®. The mean free path will then be 
the mean speed of the e molecule @, divided by the collision 
frequency. With A denoting the mean free path in this co- 
ordinate system, this gives 


where 
= Boltzmann constant = 
m = mass of one molecule 


The corresponding mean free path can also be calculated 
relative to a coordinate system fixed in the gas. Since the 
collision frequency is invariant with coordinate transforma- 
tion, it will remain unchanged, but the average velocity of the 
e molecule will now be approximately equal to the velocity of 
the body U. With ’ denoting the mean free path in this 
coordinate system, we then have 


Nes = [2] 


These calculations can also be carried out for the other three 
possible mean free paths 72, ze and ee. The results are given in 
Table 1. 

The appearance of the +/2 factor in \’,,; and i. is a result of 
the usual more exact mean free path calculation for a uniform 
gas at rest [see, e.g., Chapman and Cowling (4) ], where it is 
not necessary to introduce the approximation of hyperthermal 
flow as in our derivation. It is to be noted that when n; = 
n» that d’;; is the conventional mean free path found in a 
table of atmospheric properties. In the remainder of the 
paper, this mean free path shall be referred to as d.., that is 


for fl 
186 


Mean free paths for highly cooled body and hy- 
personic speed 


Table 1 


Coordinate system Coordinate system 


fixed in gas a fixed in body 
1/./2 nino? Nii U/n tino? 


= 1/niro? Nei = &/niU re? 
Mie = re? hie = 1/newa? 
= U/n&ero? Nee 1/2 Nera" 


From the preceding considerations, it is clear that the cri- 
terion for free molecule flow, that the mean free path A. be 
large compared to a characteristic body dimension, as used for 
example in (1), is irrelevant. On the other hand, bearing in 
mind that both the densities n; and n, depend on distance from 
the body (except in a free molecule flow where n; is constant 
and equal to n..), it must be asked which is the smallest mean 
free path in the flow field, and then require that this quantity 
must be large in comparison with the appropriate characteristic 
flow length. Since, in general, the body will be treated as at 
rest with the gas flowing past it, the appropriate mean free path 
will be considered relative to a frame of reference fixed in the 
body. 

For a hypersonic free molecule flow with a cold body, the 
following relation holds on the surface Nad 


no.U = (1/4) nse [4] 


[See, e.g., Hayes and Probstein (5).] However, it would be in- 
correct to conclude from this relation that .:, Ai. and Ae. Were 
all of the same order, since, as will be shown later, near the 
surface of the body the density of e molecules drop off very 
rapidly even in a free molecule flow (at least for a sphere); 
whereas for sufficiently rarefied flow conditions n; remains 
roughly constant and equal to n.. We may conclude then 
that the “critical’’ mean free path is \.:, which is the mean 
free path of the emitted molecules with respect to the incident 
molecules. 
From the relations given in Table 1 


he = ii [5] 


Now if n; = n. and the emitted molecules have a mean 
density corresponding to the surface temperature (J. = 7), 
we shall denote X.; by Az, that is 


Aa = for = Na [6] 
In this case, we then write 7 
he = a) [7] 


It would appear from the foregoing that the more appro- 
priate requirement for a free molecule flow is that the mean 
free path A, be large in comparison with a characteristic flow 
length. This length is chosen to be the radius of a sphere R:, 
since this is the principal geometrical configuration to be con- 
sidered. From Equation [7], the criterion for free molecule 
flow will then be 


> 2 [8] 


In Fig. 1 this free molecule “limit’’ is shown for a sphere of 
radius R, = 1 ft and for a surface temperature equal to the 
free stream temperature. This limit has been calculated as- 
suming that by “large in comparison with one’’ is meant 10. 
With y = 1.4, the limit is then ore ale 


d.(ft) = 5.24M. 


For a given Mach number X., is known, and the corresponding 
altitude, free stream density and free stream speed of sound 
are determined from the ICAO standard atmosphere tables of 
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Minzner, Ripley and Condron (6). Although the curve has 
been drawn for a 1-ft radius sphere, note that, since Ap is a 
constant, the implication from Equation [8] is that p..R, isa 
constant. Thus, for example, were the radius of the sphere 
increased by 10, the corresponding density would be de- 
creased by a factor of 10, and the curve would move upward 
an amount indicated by the density scale shown to the right 
of the graph. 

It can be seen from Fig. 1 that the free molecule limit is at 
a much higher altitude than would be indicated by using \.. as 
the appropriate mean free path. 

The classical free molecule flow solution, where the mole- 
cules have only a single internal state, can be obtained using 
a Maxwellian distribution function or number density which 
gives the probable number of molecules per unit volume pres- 
ent in a given molecular velocity range. The free molecule 
solution for a convex body is described by choosing a point in 
space and considering those molecules which lie in an in- 
finitesimal solid angle having the direction of a specified 
molecular velocity. For a free molecule flow, the number 
density of molecules is the same as at infinity, if the backward 
ray with the direction of the vector velocity does not intersect 
the body; whereas if the ray does intersect the body, the 
number density is equal to the number of molecules leaving 
the body with the specified velocity. For a sphere, the con- 
tribution to the distribution function at any point is the sum 
of the free stream distribution function plus an emitted dis- 
tribution function associated with the molecules coming from 
the body. This latter distribution function is zero every- 
where outside of the cone subtended by the sphere whose apex 
is at the point in question. 

The calculation of any free molecule flow depends of course 
upon the surface interaction model which is chosen. Here 
and in what follows, fully diffuse reflection with the molecules 
completely accommodated to the surface conditions is as- 
sumed. That is, it is assumed that the molecules are emitted 
with a Maxwellian distribution of thermal velocities cor- 
responding to the surface temperature, and in a random direc- 


tion with the probability of any given direction proportional 
to the cosine of the angle between the normal to the surface 
and the direction of emission. Recently, alternative surface 
interaction models have been suggested [e.g., Schamberg (3), 
Schaaf (7) ]; however, for simplicity we shall retain the simple 
and reasonably realistic model of diffuse reflection. 

For a hyperthermal flow where the macroscopic velocity U 
is large in comparison with both the mean random velocity of 
the free stream molecules and the emitted particles, the num- 
ber of incident molecules per unit area per second striking the 
surface, the surface pressure, the surface shear and heat trans- 
fer rate per unit area per second on a convex body can be 
shown to be given, respectively, by [see, e.g.. (8) ] 


N = n.U cos 0 {10a } 
p = p.U? cos 6 [10b} 
= 3p.U* cos [10d 


Here 6 is the angle between the outward normal to the surface 
and the free stream velocity vector. (In the case of a sphere 
it is just the ray angle, see Fig. 2.) When the surface tem- 
perature is sufficiently high so that the contribution resulting 
from the emitted molecular flux may not be neglected, 
Equations [10] may be appropriately corrected [see (8)]. 
From Equation [10d] we observe that the heat transfer rate 
at the stagnation point is simply half the dissipation in terms 
of drag; whereas from Equation [10b] it can be seen that 
the pressure is just proportional to the square of the velocity. 

Also of interest here is the character of the flow field for such 
a free molecule flow. To illustrate the behavior of one flow 
field parameter, we shall calculate the density variation along 
the axis in front of a sphere. According to the free molecule 
concept, the number of molecules per unit volume will be the 
sum of the incident molecules n; and the emitted molecules 7. 
As mentioned previously, for a free molecule flow the density 
of incident particles n; is equal to n., and is constant every- 
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Fig. 1 Rarefied gas flow regimes for stagnation region of a highly cooled blunt body flying at hypersonic speed 


Fesruary 1961 


= 
7 : 
+ 
* 
{ 
» 
= 
aT 
= 
187 


Fig. 2 Geometry for calculation of emitted molecular densi ity 
distribution along axis of a sphere in free molecule flow 


where in the flow field. At the surface of the body n. = ns 
and is related to n.. by Equation [4]. 

We may readily derive an expression for the density along 
the axis as a function of distance in front of the sphere by re- 
ferring to Fig. 2. It is to be recalled that the molecules leav- 
ing the sphere will travel in straight lines, and their directions 
according to the cosine law will be proportional to cosa. 
Furthermore, the number striking the surface as given by 
Equation [10a] must equal the number emitted. In addition, 
from Equation [4] it can be seen that the emitted flux per unit 
solid angle subtended by the sphere must be proportional to 
n»t,/4. The contribution to the density of emitted molecules 
at a point on the axis from an element of the sphere surface 
will, therefore, be 


dn(x) = (4n.U/e) cos a cos 6(sin 6/r?)dr {11] 


Here the radial distance along the line of emission r has been 
made dimensionless with respect to a unit body radius. To 
find the total number of emitted molecules at any point z, 
we must integrate Equation [11] over all ray angles 0, from 
6 = 0 to 6 = cos~'1/z; here z has also been made dimension- 
less with respect to a unit body radius R,. We may then 
write the following integral for n.(x) 


1/x (x cos 86 — 1) cos @ sin [12] 


(x? — 2x cos 6 + 1)*/? 


As may be deduced from Fig. 2, we have used the fact that 
cos a = (x? — 1 — r?)/2r, where r? = 2? — 2x cos 8+ 1. 
Expression [12] can be integrated with the following result 


n(x) = + 1) — 
(2x? + 1)(x? — [13] 


with z taking on values from 1 to ~. Again, the total den- 
sity at any point z will be given by the sum n.. + n. 

The behavior of Equation [13] is rather interesting, since 
it shows, among other things, that the density falls off 
smoothly but rapidly from the body, with the density of the 
emitted molecules approaching zero at infinity. From Equa- 
tion [13] it can be shown that at a distance of about one 
sphere radius, the density has dropped to about 10 per cent 
of its value at the body. The geometrical decay factor in this 
relation can be very closely represented by 1 — vi — (1/z?), 
which is simply the solid angle subtended by the sphere. In 
agreement with Equation [13], this solid angle factor decays 
as x~* for large x. Nowhere along the stagnation line are any 
inflection points present to indicate the appearance of even a 
weak discontinuity. However at the surface, a singularity in 
the density gradient is present. This is seen by differentiating 
Equation [13] and taking the limit as x —> 1, which leads to 
the condition that 


The cusp-like singularity found is associated with the mole- 
cules of glancing incidence and is a direct result of the geome- 
try of the problem. It will be present for all convex (and 
concave) configurations and can be avoided only in the case 
of a plate normal to the stream. 

It is likely, though not as yet definitively established, 
that this singularity is only associated with free molecule flow 
and will disappear for all finite mean free paths. We may 
therefore say that, in this sense, free molecule flow is a singu- 
lar solution valid only for a mean free path which is every- 
where infinite. The appearance of this infinite density gradi- 
ent at the surface should not affect the mean surface charac- 
teristics, such as pressure, shear and heat transfer. It seems 
likely, however, that a clear idea as to the nature of this free 
molecular singularity would contribute to a better understand- 


ing of near free molecule type solutions. Pen . 


Near Free Molecule Regime pom 

A variety of methods employing kinetic theory treatments 
have been developed in an effort to calculate the aerody- 
namic characteristics and flow field for a body flying in near 
free molecular conditions. For a discussion and analysis of 
the various methods, the reader is referred to the paper of 
Willis (9). Because of the highly nonlinear nature of the 
problem, many of the methods have met with only limited 
success. The most successful of them have been the so-called 
first collision schemes, where only a certain class of inter- 
molecular collisions are considered, principally the collisions 
between a molecule coming from the body without a prior 
collision and an incident molecule. An example of such a 
treatment may be found in Willis’ work (9). 

In Willis’ method, the Boltzmann integro-differential equa- 
tion is formally integrated into a pure integral equation. The 
distribution function is then solved for by an iterative scheme 
starting with the free molecule solution and neglecting certain 
classes of collisions. In addition, the collision integrals are 
simplified by employing a modified Krook (10) model ap- 
propriate to the nonlinear problem. Willis carried out a first 
iterate solution for the case of rarefied flow past a sphere. 
His results for the drag and heat transfer for pseudo-hard 
sphere molecules may be expressed as 

Co/Cory = 1 — [0.835 + 6.4(%,/U)] [14] 
= 1 — (Ro/do) [0.53 + 3.2(2/U)] [15] 
Here the results are written in terms of the notation used in 
this paper. Willis points out that these analytic expressions 
are only valid for U/t,> 2 (approximately). In agreement 
with other works, both the drag and heat transfer are seen to 
decrease below the free molecule value with decreasing mean 
free path. We may expect such first collision type results as 
given here to hold down to values of R,/X~ of about 4 or 4. 
Indeed, it is clear from Equations [14 and 15] that for large 
enough values of R./X,, the drag and heat transfer become 
negative. 

Unfortunately the flow field itself was not calculated to this 
degree of approximation. However, along the stagnation line 
we can estimate the density behavior which corresponds 
roughly to the first collision regime by the following simple 
iterative scheme. Let us consider first the density of the in- 
cident molecules which, according to the free molecule solu- 
tion, will remain unchanged everywhere in the flow field. 
A first-order correction to this constant density may be made 
by recognizing that, for a non free molecular flow, the prob- 
ability of an 7 molecule surviving unhit to a given distance 
without a seca, with an emitted e molec cule will be 


exp | [16] 


Nie 
Now the mean free path ),. is given in Table 1 and is equal 
to (n.ro*)~', where the reader is reminded that n, is a func- 
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tion of x. A first correction to n; can be obtained by using 
the value of n.(x) corresponding to free molecule flow. 


From Equations [16 and 13] this gives os. 


4 R, 
n(x) = Ne exp x 


j. | +1) _ Qa? + - ak [17] 


z? x? 


It is of interest to the classical aerodynamicist to note that 
the integral expression is of the form f¢dz, which is exactly 
the Howarth-Dorodnitsyn variable used in boundary layer 
theory. It would seem that this variable again plays the same 
“<tretching”’ role as it does in classical fluid mechanics. The 
integration of Equation [17] can be readily carried out, and 
the result is 


= nx exp {(4/3)(Ro/Aw) + 3/2 — 2? + 
(x? — 1)*/*/x]} [18] 


sy a similar argument we can now correct the free molecule 
expression for n(x) and obtain n,“?(z). Such a correction 
would give a faster decay in the density of molecules emitted 
from the body. The new decay curve would be a smooth func- 
tion lying between that of Equation [13] and Equation [13] 
multiplied by exp [—R,/A.]._ However, for purposes of the 
present discussion, this additional calculation does not seem 
warranted. 

The important point to be observed is that to this first 
approximation the total density, which is the sum of the 
densities given by Equations [18 and 13], isa smoothly decay- 
ing function for which there is no indication of the appearance 
of a shock-like structure in the flow field. Modifying n, (x) 
as indicated to obtain n,“(2) would not seem to alter this 
behavior. However, there is a boundary layer type of struc- 
ture near the surface of the body which is manifested in this 
approximation and which can be distinguished even in the 
free molecule solution. 

Our results lead us to question whether, in the stagnation 
region, the conjecture of Grad (11) that a shock-like structure 
manifests itself in a near free molecule condition is valid. 
His reasoning was based partly on the idea that the significant 
characteristic length would be a distance from the body of the 
order of the mean free path \,.; which was taken constant and 
equal to Ag. At this point in the flow, it was assumed that 
collisions to form a shock-like structure would occur, since the 
emitted stream would encounter the incident stream here and 
both would be altered. However, as we have shown, one must 
interpret this length with great care, since it cannot be taken 
constant in a field of nonuniform density. Indeed, we recog- 
nize that the collision frequency will have its maximum value 
at the surface of the body and not in the flow field. 

Based on the results given previously, we put forward the 
alternative hypothesis that for\,> R, (approximately), first 
collision solutions can be used to define the flow field structure 
and aerodynamic characteristics. Furthermore, the flow field, 
at least in the region of the stagnation line ahead of a sphere, 
has a smooth uniform behavior with no appearance of a 
shock-like structure. 

In order to answer the question as to when and where the 
shock wave forms, we make the following assumptions. First, 
that its location will be governed principally by the geometry 
of the problem (e.g., by the fact that the body is a sphere of 
radius R,). As we shall show, this is a reasonable assumption 
which is true in continuum flow, and which, as we shall also 
show, holds in a near continuum flow. Second, we will assume 
that when there is a shock-like structure, its thickness will be 
of the order of several mean free paths behind the shock. In 
our notation this appropriate mean free path would be Ag. 
This latter assumption is a fairly well-verified result of kinetic 
theory [see, e.g., Grad (12)]. In other words, the location of 
the shock will be governed principally by the geometry and 
will not be too significantly altered by the mean free path, al- 
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termined by the mean free path. 
According to one of our assumptions, the shock thickness 


_ is given approximately by the relation 


6,= 3A. [19] 


Now when can we say we have what might be called a shock 
wave? Here, we shall arbitrarily define a shock-like structure 
as being present when flow changes brought about by a finite 
6, occur over a distance in the flow field of the order of the 
radius of the sphere. Hence, a shock-like structure occurs for 


65 R, [20] 


Combining Equations [19 and 20] we see that a shock will 
begin to form when 


Ae = [21] 


But from our previous results, this is just somewhat below the 
limit of validity of first collision theory. In other words, there 
must be a highly nonlinear ‘“‘cascading”’ effect in the flow field 
when A, gets to be of the order of R, or somewhat less. 
That is, when the density of the emitted molecules reaches a 
critical value at a point in the field which is less than, or of the 
order of, one radius ahead of the sphere, the collision frequency 
between the incident and emitted molecules increases very 
fast locally. 

As Prof. Lune has pointed out to the author, a shock wave 
represents a strong entropy increase, and with this increase 
must be associated a large increase in the randomization of the 
molecules. Therefore, the picture of the incident molecules 
interacting only in a perturbed sense with the emitted mole- 
cules must be destroyed when a shock forms, and the first colli- 
sion type of picture breaks down. Although the present pic- 
ture is self-consistent, we emphasize again that it is only con- 
jectural, and that it will require much more detailed analysis 
for its proof than has been given. 

In Fig. 1 is drawn the curve corresponding to Equation [20]. 
This curve must roughly represent the point at which a 
shock-like structure has formed, and must lie somewhat 
below the limit of the first collision types of theories. What we 
shall attempt to show in the succeeding sections is that, within 
a very narrow transitional layer in terms of density change 
(or change in mean free path), a definite shock is introduced 
into the flow field at a position governed by the body geome- 
try. Beyond this transitional regime, the continuum Navier- 
Stokes equations apply and can be used to describe the flow 
field and aerodynamic characteristics from there on. 


Continuum Flow Regimes 


When considering the nose region of a blunt axisymmetric 
body such as a sphere, there are essentially two fundamental 
classes of problems in the continuum region (13-15): A 
viscous layer class and a merged layer class, the latter cor- 
responding to a larger degree of rarefaction. For the viscous 
layer class there is a thin shock wave, but the shock layer 
region between the shock and the body is fully viscous, al- 
though the viscous stresses and conductive heat transfer are 
small at the shock boundary. Here, the use of the Navier- 
Stokes equations with outer boundary conditions given by the 
Hugoniot relations is justified. For the merged layer class, 
the shock wave is no longer thin, and the Navier-Stokes equa- 
tions can be used to give a solution which includes the shock 
structure and has free stream conditions as outer boundary 
conditions. A schematic picture of these two classes of prob- 
lems is shown in Fig. 3. 

In such an analysis, a main point is the degree of rarefaction 
to which one may justifiably apply the Navier-Stokes equa- 
tions. To assess this limit, we assume that the local mean free 
path must everywhere be small compared to the characteristic 
length of interest for the Navier-Stokes equations (continuum 


though its appearance in the flow and its thickness will be de- 7 
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theory) to be valid. Therefore, in the nose region of a blunt shock layer is in an almost continuum state and the shock In de 
body the basic criterion for continuum flow is taken to be that wave is beginning to have a thickness approaching that of the drop 
the mean free path behind the shock‘ \, be small compared to body radius but is still smaller than it. free | 
the shock layer thickness A (see Fig. 3). That is, It was further shown in (13-15) that including the in- the a 
/A<1 [22] cipient merged layer regime, condition [22] was met and the (15) 
vs . Navier-Stokes equations could be justifiably used. Based on me 
Here, we recognize that the shock wave itself may not be too available evidence, it was also suggested that the Navier- highl 
sharply defined. Stokes equations could be used for mean aerodynamic charac- wales 
As noted previously, in a continuum flow past a sphere the teristics in the fully merged layer regime as well. Further- In 
shock detachment distance is dependent primarily on the more, it was shown in (14) that, up to and including the fully giver 
geometry. This distance is given approximately by the re- merged layer regime, slip and temperature jump will not le begit 
lation f important in affecting the mean flow variables if the body is lave 
ia 7 wis highly cooled, although as phenomena they could be present fps t 
A/Ry = € = px/ps [23] in the more rarefied part of the Navier-Stokes continuuin fe 
curv 
with the density ratio across the shock. pute 
Now in (13-15) it was shown that for Reynolds numbers Limits for the various regimes were estimate ey hyp i valu 
lower than those for which boundary layer theory is valid, eee appromemnaGons and the condition that ania the shock thick 
the various regimes could be classified as follows in the direc- ee il - reir 
tion of decreasing Reynolds numbers: A vorticity interaction A=—eh 2. end 
regime where the vorticity in the inviscid part of the shock rene ‘ ae the « 
layer is sufficiently high so that, although boundary layer As noted in footnote 4, \, is, of course, defined in the san:c cool 
concepts can be used, the boundary conditions must be coordinate system as Ax This relation assumes that tle Fc 
modified; a viscous layer regime where the shock layer is viscosity is proportional to the square root of the absolute traje 
fully viscous but the shock wave is still discontinuous; an in- temperature, and corresponds to the rigid sphere kineti: impe 
cipient merged layer regime where the Navier-Stokes equa- model adopted previously. The limits obtained were: ana 
tions are still applicable and the shock wave is thin but not —Vorticity interaction regime (modified boundary layer) regic 
discontinuous; and a fully merged layer regime where the (25 
* Here A, is defined in the same coordinate system as \o, and 4 
as with \.., we drop the prime notation. Viscous layer regime ote e 
Nav 
EFFECTS Fully merged layer regime 
< «€ [28] in ni 
Corresponding to each of these regimes we may also esti- ides 
—> mate the thickness of the shock wave in the stagnation region wee 
ane using the one-dimensional Navier-Stokes shock structure re- ake 
Wave c sult. With the hypersonic approximations, the viscosity that 
T’/*and the Prandtl number Pr = 3, the expression for the 
_ ; shock thickness may be written (15) 
nur 
Fig. 3 Sketch of stagnation region flow field in Navier-Stokes Prol 
(dv/dR)max = (8/4)(Re/(1 + [1 — 2Ve]  [29b] 
where 
s = values of the quantities behind the shock wave ; ; 
v= normal velocity component positive in the direction 
ai of negative R (see Fig. 4) a 
= Reynolds number 
Re = [30] 
Here, the viscosity yu, is based on temperature conditions be- il 
hind the shock. The limiting value of the density ratio ¢ for 
a strong shock wave is used here and is given by 
10 
= (y. — 1)/(¥% + 1) [31] | 
with y, the isentropic exponent behind the shock wave. | 
Using the relations | 
= (T./Ts)'* = [e/(1 — 
/ 
(1/2)per 
we may rewrite the shock thickness relation as : 
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In deriving this equation, v,/U has been replaced by e, and e? 
dropped in comparison with one. Note that y refers to the 
free stream isentropic exponent. When using Equation [32] 
the appropriate value of « must be inserted, since as shown in 
(15), beginning with the incipient merged layer and with de- 
creasing density (i.e., increasing altitude) the effective ¢ for a 
highly cooled body drops below its high Reynolds number 
value. 

In Fig. 1 are indicated the limits of the various regimes as 
given by Equations [25 to 28]. In drawing the limits for the 
beginning of the viscous layer regime and incipient merged 
layer regime, a value of € which varies from about +5 at 5000 
fps to about 5/5 at 45,000 fps has been used. On each of these 
curves, is given an estimate of the shock thickness as com- 
puted from Equation [82]. We note only that an average 
value of € of about ;’5 was used for computing the shock 
thickness for the beginning of the incipient merged layer 
regime, whereas a value of 5/5 was used for the beginning and 
end of the fully merged layer regime. This is consistent with 
the decrease in ¢€ indicated by the calculations for a highly 
cooled body in (15). 

For reference purposes we have shown in Fig. 1 a typical 
trajectory for a satellite and Mars probe re-entry. The most 
important feature indicated in this figure is that, except for 
a narrow transitional layer regime, the flow field in the nose 
region of a blunt body can be handled either by the Navier- 
Stokes equations with no slip in the higher density regimes, 
or by a free molecule or first collision type approach in the 
lower density regimes. Furthermore, it can be seen that the 
Navier-Stokes shock thickness estimates are consistent with 
the previous estimates for the altitude where what we call a 
definable shock will form. However, we always bear in mind 
that what we are calling a shock is somewhat arbitrarily de- 
fined, since, of course, in reality the field is a continuous one. 
Nevertheless, these results offer further support to the idea 
that the development of the shock wave must be cascading 
in nature. 

The conjecture made previously that the location of the 
shock will be governed principally by the geometry with its 
location given approximately by Equation [23] is also con- 
sistent with our picture. It is to be noted, as stated in (15), 
that with a thin shock and high cooling, the shock wave will 
move in somewhat toward the body with decreasing Reynolds 
number. Of course, with a still further decrease in Reynolds 
number the shock will tend to thicken at the same time. This 
movement of what is essentially the back of the shock toward 
the body has been confirmed by the calculations of Ho and 
Probstein (16) and Herring (17) in the region corresponding 
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to the viscous layer regime, and by the constant density in-— 
cipient merged layer calculations of (15) where the shock 
‘an no longer be considered discontinuous. 

Until recently only constant density calculations were avail- 
able for the Navier-Stokes region; in (16), however, variable 
density stagnation point solutions have been obtained for the 
viscous layer region. This was done using the Navier-Stokes 
equations in ordinary differential form with the Hugoniot 
shock conditions as outer boundary conditions. The reduc- 
tion of the Navier-Stokes equations to ordinary differential 
equations was carried out by assuming essentially a locally 
spherically symmetric solution of a type first given in (13). 
It consists of assuming, in the neighborhood of the stagnation 
point, a solution for the various flow quantities (see Fig. 4) of 
the form 


po(R) 
qe = u(R) sin [33b ] 

é 
dr = —v(R) cos 6 
= po(R) cos 6 (33d) 
= po(R) cos + p(R) sin? [B8e] 
h = h)(R) cos? 6 [33f 


Substitution of these assumed forms into the Navier-Stokes 
equations reduces them to a system of ordinary simultaneous 
differential equations which can be integrated numerically. 

In Figs. 5 and 6 are shown, respectively, the shear and 
heat transfer results in the stagnation region of a sphere for a 
wall cooling ratio of h,/3U? = 0.05 and density ratio ¢€ = 0.1. 
Also shown for reference in these figures are the free molecule 
results given by Equations [10c and 10d], as well as the 
corresponding boundary layer and vorticity interaction results 
for compressible flow. The boundary layer shear and heat 
transfer results on a sphere are given by 


€ U \dr Debts 


gRe 1 Ro (dus ‘72 
Pr¥ e LU / stag 
Here (R,/U)(dus/dx) stag is the dimensionless inviscid stagna- 
tion point velocity gradient which was taken equal to 
(1 — €)V(8/3)e corresponding to the inviscid constant den- 
sity solution (18). The quantities f’, and g’, are the non- 
dimensional shear and heat transfer quantities defined by 


[34] 
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Fig. 6 Stagnation point heat transfer rate on a sphere from 
Navier-Stokes calculation 
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Fay and Riddell (19). 
correlation for 


0.4 
g's = 0.473 (Pr = 0.71) [36] 
/ 


The corresponding correlation for f’, was derived from un- 
published calculations of Fay and Riddell which were given 
to the author by N. H. Kemp of the Aveo Research Labora- 
tory. The result is 


f" = 0.727 poms)? (Pr = 0.71) [37] 


The vorticity interaction curves were obtained from calcula- 
tions of the present author (20) and may be written in the 


= 1+ 0.192 [39] 
Here the subscript BL stands for the boundary layer values 
given by Equations [36 and 37], and Q is the vorticity inter- 


action parameter ee by 


Fay and Riddell give the following 


In Fig. 6 the constant density incipient merged layer results 
of (15) have been interpolated, since the corresponding com- 
pressible calculations have not, as yet, been performed. On 
this scale the first collision results which are not shown would 
be valid up to a Reynolds number of about 3; whereas a 
fully merged layer calculation should carry down to about a 
Reynolds number of 5. Clearly then, this leaves only a narrow 
transitional layer regime not covered by either the presently 
existing rarefied or continuum theories. 

In order to give some idea of the behavior of the flow field 
quantities we — e shown in Fig. 7 profiles of the stagnation 
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Fig. 7 Viscous layer profiles in stagnation region of a sphere 
(A/Ry = 0.066) 
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point R dependent flow functions defined by Equations [33 |. 
In the figure, the subscript zero on the flow functions has been 
dropped. These curves are drawn for a Reynolds number Fe 
= 80 and were calculated for the same conditions as were the 
shear and heat transfer results shown previously. The stand- 
off distance A/R, was calculated to be 0.066. We may expect 
that these profiles will not be significantly altered for a some- 
what thickened shock, other than for the addition of the usu::] 
type of viscous shock profiles at the boundary where the dis- 


continuous shock wave is shown. a 4 7 


Transitional Layer Regime 


At the present time, the only solution of a nonlinear prol- 
lem providing a complete transition from the free molecul: 
flow condition to the Navier-Stokes solution is that of Lees anc 
Liu (21) on nonlinear plane Couette flow. In their solutio: 
they use the Maxwell integral equation of transfer and as- 
sume a form for the distribution function which contains :: 
number of unknown parameters. By satisfying mass 
momentum and energy conservation requirements and cer- 
tain higher moments, they are able to reduce the problem to 
the solution of ordinary differential equations. This proce- 
dure is analogous in many respects to the classical integra/| 
methods in fluid mechanics such as the Kdérmén-Pohlhause:: 
method for boundary layer flows. Hopefully this nev 
method may offer a significant advance in obtaining solution: 
to rarefied gas problems, as well as in obtaining solutions 
which pass continuously through the transition regime to th« 
usual continuum results. 

In Fig. 8 we have shown the velocity profiles obtained by 
Lees and Liu for plane Couette flow between a hot and cold 
wall at a Mach number of 3 (the speed of sound in this 
definition is based on the temperature of the cold surface). 
In spite of the fact that the cooling ratio is not too large 
(T./T,) = 4), the results are quite significant. They show 
that slip at the lower surface does not become significant until 
A,/d = sg, where X, is the mean free path based on the cold 
wall temperature and d is the plate spacing The mean free 
path A, can be expressed in terms of a mean free path X*, 
which more closely corresponds to the mean free path behind 
the shock \,. This mean free path A* is based on the 
“mean kinetic temperature’ between the upper and lower 
plates and is given by (21) 


Fig. 8 Velocity profiles for plane Couette flow (Lees and Liu) 
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Thus in this case slip at the lower surface is not significant for 
\*/d< +5, which is in agreement with the estimates shown in 
Fig. 1. More important, however, is that one can see from 
this figure that the transitional layer regime begins very 
suddenly, and within a decade in mean free path the slip at the 
lower surface almost corresponds to the free molecule value. 
Avain this is in agreement with the picture given previously 
for the height of the transitional layer in terms of density 
change. Furthermore, the transition is seen to occur at 
about the mean free path values given by our previous esti- 
mates. 

In Fig. 9 is shown the corresponding drag coefficient curve 
as a function of d/A,. Here again, in agreement with the 
estimates of Fig. 1 we see that the whole transitional region 
occupies a range in terms of d/A* from about 1 to 10, or a 
factor of 10 in density. 

Although not directly related to the blunt body problem 
discussed in this paper, these results nevertheless do tend to 
give support to the picture of the flow field development as 
put forward, namely, that for a highly cooled body flying at 
hypersonic speed outside of a narrow transitional layer, whose 
height is of the order or less than one factor of 10 in density, 
it is possible to calculate the highly rarefied regime using free 
molecule and first collision type solutions and to calculate the 
less rarefied regimes using the Navier-Stokes equations with- 
out slip. 

Of course, from a fundamental point of view, solutions of 
the transitional layer regime are quite significant, although 
from the point of view of the aerodynamicist it is questionable 
whether such complete solutions will be needed in order to de- 
fine the rarefied gasdynamics problem. 


isentropic speed of sound, (4 ykT'/m)'/2 


Nomenclature 


c = mean molecular velocity, (8k7'/mm)'/2 

Cp = drag coefficient, drag/3p,.U? 

d = plate separation distance for Couette flow 

ab = dimensionless boundary layer surface shear con- 
stant 

q's = dimensionless boundary layer surface heat trans- 
fer constant 

h = specific enthalpy 

k = Boltzmann constant ' 

m = mass of a molecule ~~.» 

Mo = free stream Mach number, U/c, be 

n = number of molecules per unit volume of gas 

Ne = number of incident molecules per unit volume of 
gas in free stream 

np = number of emitted molecules per unit volume of 
gas at surface of body when completely ac- 
commodated 

Ne = number of emitted molecules per unit volume of 


gas, equal to np at body surface 
ni = number of incident molecules per unit volume of 
gas, equal to n,. in free stream 


N = total number of molecules per unit area per 
second striking surface 

p = pressure 

= Prandtl number 

Gr, Ye = radial and tangential velocity component 

q = stagnation point surface heat transfer rate 

R = radial polar coordinate 

Ry = radius of sphere or radius of curvature of body 

R = gas constant 

Re = Reynolds number, p..URp/ps 

T = absolute temperature 


= temperature of body or temperature of cold plate 
in Couette flow 


To = temperature of hot plate in Couette flow 

u = tangential velocity divided by sin 6 
(dus/dz)stag = inviscid stagnation point velocity gradient 


= macroscopic free stream velocity 
radial velocity divided by —cos 0 
distance from center of sphere alon 


by Rp 


axis divided 
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a = angle between normal to body surface and direc- 
tion of emission 

a = isentropic exponent, free stream value without 
subscript 

A = detachment or standoff distance of shock wave 
from stagnation point 

5s = shock wave thickness 


€ = density ratio across shock, p../ps 


0 = polar angle, also angle between outward normal 
to surface and free stream velocity vector 
r = mean free path, coordinate system fixed in body 
= mean free path, coordinate system fixed in gas 
Ne ' = mean free path at body, coordinates fixed in body 
with ni = Na, &/n 
r = free stream mean free path, coordinates fixed in 
gas, 1/./2n,70? 
Xo = mean free path at wall in Couette flow, 
1//2 
Ne = mean free path behind shock, nsro? 
» = mean free path in Couette flow based on mean 
kinetic temperature, Equation [41] 
viscosity coefficient 
v = molecular collision frequency, number per second 
p = mass density, mn 
o = effective molecular diameter 
T shear stress at body 
Q = vorticity interaction parameter, Equation [40] | 
Subscripts 
b = conditions at body surface ~ 
BL = boundary layer value —_ 
e emitted molecules 
ee emitted relative to emitted molecules 
ev emitted relative to incident molecules 
FM free molecule value 
incident molecules 
it = incident relative to incident molecules 
ze = incident relative to emitted molecules : 
s = conditions behind (downstream of) shock wave — 
conditions in free stream 
0 = R dependent quantities in separated Navier- 
Stokes equations 
4 
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Experimental measurements of the lift, drag and pitching moment coefficients of wedge shaped as 

airfoils are presented. The experiments were carried out for 5- and 30-deg half-angle sharp leading f . 
edge wedges at Mach numbers of 4 and 6 and with Reynolds numbers in the range of 1500 to 8900. “i 

The results exhibited strong viscous effects, particularly for the slender wedges, and were in reason- , 
ably good agreement with a simplified form of ‘‘weak interaction’? boundary layer theory for a per- ’ 
fect gas. An extension of this theory indicates the eee importance of heat transfer effects a 
end 
T IS the purpose of this paper to present some experimental friction along the surface, and second, through the displace- the 
and theoretical results dealing with the aerodynamic char- ment effect, disturbs the surface pressure from its inviscid slic 
acteristics of wedge shaped two-dimensional “airfoils” in low value. (The boundary layer can also be expected to in- ten 
density supersonic flow. The tests were carried out in the fluence the base pressure. However, at the Mach numbers cen 
Berkeley low density supersonic wind tunnel (1) at Mach of these tests and for this geometry, this is of secondary im- the 
numbers of 4 and 6, and at Reynolds numbers in the range portance in affecting the gross aerodynamic characteristics thr 
1500 to 8900. lhe experiments thus fall within the slip of lift, drag and pitching moment.) These boundary layer the 
flow regime of gasdynamics as originally defined by Tsien effects are influenced in a rather complicated way by Mach of 1 
(2), but, in accordance with considerable recent discussion number, geometry and heat transfer conditions, in addition bet 
(3-5), do not exhibit | any marked noncontinuum effects. to their primary dependence on Reynolds number. <Ac- on 
They do, however, exhibit quite large viscous effects arising cordingly, variation in Mach number and geometry tho 
from the thick laminar boundary layers associated with the utilizing slender 5-deg half-angle wedges on the one hand, and stir 
low Reynolds numbers of the tests. blunt 30-deg half-angle wedges on the other—was considered It t 
The boundary layer has two important aerodynamic effects an important part of the investigations. Experiments in- ( 
for the present range of conditions: First, it produces a skin corporating variations in the heat transfer conditions will b« tee 
eaten made following alterations in the win e were not int 
Presented at the ARS Semi-Annual Meeting, Los Angeles, llowing alt in th nd I, but 
Calif., May 9-12, 1960. possible for the present program. However, some idealize«| Ing 
1 Professor and Chairman, Department of Mechanical Engi- calculations of the effect of heat transfer on the aerodynamic lh 
hE characteristics are presented which serve to indicate the ex- dyt 
. ssistant Research Engineer. pected trend of these effects, and also to emphasize thei: mo 

Graduate Research Engineer. : fi 
4 Professor of Aeronautical Engineering. importance and the conseque! nt need for more work along or 
5 Numbers in parentheses indicate References at end of paper. these lines. 
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For many applications, the leading edges of the con- 
figurations would be blunt, introducing an additional source 
of disturbance (6) primarily to the pressure distribution along 
the surface, but also to the structure of the boundary layer. 
To simplify the problem as much as possible and isolate the 
true viscous effects, the present tests were confined to the 
case of essentially infinitely sharp leading edges. 
Experimental Method 


All data were obtained in the number 4 low density wind 
tunnel of the University of California Aeronautical Sciences 
Liboratory. The wind tunnel and associated instrumenta- 
tion are described in Appendix D of (1). Axially symmetric 
nozzles producing nominal Mach numbers of 4 and 6 were 
used to produce continuous flow conditions for these tests. 
The wind tunnel employs an ambient stagnation temperature. 

The axial and normal components of the aerodynamic force 
on the wedge shaped models were measured with a null-type 
beam balance incorporating a crossed-strip flexure pivot. 
A linear variable differential transformer was used to sense 
the null position of the beam, and the force on the model was 
computed from a moment summation about the pivot center. 
The extension of a precision steel quartz spring was used 
to oppose the moment created by the aerodynamic force. 
Fig. 1 presents a schematic drawing of the balance system. 
The angle of attack of the model relative to the flow direc- 
tion was achieved by rotating the entire balance about the 
centerline of the model sting. The pitching moments were 
measured with a similar balance system, but for this case the 
model was positioned on the pivot axis rather than at a known 
distance from it, as in the case of the one-component balance. 
Fig. 2 presents a schematic drawing of the moment balance 
and shows how it differed from the one-component balance. 
The angle of attack mechanism allowed the model to be 
rotated with respect to the balance beam; the null weights 
compensated for any static unbalance in the model; the flex- 
ure pivot at the outer end of the model sting provided a 
nearly frictionless support for this end of the sting. 

The two models were 5-deg (+5’) and 30-deg (+3’) half- 
angle wedges. The width was 0.750 in. for both models, and 
the slant length along one flat surface was 1.211 and 0.865 in. 
for the 5- and 30-deg half-angle wedges, respectively. There 
was no afterbody attached to the wedge. The internal, 
cross stream sting was centered 0.612 in. behind the vertex 
of the 30-deg half-angle model and 1.091 in. behind the vertex 
of the 5-deg half-angle model. 

The two-dimensionality of the flow about the models was 
improved by fitting dummy models or end pieces to both 
ends of the element connected to the balance beam. Thus 
the model configuration approached the ideal of a central 
slice from an infinite wedge. The dummy end pieces ex- 
tended approximately two model widths on each side of the 
central element. The end pieces were kept in alignment with 
the central element by a stiff support rod which passed 
through a clearance hole in the central element; the sting for 
the central element passed through a clearance hole in one 
of the end pieces. The possibility of flow through the gaps 
hetween the end pieces and central element causing forces 
on the sting was minimized by making the gaps only a few 
thousandths of an inch wide, and by fixing a small tubular 
sting shield to one end piece and allowing the other end of 
it to protrude into a recess in the central element. 

Careful analysis of the various steps in the experimental 
techniques indicate that all sources of error, excluding those 
in the actual force measurement and in model or model mount- 
ing eccentricities, amounted to 2 or 3 per cent for these tests. 
These errors were mainly attributable to uncertainties in the 
dynamic pressure. The percentage error in the force or 


moment measurements decreased as the magnitude of the 
force increased, because the least count of both balances was 
For reasonably large forces, 


fixed during a particular test. 
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Fig. 1 Force measurement schematic 


either normal force or pitching moment were measured on a_ 
symmetrical body, the relative uncertainty in the force 
measurements was appreciable near zero angle of attack. 
In addition, there was another important source of error in. 
the pitching moment measurements owing to eccentricity of 
the model about the pivot axis of the balance beam, which re-- 
sulted in an additional moment component caused by the | 
axial component of the resultant force on the model. This 
source of error could be reduced to a value approximately 
equal to the uncertainty in the foree measurement by pains- — 
taking preparation of the apparatus before the tests. The 
final errors in the pitching moment were approximately twice 
the errors in the normal and axial force measurements. 

An additional possible source of error in the force and 
moment measurements was the spurious force resulting from ¥ 
misalignment between the central element of the model and 
the two end pieces. This was explored experimentally by 
intentionally misaligning the model and measuring the change 
in force or moment. The effect was very small, since mis- 
alignment errors approximately 10 times larger than those 
present during the tests caused only a half per cent change in 
the force. S ‘onsequently, such errors were entirely negligible — 
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Fig. 2 Moment measurement schematic 
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Fig.3 Wedge airfoil at angle of attack 
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Fig.5 5-deg half-angle wedge, axial force coefficient, Mach 5.7 
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Fig. 6 30-deg half-angle wedge, axial force contictent, Mach 4 


during the tests. A further possible source of error was forces 
on the ends of the central element resulting from air flow 
through the gaps between the element and the end pieces. 
Gross forces were determined with the gaps adjusted to 
0.011, 0.0057 and 0.0021 in., and the results showed that the 
forces were 0.6 to 1.7 per cent higher for the 0.011 gaps th:n 
the 0.0021 gaps, but that the force obtained when the ga))s 
were | 057 in. was only 0.3 per cent different from the small 
gap conditions. These conclusions were based on tests en- 
compassing the entire angle of attack range. Since the gaj)s 
for all tests reported were 0.00175 + 0.00025 in., the errors 
from this source were considered negligible. 

Owing to the variable percentage error in the normal fore 
and pitching measurements, the errors in the coefficients 
are presented as 


+% Cy K,/\Cy,mo Ky 
where 


K, = uncertainty in the force measurement expressed i: 
coefficient form and multiplied by 100 to obtain 
percentages 


sources, including dynamic pressure, spring caii- 
bration, linear dimensions of the balance an 
Jinear dimensions of the model 


Values for K; and Ky are 


Cu, Cm, 
p=5° B=30° 
15 2 


Use of the foregoing expression shows that the final normal 
force coefficients have an overall +5 per cent error at angles 
of attack of 3 and 7 deg for the 5- and 30-deg half-angle 
models, respectively. The moment coefficients have an 
overall +10 per cent error at 5- and 7-deg angles of attack 
for the 5- and 30-deg half-angle models, respectively. 

The errors in the axial force coefficient are based on the 
magnitude of the coefficient at zero angle of attack and are 
+3 per cent for both models in the Mach 4 flows, and +3.5 
and +4 per cent for the 5- and 30-deg half-angle models, 
respectively, in the Mach 5.7 flows. The maximum errors 
in the angle of attack are +0.1 deg for the axial and norma! 
force tests and +0.25 deg for the moment tests. The esti- 
mated error in Mach number is +1 and +1.5 per cent, and 
in Reynolds number is +4 and +5 per cent for Mach 4 and 
5.7, respectively. 


— 
4 4,4 a 
viscous 
IDEAL 
EXP. VISC. THEORY Re/ in. 
4 583 8720 
10 20 30 


ANGLE OF ATTACK 


Fig.7 30-deg half-angle wedge, axial force coefficient, Mach 5.7 
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The sign conventions used for the various force components 
are indicated in Fig. 3. The flow parameters were computed 
by the methods described in (1), Appendix D, and the Reyn- 
olds number computations were based on the viscosity data 
of Bromley and Wilke (7). 

The experimental axial force coefficients for both models 
in the neighborhood of zero angle of attack are presented in 
ligs. 4 through 7. 

The experimental normal force coefficient for both models 
near zero angle of attack is presented in Figs. 8 through 11. 

The experimental pitching moment coefficients in the 
neighborhood of zero angle of attack are presented in Figs. 
12 through 15 


theory 


We consider a wedge (see Fig. 3) of semivertex angle B at 
an angle of attack a@ to the incident hypersonic flow, with 
the length of either of its surfaces equal to /. A form of 
the “weak interaction” theory is used to obtain the pressure 
P and shear 7 distributions. The wedge is treated as a two- 
dimensional figure. It is assumed that ideal oblique at- 
tached shocks originate at the leading edge for both the 
lower and upper surfaces. Subscripts 1 and 2 refer to condi- 
tions immediately behind these shocks, but outside the bound- 
ary layer on the lower and upper surfaces, respectively. The 
flow behind the shock is that of an ideal flow parallel to the 
wedge surfaces under conditions imposed by the shock wave 
as a function of M., a and B. Therefore each surface is 
treated separately as a flat plate, in a flow regime defined by 
conditions 1 and 2. It is then assumed that laminar bound- 
ary layers form on the upper and lower surfaces, giving rise 
to skin friction 7 and boundary layer displacement thickness 
5* given by (8) 


0.332 piu? -10 -5 5 10 
Vane x ANGLE OF ATTACK 
vi. . (n -1)/2 Fig. 9 5-deg half-angle wedge, normal force coefficient, Mach 
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These expressions are semi-empirical, but have been con- 
firmed by experiment over quite a range of Mach, Reynolds 
and temperature conditions. They are, however, limited to 
the case of an ideal gas in thermodynamic equilibrium. The 
only variations in gas properties which can be accounted for 
are those describable in terms of different mean values 
selected for the constants Pr, y and n, and do not hold for 
conditions where the gas will dissociate, or condense or ex- 
hibit other nonideal properties. 

For calculating the pressure distribution on the wedge sur- 
face it is assumed that the effective surface is at the position 
of the boundary layer displacement thickness. It would 
perhaps be logical to use a shock expansion or tangent wedge 
or other gasdynamic method to calculate the pressures cor- 
responding to this curved surface. However, this would lead 
to a very lengthy calculation which would, in any case, not 
necessarily be more accurate than that carried out here— 
namely, simple Newtonian flow. The emphasis of the 
present study is to get some insight into the viscous effects 
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- olds number and geometry. We therefore calculate both 
the inviscid and the viscous pressure distributions by means 
of Newtonian theory. Logic al consistency is thus preserved, 
and the results should give a good indication of the viscous 
corrections to ideal flow. We thus write 


= 2q..[sin? (a + B) + (d6,*/dx,)] = 20 | 


The total axial and normal forces Fx and Fy are obtained 
by integrating, respectively, the axial and normal component 
of Equations [1 and 2] along the upper and lower surfaces. 
The moment about the vertex Mo is obtained by integrating 
in the same domain the product of forces on the wedge by 
their corresponding moment arms. Base pressure is ignored. 
By using the oblique shock relation, conditions in regions 

- land 2 can be replaced by conditions in the free stream (sub- 
--seript ©). The results are then reduced to the usual coeffi- 
cient form with the base area A as a reference 


and using the height of the base as a reference the moment 
coefficient reduces to 


= M,/q..(2l sin B)? 


Since the difference between a coefficient and its ideal 

(inviscid, Newtonian) value contains the free stream Reyn- 

olds number to the inverse square root as the dominant 
term, consider the expressions 


[4, 5 and 6] are presented only in the limit of vanishing a and 
large Re... as follows. At a = 0, Equation [4] becomes 
identically zero, but the derivative of this equation remains 
different from zero. We thus consider the expressions 


with 


A 1°/ Re, 4x, 


Cy = Fy/q @2l sin 


> 
da (Cn — Cyyewt)a=0 V Re, cotan B 
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+ + 42 


EXP VISC. THEORY Mg Re/in 


5.83 8730 
IDEAL ——— 
a | 
-10 0 10 20 30 
ANGLE OF ATTACK 
Fig. 11 30-deg half-angle wedge, normal a coefficient, 
5.7 
& 


Cy = cotan B[sin? (8 + a) — sin? (8 — a)] + (1/W Re) {cotan B[A; sin 2 (8 + a) — 
V Re,/Re, Az sin 2 (8 — a)] + VRe,/Rez B, — B,} 
Cx = sin? (6 + a) + sin? (B — a) + (1/WRe,){ A: sin 2 (8 + a) + 
V Re,/Rez Az sin 2 (8 — a) + cotan Re,/Rez Bs + Bi)} 
sin? (8 + a) — sin? (B — a) 1 Re, 
Cu, = + == | A, sin 2 (8 + a) — — Ay sin 2 (B — a) 
4 sin? B 6 sin? B Rei, Re» (6 
where A; and B, are defined by Equations [1 and 2], and only ries a 
the terms of 0(1/ Re) have been retained. So ry EXP. VISC. THEORY Mg Re/in 
Equations [4, 5, and 6] present in a concise form the aero- 4.06 2640 
dynamic forces on a given wedge as a function of the angle of 
attack a, the surface temperature 7p and the free stream =4 e. { 
conditions. These equations were used to compute the . 
theoretical variations of the axial and normal forces as well =o Se of — 
as the moment with respect to the angle of attack a. The “VISCOUS 
free stream conditions (M.., Re... ..) were fixed by the wind 4 
tunnel conditions during the various runs. The results of ie & 
these computations are shown in Figs. 4 through 15 in con- q 8 : 
nection with the experimental data. | = 
In order to explore the effect of heat transfer, Equations 12 
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Fig. 12 5-deg half-angle wedge, pitching moment coefficient 
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Fig. 13 5-deg half-angle wedge, pitching moment coefficient 
about vertex, Mach 5.7 


Similarly, at a = 0, Equation [5] becomes 


(Cx — =(2Aisin2B+ 
2B; cotan B) (WV Re../Re:)a=0 


with 
(CxynewJa=0 2 sin? B [8] 
ind finally 


_ (WRe./Re:)a=0 


A, 0 Fes) 
A; — —- } sin 2 2. 2 
(2. 20a Rez B + B a=0 [9] 


with 
(0/0a)(Cu,. Ja=0 = cotan B 


In the second of these equations (Eq. [8]), a has already been 
put equal to zero. In the first (Eq. [7]) and the third (Eq. 
[9]), only the limit a — 0 has been presented. In the final 
results (0/O@) A, and (0/0 a)B, were calculated numerically 
because of the complexity of their dependence on a. Equa- 


tions [7, 8 and 9] are plotted on Figs. 16, 17 and 18. The 
results are discussed in the next section. ao ¢ 


Discussion and Conclusions 


The generally acceptable agreement between the simple 
theory sketched in the foregoing and experimental results 
will be noted on Figs. 4 through 15. The agreement in the 
case of the normal forces and the pitching moment is prob- 
ably better than should be expected, whereas the theoretical 
prediction of the axial forces is somewhat poorer. The 
difference between ideal inviscid Newtonian predictions and 
ideal inviscid gasdynamic predictions are within about this 
range, however, so that theory appears to predict the final 
viscous effect in a reasonably valid fashion, as is certainly to 
be expected. 

Inspection of the results confirms the prediction that viscous 
effects are of major importance in determining the aero- 
dynamic characteristics in the range of flow conditions of these 
tests. This is particularly true of the slender configuration 
and only to a lesser extent for the blunt configuration. Thus 
viscous effects will begin to be of importance at higher alti- 
tudes for blunt configurations as compared with slender 
configurations. 

The reasonably good agreement between experiment and 
theory for the adiabatic wind tunnel case suggests that a 
tentative estimate of the effect on the aerodynamic char- 
acteristics of different heat transfer conditions may be made 
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Fig. 15 30-deg half-angle wedge, pitching moment coefficient 
about vertex, Mach 4 
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Fig. 16 Viscous effect on the axial forces of a wedge at zero 
angle of attack 


on the basis of the same theory. This can be done with any 
assurance of accuracy only for a very slight extension of the 
parameters involved because of real gas effects. These real 
gas effects would involve dissociation, ionization and prob- 
ably nonequilibrium phenomena for the free flight case and 
condensation for the wind tunnel case. Nominal results, 
however, utilizing expressions [7, 8 and 9] have been com- 
puted and presented in Figs. 16, 17 and 18 for the adiabatic 
wind tunnel heat transfer conditions and three other heat 
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transfer conditions which are more or less typical of free 
flight conditions, and of two intermediate heat transfer 
conditions corresponding to a low density wind tunnel utiliz- 
ing 2500 R stagnation air and either adiabatic or cooled 
models, as follows: 

1 Unheated wind tunnel 


T, = Tp = 500R Pr = 0.75 Ls 

2 Moderately heated tunnel with adiabatic models - 
T, = Tp = 2500R Pr = 0.75 

3 Moderately heated tunnel with cooled models 


= 2500 R Tp = To/\1 + M? (y — 1)/2] 
Pr = 0.75 n = 0.67 a 
4 Free flight 
1/2] 


= 0.75 n = 0.5 Ares 


The results serve to indicate several expectations. First, it 
seems clear that aerodynamic characteristics, particularly 
for the slender configuration, will be quite seriously affected 
by heat transfer conditions. Duplication of geometry, 
Mach number and Reynolds number does not imply duplica- 
tion of aerodynamic characteristics if heat transfer condi- 
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Fig. 17 Viscous effect of the normal forces of a wedge at zero 
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Fig. 18 Viscous effect on the moment coefficient of a wedge at 
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tions are different. A second conclusion which seems ap- 
parent is that the viscous effects are considerably larger for 
adiabatic wind tunnel results than for corresponding heat 
transfer cases, such as free flight. A third and interesting 
possibility seems to be offered by the close agreement. be- 
tween results for the last two cases, namely, that only moderate 
heating of a low density wind tunnel accompanied by proper 
cooling of the models so as to reproduce correct temperature 
ratios may very well prove to be adequate for insuring proper 
scaling, at least for aerodynamic characteristics. This is 
of course a highly tentative conclusion pending a proper 
evaluation of the real gas effects. 


Nomenclature 


a = free stream angle of attack (Fig. 3) 4 

= wedge semi-angle (Fig. 3) 
6* = boundary layer displacement thickness (2) 7 

vy = kinematic viscosity 

7 = shear stress 

A = base area, after wedge base 


A; = dimensionless quantity (see Eq. [2!) 
B, = dimensionless quantity (see Eq. [1]) 


Cy = dimensionless normal force coefficient 

Cx = dimensionless axial force coefficient 

Cy = dimensionless moment coefficient with respect to the 
vertex 

Fy = overall normal force (Fig. 3) 

Fy = overall axial force (Fig. 3) 

H = height of wedge base ed 

K = uncertainty in the force measurement 

l = length of wedge side (Fig. 3) ie we 

M = Mach number 

My = moment with respect to the vertex, positive in the 
counterclockwise direction 

n = temperature viscosity exponent (u ~ 7”) 7 a : 

= order of magnitude 

local pressure force 

Pr = Prandtl number 

q = dynamic pressure = $pu? 

Re = Reynolds number, ul/v 

7’ = temperature 

p = gas density = s= 

Ty = surface temperature 

u = velocity 

x = distance measured from the vertex along the wedge side 
surfaces (Fig. 3) 

Subscripts 

0 = stagnation condition when applied to temperature and 


vertex when applied to the moment notation 
= conditions pertaining to the lower surface outside the 
boundary layer and behind the shock 


2 = same as 1, but for the upper surface 

co) = free stream conditions 

p = condition at the wall (surface of the wedge) 
Newt = Newtonian—inviscid, ideal flow 
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orbit studies. 


ITH the advent of interplanetary voyages, it becomes 

important to have at hand complete information re- 
guarding velocity requirements for journeys between the vari- 
ous planets. If comprehensive data of this nature are made 
available, they can provide a useful basis for analyzing pro- 
pulsion requirements, for planning ultimate system configura- 
tions, and for conducting feasibility studies relating to any 
mission contemplated. What is required is a method of calcu- 
lation rapid enough to allow wholesale amounts of computa- 
tions to be performed cheaply and efficiently, yet whose ac- 
curacy need be limited only to a degree expected in design 
studies. 

It is natural, when such moderate accuracy is required, to 
approximate the single three-center ballistic problem by three 
distinet one-center motions, the latter being soluble in closed 
form (4).4 Instead of joining conic segments at particular 
radial distances, the solution is constructed by imagining the 
heliocentric segment extending to the very centers of the 
terminal planets, whereas each planet-centered hyperbola 
meeting the heliocentric arc does so at its asymptote. This 
construction materially simplifies the calculation procedure 
and is expected to introduce only tolerable amounts of error 
into the computations. 

By employing a high speed computer to fabricate the com- 
bined solutions, literally thousands of orbits per hour may be 
calculated, and their parameters presented in standardized 
charts and tables for the various solar planets. These may 
then be consulted to find the launch, midcourse and arrival 
information relating to a variety of missions. 

A gridwork is selected, each of whose points corresponds to 
a particular departure date and a specific transfer time. 
Upon these points are overlaid contours of constant departure 
speed, constant arrival speed or other quantities of interest. 
These plots may be readily scanned. not only to select opti- 
mum trips for any given mission, but also to observe tradeoff 
relations for nonoptimal trips. 

It is supposed that the planets are moving in fixed ellipses 
around the sun, every two orbits mutually inclined at some 
particular angle. Upon selection of appropriate ellipse 
parameters for the time interval of interest (7-9), preliminary 
input data may be readily computed by the machine.  Fol- 
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Researches in Interplanetary Transfer 


Pa 


A method is presented by which interplanetary trajectories may be calculated extremely rapidly 
and to a degree of accuracy suitable for design studies. 
associated with interorbital ballistic transfer into three one-center segments which overlap some- 
what at their junctions, solutions may readily be found by machine iteration. 
of the method enables wholesale amounts of worthwhile oumerical results to be obtained. 
amples presented in the paper include velocity requirements for trips to and from Mars during the 
Considering that the orbits of Earth and Mars are elliptical and mutually inclined, the 
Hohmann minimum energy transfer criterion disappears, and the occurrence of several local mini- 
mum energy trajectories is observed; this phenomenon 
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By splitting the three-center problem 


The extreme speed 
Ex- 


is nterplanetary 


expected to be typical of alli 
+ 


lowing the approach of (2), a modified form of Lambert’s 
theorem is then utilized to find the energies of all heliocentric 
ares connecting the departure and arrival planets at the cor- 
rect dates. For transfer arcs with included central angle 
<2rz, it is shown that exactly two such segments exist for 
any specified pair of dates, one orbit aimed with and the other 
against the departure planet’s orbital motion; each time the 
central angle increases by 27, up to four further solutions are 
added. 

After the proper energies are determined, the heliocentric 
velocities at both ends of the are are evaluated. These 
values are transformed into relative vector velocities at the 
planets by subtracting the motions of the latter bodies. The 
right ascensions, declinations and speeds corresponding to 
such “hyperbolic excess velocities’ are listed as outputs, 
together with the useful heliocentric data for the flight. 

Total average computing time for each orbit amounts to 
approximately 0.1 sec on the IBM 7090, using Fortran. All 
variables are expressed in nondimensional form; lengths are 
normalized with respect to the astronomical unit, speeds with 


respect to Earth’s mean orbital speed. a 


* 


Analysis of Results 


It is instructive to begin by considering the transfer prob- 
lem under the assumption that the planetary orbits be co- 
planar, concentric circles. Fig. 1 illustrates contours of con- 
stant hyperbolic excess departure speeds for trips to Mars. 
Departure dates cover the period from March 1960 to April 
1961, a span which straddles the planetary opposition of 
Jan. 1, 1961. 

All transfer ares are co-planar with the planetary motions, 
with the exception of those described by the dashed lines. 
These latter trips involve central transfer angles of 180 deg, 
and the planes of transfer for journeys of this type may be 
inclined at any arbitrary angle to the two planets’ motions. 
Since to any point on the dashed lines there corresponds a 
multiplicity of transfer orbit inclinations, it follows that each 
point represents a variety of departure velocities. The 
dashed lines are therefore singular in nature and will be seen 
to have additional significance in the more realistic cases to — 
be discussed following. Viewing Fig. 1 as a geodetic contour I 
map, these dashed lines correspond to sharp ridges of negligible © 
thickness, having maximum heights determined by the largest — 
values of departure velocity, i.e., by trips leaving perpendicu- 
larly to the ecliptic plane (rearward, or retrograde launchings 


are not shown in Fig. 1). ee eee 
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Fig. 1 Earth to Mars (co-planar, circular planetary orbits). 
Hyperbolic excess departure speeds (increments of 0.1). Nor- 
malized with respect to Earth’s mean orbital speed 7 
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Fig. 2 Earth to Mars (co-planar, elliptical planetary orbits). 
Hyperbolic excess departure speeds (increments of 0.1). Nor- 
malized with respect to Earth’s mean orbital speed 


The equations of such lines in general are determined by 
the relation between departure and arrival times for 180-deg 
transfer. Using L, and L. to denote planetary longitudes 
measured from an arbitrary fixed line in space, we have 


Ls = fF + 


and therefore that 
d(At)/dt, = 


= departure date 
At = transfer time 
71,N2 = respective planetary mean motions 


For trips from Earth to Mars, the slope is about 0.88, for r - 
turn orbits —0.468. 

In close agreement with (3 and 4), the “Hohmann’”’ poi: t 
of minimum departure speed is found at Oct. 1, 1960, with an 
associated journey of 259 days. Since this is a trip involvinz 
a transfer angle of 180 deg, it also lies on the dashed line ridg:. 

Thus, it is found that the ridges corresponding to 180-de-z 
transfer occur once every synodic period, each passing throug 
a Hohmann point, and each having a slope of m/n2 — 
An infinite number of these equally spaced lines exist an:| 
may be found by expanding the figure’s scope. The great«r 
the difference in mean motions between the two planet-, 
the shorter the synodic period, and therefore the closer the 
spacing of these dashed lines. 

Another type of ridge may be observed in Fig. 1, occurring 
in the upper left-hand corner. This corresponds to transfer 
angles of 0 or 360 deg. Its direction is also given by m/n2 — | 
although the contours here build up somewhat more gently 


- than those for 180-deg transfer. The two types of ridges dis- 


played in Fig. 1 are to be found evenly interspersed betwee 
one another. 


of n;/n2 — 1 represents an infinitude of transfers between the 
two planets, each of which involves the same transfer angle. 
However, successive points on any such line correspond to 
transfers of longer and longer duration. Following any one 
line upward, we find that its associated solutions steadily 
approach parabolic ares, all of which traverse the same trans- 
ferangle. We conclude, therefore, that for long transfer times’ 
the contours of constant departure speed asymptotically 
approach straight lines parallel to the ridges. 

Fig. 2 describes the situation when planetary orbit eccen- 
tricities are introduced. Both orbits are still assumed to be 
co-planar. The date for minimum departure speed has 
shifted to Sept. 26, 1960, and it no longer involves a transfer 
of 180 deg (the transfer angle is now about 210 deg). Travel 
time for this point has increased to 360 days, whereas the 
speed itself has changed from a value of 0.099 n Fig. 1 to 
the presently indicated value of 0.117. This increase of 15 
per cent illustrates the disadvantages in basing calculations 
on the “Hohmann” type of analysis. Note also that the 
ridges, as well as the constant velocity asymptotes, have be- 
come undulating lines, owing to the introduction of orbital 
eccentricities. 

Fig. 3 is similar in nature to Fig. 15 of (3), with refinements 
having been introduced here by the choice of a finer grid size. 
It illustrates the consequences of introducing planetary orbit 
inclinations as well as eccentricities into the problem. 

The chief resulting modification is observable near the low- 
est ridge, which has now broadened. The summit line no 
longer represents orbits perpendicular to the departure plane, 
but arises from a rather more complicated relation for those 
points at which a balance is achieved between forward and 
retrograde firings. 

Since the mutual inclination between the orbits of Earth 


: As a matter of fact, any particular line drawn with a slope 


5 Figs. 1 to 8 do not include results for transfer through more 
than 360 deg. 
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Fig. 3 Earth to Mars. 
(increments of 0.1). 


and Mars is quite small (about 2 deg), this particular ridge is 
still narrow, and since the eccentricities of both planetary 
orbits are small, its undulations are also limited. Vestiges 
of the co-planar transfer model remain at the points of nodal 
transfer for which many similar orbits are possible, each with 
a different inclination to the ecliptic. 

It is convenient to imagine Fig. 3 to have arisen from Fig. 2 
by having held the nodal transfer points clamped and having 
a wedge forced up from below the thin ridge. This useful 
analogy is further validated by the fact that the disturbance 
is indeed localized in the vicinity of the ridge. At points 
moderately far removed from this ridge, the contours for Figs. 
2 and 3 agree closely. 

Now the original Hohmann point of Fig. 1 has bifurcated 
nto two local minimum orbits, these occurring at about +5 
days from Oct. 1, 1960. The smaller of the two in value, 
0.118, is only 1 per cent different from its value in Fig. 2. 
The other, 0.147 (a trip of 209-days duration) arose purely as 
a result of introducing relative orbital inclinations. The 
former point, incidentally, corresponds to an orbit which 
lies almost in the ecliptic plane, having a transfer angle of 
about 220 deg. This particular trip leaves Earth at approxi- 
mately the time when Mars is at the ascending node, and 
arrives at Mars when it is at the descending node. 

These nodal arrival lines, together with the ridges, subdivide 
the diagram into diamond-shaped regions. In adjacent seg- 
ments, the character of the motion alternates between orbits 
aimed above and those aimed below the ecliptic plane. 

Although the overall character of the curves is similar for 
each synodic period, particular details vary from one opposi- 
tion to the next. Thus, for the period 1966-1968, for in- 
stance, the overall minimum departure velocity is 0.098, con- 
siderably lower than the present one, and evidently smaller 
in value than the Hohmann case! The apparent discrepancy 
is a result of the planetary orbit eccentricities and the fact 
that Mars’ mean (and not its minimum) radius was chosen 
for the Hohmann analysis of Fig. 1. 

A final point of interest concerning this phase of the trips 
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Fig. 4 Earth to Mars, long transfer times. Hyperbolic excess 
departure speeds (increments of 0.1). Normalized with respect 
to Earth’s mean orbital speed 
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Fig. 5 Earth to Mars. Hyperbolic excess arrival speeds 
(increments of 0.1). Normalized with respect to Earth’s mean 
orbital speed 


is shown in Fig. 4, which depicts the asymptotic solutions for — 
long transfer time. These curves, as explained previously, | 
are all virtually parallel to the ridges. Such regions are of 

possible interest for nonstop round-trip journeys on which an — 
unfavorable return region from Mars may be encountered 
for the shorter trips going, but not for the longer. 
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Fig. 6 Mars to Earth. Hyperbolic excess departure speeds 
(increments of 0.1). Normalized with respect to Earth’s mean 
orbital speed 
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Fig. 7 Mars to Earth. Hyperbolic excess arrival speeds 
(increments of 0.1). Normalized with respect to Earth’s mean 


This is indeed the case, as inspection of Fig. 6 reveals. 
Many shorter, physically realistic trips leaving Earth arrive 
(Fig. 5) at Mars with quite low speeds. When an attempt 
is made to match a low arrival speed at Mars with an identic:| 
departure speed on the same day, it is found that the only 
return trips for which this is possible are those encon- 
passing longer transit times. Thus, the choice of either a 
short trip going or a short return trip, but not both, is possib e 
in such cases. 

Planning of round trips involves simultaneous manipulation 
of the various sets of curves, Figs. 3 to 8, until acceptab e 
conditions at all points are realized. These trips will be in- 
vestigated in a paper now in preparation. 


Summary 


A useful method of computing interplanetary ballistic tran-- 
fer orbits and associated planet-centered flight parameters h: s 
been presented, along with typical plots of output data. Tle 
method is intended for use in: 

1 Overall surveys of trajectory requirements, location «f 
trip optima and studies of nonoptimal alternatives to given 
nominal flights. 

2 Indication of loca] areas of interest for more carefu! 
study with precise orbit calculation programs. Using this 
method as a coarse locator will result in considerable savings 
of both time and money. 

3 Matching of arbitrary planetary escape (or approach) 
trajectories to the central coasting segment. In this way, the 
flight planner need not burden himself with the mechanics o! 
an entire flight; instead, his only concern need be how to arrive 
at (or depart from) “infinity” in a specified direction, ‘pos- 
sessing a given speed there. 

4 Planning of multi-legged journeys and capture orbits in 
the solar system. Because of the speed and cheapness of the 
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Fig. 8 Earth to Mars, retrograde launchings (co-planar, circula: 
planetary orbits). Hyperbolic excess departure speeds (incre 
ments of 0.1). Normalized with respect to Earth’s meai 
orbital speed 


ARS JOURNAI 


0.3 cal 
t 
de] 
vis 
500 
an’ 
03 
co 
ab 
0.4 th 
400 tra 
0.5 
06 Ac 
& eal 
4 
~ 4, 02 
SX NODAL TRANSFER 
He 
200 
0.4 ] 
illu 
of Ps 
the 
mu 
100 0.3 i 
ine 
wel 
j S 0. 71.50 | 
10 
4 1.80 
wh 
05 
06 400 2.00 | 
af Let 
07 
08 
Aus 5,1960 ~ 
= 
06 
200 yw Fin 
190 
q 
0.2 
= 7 
elli 
wh 
s 


calculations, the method represents a most practical way to 
depict literally thousands of transfers which may be scanned 
visually or mechanically to find the required components of 
any broken orbit. 

The same method is also applicable to the solution of inter- 
cept and rendezvous problems between two satellite orbits 
about a central body, assuming that oblateness, air drag and 
other perturbing effects are negligible during the period of 
transfer. 


. 
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Appendix: Kinematical Relations 


Heliocentric Orbit 


In Fig. 9, geometrical relationships during transfer are 
illustrated. For any particular trajectory, let S represent 
the sun, P; the planet of departure at the time of departure, 
FP, the planet of arrival at the arrival date, and II, and II, 
the planes of planetary motion. Since the transfer plane II 
must contain P; and P2 as well as the sun, and since these 
three points are, in general, noncollinear, II is immediately 
determined. From the diagram, P; and P» define the angles 
1, and Lz (both measured eastward from Q); J, the mutual 
inclination of the planetary orbits, is a fixed constant. Then, 
well-known relationships from solid trigonometry yield 


cos L = cos L, cos Le + sin sin Lz cos] 


In order to find all heliocentric orbits which pass through 
P, and P2 in the stipulated time, it is necessary to investigate 
not only the two transfer angles Z which lie between 0 and 
27, but also all other cases, L + 2mm, satisfying Equation 
[A-1]. 

Now, denote by s the semiperimeter of triangle P,P.S (Fig. 
10) 

s = (1/2)(mn + + ¢) 
where c, the chord joining P; and Ps», is found from 
= ry? + ro? — 2nre cos L 
Let E be given by  @ 


heliocentric energy of transfer orbit 
| heliocentric energy of elliptic orbit with semimajor — 
axis = s/2| 


—s/2a, for elliptic transfer 
for hyperbolic transfer 
a is the transfer orbit’s semimajor (or semitransverse) axis. 
Finally, let 
27 X time of transfer 


period of elliptic orbit with semimajor 
axis = s/2 


nat 
(s/2)3/2 


At = te — th; tte are the Julian dates of departure and arrival, 
and nis the Earth’s mean motion. 

Then, according to Lambert’s theorem (1), the correct 
elliptic transfer path may be determined by finding £ in 


T = (—E)-*![2mr + (f — sinf) — (g — sin g)] 


where 


[A-2] 


sin? f/2 = —E 
sin? g/2 = —EK 
K = 1-—c/s 
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Fig.9 Transfer geometry 
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Fig. 11 Different regions for Lambert’s theorem 


0, 1, 2, 3,... denotes the number of complete circuits 


n= 
on the transfer orbit before P2 is reached. 
These latter equations, however, define f and g ambiguously. 
It is thus necessary to differentiate among several possible 
subeases. 2 is the sector bounded by c¢ and the transfer 
are; these cases are illustrated in Fig. 11: 
Case 1A) sin L > 0; neither S nor S’ in = 


[A-3] 
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T = (—E)~*?[2mm + (f — sinf) — (g — sin g)] 
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Case 1B) sin L > 0; S’, but not S, in 2 


= (—E)-*?[2(m + — — sinf) — — sing)] 


[A-4] 
Case 2A) sin L < 0; S, but not S’, in 2 
= (—E)~*[2mx + (f — sinf) + (g — sin g)] 
Case 2B) sin L < 0; both S and S’ in 2 
T = (—E)~*/?[2(m + 1)m — (f — sinf) + (g — sing)] 


[A-5] 


where 


S’ = vacant tocus of the transfer orbit _ 
= 2sin-! V(—EK) 

<0 
and f/2, y/2 are each chosen in (0, 7/2). 

Hyperbolic motion can occur only when 0 < L < 2z. 
The appropriate formulas are then: 

Case 1H)0<L<ar 


= (£)-3/2[(sinh f’ 
Case 2H) x < L < 27 
T = (E£)-3/2[(sinh f’ wid + (sinh g’ — g’)] 


= 


where 


— f’) — (sinh y’ — g’)) [A-7] 


IV 


2 sinh VE 


2 sinh VEK 


Fig. 12 illustrates curves of E vs. T for representative values 
of K. The lines drawn for K = 1 define regions corresponding 
to successive values of m. Points lying within the sector 
marked m = 2, for instance, relate to journeys which traverse 
two complete circuits of the transfer orbit before P: is en- 
countered. 

As K decreases, each pair of curves, referred to in the fore- 
going as | and 2, draws together, merging finally into the set 
of dashed lines representing the case K = 0. This latter 
family of orbits is characterized by transfer angles of L = 
(2m + 1)z. 

Where E 


Il 


= 0, corresponding elliptic and hyperbolic solu- 


PARABOLIC 4 3 
TRANSFER 


ELLIPTIC TRANSFER 


tions meet. 
occurs at 


This situation represents parabolic transfer, and 


= (4/3)(1 — K*/?), forO << 


Tx = (4/3)(1 + K%/2), fora < L < 


When S’ lies on P;P2, elliptic cases 1A and 1B coincid 
This occurs at E = —1 (its minimum value), where 
Ty, = (2m + —2sn-7 VK +2VKV1—K 

sin L > 0 
Similarly 
= 2m + + 2sin™ VK-2VKVi1-K 
sin L < 0 
and E is equal to —1 here also. 

Having once specified the constellation of P; and Ps, we 
may immediately form 7. And, depending upon its position 
in relation to Tia, T2, Ti, and T2,, we may then solve for al! 
solutions # which define the various transfer paths. In th« 
region m = 0, there exist two, and only two, values of £, for 


any given 7. This is evident from Fig. 12 and can, more- 
over, be rigorously shown as follows. 


y To the left of points 7, and 7's, respectively, we find that 
dT/dE = f(E) K*!? f(EK) 


according as we consider cases 1H, 1A or 2H, 2A, where 


f(E) = snh- VE — (FE + V1 +E 


ifE>0 
(3/(—E)*?] sino V—E — (EF + 3)/E? V1 + 
if -l1<E<0 


Note that f(0+) = f(0-) = 
E— -1l. 
Now, if > 0 


(d/dE)(E*’? = —E*/*/(1 + <0 
Since 0 < K < 1, and f(0) is bounded, it follows that, if FE > 0 
< (EK)? f(EK) < 0 


and, hence, that dT/dE < 0, when E > 1. 
Similarly, when —1 < EF <0 


(d/dE) = + > 0 
so that 


S(E) 


—2 <0, and that > as 


f(E) < (—EK)?f(EK) <0 


hence, when —1 < E <0 


dT/dE <0 


Since T — 0 as E > + ~, we observe that as EF decreases 
from + to —1, T increases monotonically from zero to 
Ti, To», respectively. To the right of points Ti, Tos, 
respectively (in any m region, incidentally), on the other hand 


dT /dE = + 1)(—E)*!? — + K®*!? f(EK) 


which is necessarily positive. 
tonically from Ty, To, 
from —1 to zero.® 

The monotonic character of the Z,7 curves, therefore, 
establishes the existence of two, and only two, solutions for 
E, given a particular value of 7, in the region m = 0. Each 
successive m region furnishes up to four additional solutions 


Thus, 7 increases mono- 
respectively, to + © as EF increases 


* By somewhat similar arguments, it can be shown that 
T” > 0 to the left of 7», To, and sities sign just once to the 
right of these points 
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corresponding to a given 7, depending upon the particular 
value of K describing the transfer geometry—the higher the 
value of m, the lower the heliocentric transfer energy. 

With the values of E obtained, heliocentric speeds V; and 
V2, at P; and P», respectively, may be found from 


Vi = V2(1/n + E/s) V2 = V2(1/r, + E/s) 


Heliocentric angles of departure and arrival, and 
(Fig. 10), are determined as follows. For case 1A, for in- 
stance (referring to Fig. 13), since the normal at P bisects 
ZSP,S’, it follows that 


(1/2) — = (& — m)/2 
where 
= tan-! VK(s — r:)/(s — r2) 
m/2 = tan? V(1 + E)(s — r2)/(1 + EK)(s — 1) 


rincipal values of the are tan being used in each case, 
Thus for 1H, 1A 


= (1/2)(r — & + m) [A-9] 
Similarly, for 1B 
= (1/2)(9 — & — m) [A-10] 
for 2H, 2A 
(1/29 + & [A-11] 
and for 2B 
= + & — m) [A-12] 


For each case, the corresponding yz is obtained by inter- 
changing subscripts 1 and 2 where they occur. 

For any given K, the two E,T curves in each m region cross 
for cases 1B and 2A. From Equations [A-3-A-6] we have 


Eq) = Ew = —(x/T)? 


independent of m. For these points, from Equations [A-9 


through A-12] 


Via) = — Pr You = — Yo) 


Both transfer paths (for each value of m), when connected 
together, form one complete ellipse in space. 

Having found £ and the velocities at P; and P2, we may 

now evaluate the remaining heliocentric orbital parameters. 


They are: 
Semimajor axis 

i 
—s/2E, elliptic case 

\+s/2E, hyperbolic case 
Semilatus rectum 
l = (Vin sin = 
Eccentricity 
e= V1-+ 2El/s 


wd! 


(Vere sin Yo)? 


Angle of P, from perihelion of transfer orbit af 9 
6, = — 1)} = cot 


Angle of P2 from perihelion of the transfer orbit is obtained 
rom the foregoing by forming 6. = 6, + L. 


Caleulation of Angular Input Data 


Under the assumption that the planetary orbit elements are 
nvariant for the span of time during which flights are con- 
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Fig. 13 Determination of V1 ? 


templated, there exist relations between departure and arrival 
dates t; and tz, on the one hand, and the planetary longi- 
tudes L; and Ls, on the other 


U; = U é,(sin U, sin U sade) + ny (ty tnode) 


where U denotes the eccentric anomaly in the orbit of P;. 
The values of Unode, €1, M1 and tnode are known (7-9), and 
therefore U, is easily calculable. Starting with Ui) = 
Unoae On the right-hand side, Equation [A-13] is used itera- 
tively. Convergence is quite rapid, since values of e; in the 
solar system are small. Then 


= 2 tan + e)/(1 — tan (1/2)Ui] 
0<¢@/2<7 
where ¢; is the true anomaly of P;. Finally 
Ty = = Pnode 


@node iS also known. Similar formulas are used to obtain Le 
in terms of é2. Since At = t, — t, any two of the three quan- — 
tities t, te, At suffice to determine the third and, hence, the — 
necessary input data. 


[A-13] 


Conversion to Planetary Coordinates 


The foregoing yields values of the heliocentric velocity 
vectors at the terminal bodies. We now consider each of 7 
these vectors to be located essentially at infinity as viewed 4 
from its respective planet. Since V; is known, we may re- 
solve it into components directed radially from the sun, 
eastward within and northward from the plane I; 


Vi = (V; cos cos sin i, Vi sin i, sin v1) 


where 
I, = sin“ {sin /(sin Z./sin L)] = 
cos~![(cos Lz — cos L; cos L)/sin sin L] 
Furthermore 
_~ (e, sin ¢ 
R, = rn, = radius vector from S to P; 
h; = nondimensional angular momentum of P; 
207 
: I 


= 
V, 
vj 
+, 
4 
“ 
7 
S 
| 
% 
- 
= 


so that the relative velocity of the departing vehicle, as seen from P,, is 


[Vi cos — Ri, Vi cos sin — (ti/Ri), Vi sin J; sin 


Vi V/V? (h,/R;)? cme 2Vi(R, cos [hi /R,] cos I; sin v1) 


Similar formulas also serve to define ve. 

Equation [A-14] expresses the hyperbolic excess velocity 
requirement for the launching. That is, v, represents the 
residual velocity vector at “infinity” which the vehicle must 
possess so that the prescribed heliocentric path be negotiated. 

The velocity components are frequently more favorably re- 
solved, however, in terms of a polar-equatorial reference frame 
than in the heliocentricsystem of Equation [A-14]. Thechange 
of coordinates is effected through two rigid rotations. The 
first turns 7, the solar radial direction toward P;, into X, 
the direction of the sun’s ascending node as viewed in the local 
planetary equatorial system (for the case of Earth, X is di- 
rected toward the vernal equinox), through an angle of ¢; — T;. 

By the second transformation, ecliptic north 2 is rotated 
into polar north, Z, in a left-handed sense about X, through 
an equatorial inclination angle 7;, which is a property of the 
planet in question. 

New coordinate axes X, ¥, Z have now been established 
in the following sense: 

X lies in the equatorial plane of P;, aimed at the sun’s 

ascending node 

Z points toward equatorial north 

¥ completes the right-handed system of coordinates, and 

the full transformation may be characterized by the 
single orthogonal matrix 


cos(¢; — T;)  sin(¢; — T;) sin(¢; — T;)sin 7; 
—sin(¢?; — T;) cos(¢: — T;)cosi; cos(¢d; — T;)sin 7; 


0 —sin 2; COS 2; 


S 


' 


trajectory with variable W/CpA. 
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__ ? Senior Engineer; Project Engineer, Air Force Scout Re-Entry Vehicle. Member ARS. 


As seen in the equatorial system of P;, then, the velocity 
at infinity is found by matrix multiplication to be 


Finally, the right ascension and declination of v; are 


a; = x2 + 0< a; <2r 
= ((vi)x/V (vi) x* + (vi) ¥?] 
6; = tan—[(vi)2/V (vi) x? + 2/2 
- 
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An analytical method is presented for evaluating the velocity and deceleration history of a ballistic 
vehicle experiencing a change in W/CpA during re-entry. Mass is assumed to be transferred 
through the process of either ablation or fluid injection into the boundary layer. Vehicle geometry 
is represented by Cp and A which vary through altitude dependent functions. Gravity and cen- 
trifugal forces on the vehicle are neglected, thereby restricting the analysis to large entrance angles 
and flight velocities. These simplifying assumptions permit a closed form solution of the re-entry 
The governing equation reduces to an incomplete gamma func- 
tion or exponential integral, depending upon the sign of d(W/CpA)/dy. Results show that the 
maximum deceleration of the re-entry vehicle is a function of the rate of change of W/CpA. Fur- 
thermore, variable geometry can produce a significant effect on trajectory parameters, such as 
velocity, deceleration, impact location and heating. > uvbet, 7 
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LTERING the ballistic parameter W/CpA during re- 
entry will permit some degree of control over a vehicle’s 


trajectory. 


The importance of this control will be apparent 


to the designer from the standpoint of heating, deceleration 
loads, enemy evasion, target dispersion, etc. (1,2).? 
Mass, area and drag coefficient are allowed to vary during 


re-entry ; 
considered. 


assumptions are made. 


only of y. 


the mechanism which causes the variation is not 
For a closed form solution certain simplifying 
In particular, W/CpA is a function 
However, the applicability of the analysis may be 


extended, as given in the Appendix, to allow mass to vary 


as a function of the total heat absorbed. 


W/CpA might be 


programmed in time or dynamic pressure, rather than alti- 


tude. 


between given cutoff altitudes can be incorporated. 


Equations of Motion 


Also, a controlled variation using different rates 


The basie equation of motion, as taken from Newton’s 


second law 


(d/dt)(mV) = m(dV/dt) + ( 


where 
m = 
dm/dt = 
= 
Let V, 


m(d*y/dt?) 
m(d?x/dt?) 


be equal to V, 
velocity mass discharges. 
—mg sin 6 + (Cp 
(Cpp2A V?, 


V — V,)(dm/dt) = 


2) cos 6 


vehicle’s mass at any instant of time - 
rate of change of the mass : 
velocity of a transferred mass particle 


72/2) sin 


[1] 


which restricts the problem to low 
Then for a zero lift trajectory 


It is allowable to neglect gravity provided that small entrance 
angles are not considered (3). 


Let a normalized ballistic parameter be given | 


constant X [1 — K(1 — 5)]%" 


The flight path is then linear 
with the coordinate system as shown in Fig. 1 


For the solution of specific physical problems, the usual 
properties may be defined separately 


m 
A 
Cp = 


— K(1 — 
A,{l — K(1 — 5) | 
Cp, [1 — K(1 — 5) 


= 


where K may be thought of as determining the mass ratio re- 
maining at sea level (0 < K < 1), and the exponents as in- 
fluencing the rates of change of mass or geometry. 

Using an isothermal atmosphere, the density variation with 


altitude is p = 


B 


Yo = 


Yor Earth, defining the altitudes of _ rest, . t 


yo/scale height = 
initial altitude 


B = yo/22,000 
pst = 0.0034 
Define 


d*5/di? = —(dV/d?) sin 6 
The normalized equation of motion is now 


(Cp,/2) [1 — K(1 — [3] 


—dV/di = 


where 


constant 


a relative density parameter m 
normalize the velocity such that 


dy/dt = 


—V sin = 


—Vsin 0 


m/psrAoyo, and 


The quantity (p + s — n) controls the total variation of 


V/CpA during flight. 


(If, for instance, the quantity is 


iositive, the ballistic parameter increases during descent.) 


2 Numbers in parentheses indicate References at end of paper. 
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Fig. 1 Coordinate system ° 
Using 
dV/dt = —Vsin 0(dV/d5) 


the parameter 
= (B/K)[1 — K(1 — 5)] 
and equating p + s — n = N — 1, integration yields 


Coy —Kk) K 


lh 7 = dZ + C [4] 
2u B(k/B)'!—% sin 
where the constant of integration C; = 1, since 7 = 1 at 
Z= Zz. 


The remaining integral, when integrated over the limits 
0 to ©, is the well-known gamma function, T'(N). See (4 
and 5). The special case of N equal to 0 results in the “ex- 
ponential integral” (6,7). It is reasonable to take the upper 
limit as infinity, since yo will be large. However, a lower 
limit of zero is not of interest, so the incomplete gamma func- 
tion must be considered when N is not equal to 0. To in- 
tegrate from Z, to infinity it is convenient to evaluate [[(N) 
— T,(N)] where the incomplete gamma function T’,(N) is 


TAN) = dZ 
0 


T’,(N) may be replaced by a form of the error integral [see (6) a 
E,(x), such that 


“1 E,(2) = aB = 
n 0 


but 


T(1/n, xn) 


Let the parameter Z be equal to x” and 1/n be equal to N. i 
Then 


= T(N, Z)/T(N) = T2(N)/T (N) 
Thus 
T(N) — T,(N) = (N)/T(N)] 


T(N) [1 — 


T(N) (1 
[5] 


The asymptotic expression for large Z is (6) 


(N) [1 — = 


(1/N)Z 
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Velocity 
Using [5] the expression becomes 


V = ex K/B)" 
sin 0 


B(1—-K) 


d or using (6) large Z 
sin 0 
1-N , N)@ N) 


For K = 0 the velocity expression reduces to the constant 
W/CpAcaseasin(3). 

Deceleration 


dV/di = —Vsin 6 (dV/d5) = =— VB: sin n (d¥/dZ) 
This results in the deceleration (dropping the bars henceforth) 


CDo( 


dV Cpr, (5 ein 6 P(N) Je 


from Equation [7]; here again use may be made of Equation 
[6] for large Z. 


To find the altitude where the deceleration is a maximum, 
it is convenient to use 


d d (dV\ dy 

dy \ dt ]\ dt dZ \ dt } dt a 
when dy/dt is well behaved. Upon differentiating Equation 
[9], (d/dZ) (dV /dt) vanishes if 


» (5) + (G2) 


When Z is expressed in terms of y, the corresponding altitude 


Altitude for Maximum Deceleration 


pein 0 (6 — — yous) + N — 


which reduces to 


Cy 
= In 0 


for constant W/CpA. 

Although a transcendental equation is involved, usually 
only one trial is necessary to obtain a solution within +500 ft. 
An iterative process was found to be much faster than the 
alternative graphical solution, 


Substituting Equation [11] into Equation [9] one obtains 


Maximum Deceleration 


dV 
or, approximately 
(dV /dt) max + B sin +1 — N)/2Ze [14] 


Maximum deceleration vs. Z is plotted on Fig. 2 which 
shows the influence of varying rates of change of W/CpA. 
The rate functions are both Z (through the parameter K) and 
N. As the absolute values of either K or N increase (thus 


4 
( — K(1 — ymax) 


increasing the variation in W/CpA), the magnitude of maxi- 
mum deceleration is more greatly effected. The N = 1 line 
on Fig. 2 corresponds to constant W/CpA, and any curve 
above or below this line would represent an increasing or de- 
creasing W/CpA, respectively. The fact that N = 1 does 
correspond to a straight line, and the other values for N con- 
verge asymptotically to this line as Z approaches ©, substan- 
tiates the independence of maximum deceleration from mass, 
drag coefficient and geometry only when W/CpA remains 


hal 


Numerical Examples 
The following examples illustrate some uses of the equa- 
tions which have been developed. 


Example 1 eats) 


A comparison is made of the velocity and deceleration 
histories of several variable geometry, zero-lift, re-entry 
vehicles. The results illustrate a significant rate of change 


| DECREASING RATE 


N3~g Nei~  |=conSTANT 
>~ CpA 


\ NCREASING RATE 
dy 


10 20 30040 50 60 70 
DIMENSIONLESS PARAMETER 2 
INFINITY -——K 


ZERO 


Fig. 2 Maximum deceleration vs. Z 


(1 
[13] 


of W/CpA during descent; in fact, for illustrative purposes, 
Cp and A are varied more than is probably practical. The 
vehicles may be thought of as having an adjustable skirt to 
vary the area and drag coefficient as shown in Fig. 3. 

The initial conditions of W/CpA = 510 lbs/ft,? yo = 
200,000 ft, and 6, = 15 deg are the same for each vehicle. 
The individual cases are described in Table 1. 
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ALTITUDE SEA LEVEL SEA LEVEL 
(DECREASING (INCREASING 
W/CpA) W/CpA) 


Fig. 3 Concept for varying W/CpA in flight 


Fig. 4 is a plot of the approximate variation with altitude 
of (W/CpA)/(W/C pA) for each vehicle. Fig. 5 shows the 
-omparative velocity histories and Fig. 6 shows the decelera- 
‘ion histories of the four vehicles. It is shown that the alti- 
tude for maximum deceleration can be varied considerably. 
he large reduction in Cp and A for vehicle (c) have caused 
it to impact at slightly more than half of its entrance velocity. 
On the other hand vehicle (a) has been arrested to a terminal 
falling velocity at almost 35,000-ft altitude. The physical 
interpretation of the zero velocity at an altitude above sea 
evel is that the vehicle has decelerated to a terminal falling 
velocity subject to the (neglected) force of gravity. 

The implications of being able to control a manned re- 
entry vehicle are apparent. It is noted that an increasing 
rate of change of W/CpA during re-entry lowers the maxi- 
mum deceleration. Because of thermal considerations it is 
if benefit to decrease the heated surface area, provided that 
the ratio of skin friction drag to total drag does not increase. 
The amount of area reduction would be limited by the re- 
quirement that the velocity approach a low value permitting 
parachute deployment prior to impact, if a man or sensitive 
equipment were to be safely returned. 


Example 2 

Mass transfer effects on velocity and deceleration are shown 
for two cases: Constant volume as in porous injection, and 
diminishing volume as in ablation. Let 


= 41.9 [((W/CpA)o = 510 lb/ft?] 


and 0¢ 45 deg. Assuming a spherical body: n 
p = 0,s = 0,80 that N = 0 for the first case; n = 1, p = 
and s = 0, so that N = 2 for the second case which can be 
shown for a randomly rotating sphere of uniform density 
which maintains a constant drag coefficient of unity. 

The velocity-altitude and deceleration-altitude profiles are 
plotted on Figs. 7 and 8, respectively, for K = 0, 0.2, 0.4 and 
1.0. The magnitude of the decelerations are shown in Fig. 8 
for Vg = 20,000 fps. It may be seen that for up to 40 per 
cent of the mass transferred, there is very little resultant effect 
on the velocity and deceleration histories. This effect is 
even less for the ablating case wherein W/CpA remains more 
nearly constant. 

The locus of maximum deceleration moves to a higher alti- 
tude and higher deceleration as the mass transfer rate in- 
creases. When the area is reduced during descent for the 
ablating sphere, the deceleration is lower as would be ex- 
pected. Of course, an ablating body with a conical shape 


= = 


Fig. 4 W/CpA vs. altitude for four vehicles 
Ww = 2 
510 Ibs/ft 
Yo = 200,000 ft 
| 
i 
| 
Ke) 


Fig. 5 Velocity vs. altitude for four vehicles. Three of the 


vehicles have varying W/CpA during re-entry 


%9=200,000 ft 
O¢=15° 


=510 Ibs/ft? 


Fig. 6 Deceleration vs. altitude for four vehicles. 


75 


Three of the 
vehicles have varying W/CpA during re-entry 


¢ 
Table 1 Example re-entry bodies with varying W/CpA 
Venice 
Asi Cost (W/CDA)sxz p 8 n 
2 2 (0.33 3 3 1 
 € 4 6 0.046 13.2 17 1 
ae 1 1 1 0 0 0 
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could ablate at the nose and still maintain the same frontal 
area at its base. However, Cp would increase in this case, 
and a higher deceleration would be expected. 


Results and Conclusions 


Equations have been presented for the velocity and de- 
celeration of a ballistic re-entry vehicle which has a changing 
W/CDA along the trajectory. These equations may be used 
to investigate variable geometry and mass transfer effects. 
This was done for several examples, from which it may be 
concluded that: 

1 The maximum deceleration is not independent of the 
rate of change of W/CpA, although it is well known that 
maximum deceleration is independent of W/CpA when 
W/C>)A remains constant. Variable geometry has, in fact, a 
significant effect upon the re-entry trajectory, i.e., velocity, 
heating, impact location, etc. 

2 By increasing CpA during re-entry the maximum de- 
celeration is shifted to a higher altitude, and the value of peak 


deceleration is increased. Decreasing has the opposite 


effect. 


3 In the case of an ablating re-entry vehicle, the mass a 


transfer process tends to increase the maximum deceleration 
and shift the position of maximum deceleration to a higher 
altitude. (The effect would be small for an efficient heat 
shield.) 

4 If surface ablation takes place in such a manner that 
the drag area is reduced, the increased deceleration owing to — 
mass transfer is less than if the area had remained constant. 


5 Generally, for a fixed geometry vehicle with an efficient 


heat shield, the change in W/C'pA upon re-entry has a small 
influence upon its trajectory. However, aside from the 
variable geometry vehicle, the preceeding analysis has a 
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Fig. 7 Velocity vs. altitude for surface ablation and transpira- 
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Fig. 8 Deceleration vs. altitude for surface ablation and tran- 
spiration cooling 


useful application with regard to the behavior of separated 
missile stages or destructed components which may experi- 
ence significant ablation after separation. Present range 
safety practice a know ledge of ior of 


For large flight velocities, the effective heat absorbed within 
the boundary layer of an ablating body is large compared 
with the internal heat absorption. Thus 


= = H, + H; = H, [A-1| 
where 
H; = C,,AT;, internal body heat absorption 
_H, = 2/3 C,aT,, external heat absorbed within the 
: boundary layer (for laminar stagnation point 
flow) 
G = a mean specific heat dependent upon concentra- 


tion of coolant gas in boundary layer 


_ The laminar heat transfer rate at the stagnation point of 
an axisymmetric body is (Prandtl number = 1) 


Qo = 0.765 (pC)? [A-2 | 


where 


H, = C,AT, = (V2/2)(ft-lb/slug) 


- The heating rate g, may be expressed solely as a function of 
velocity and altitude when: There is an adiabatic shock; the 


viscosity is proportional to the square root of the tempera- 
ture; and the velocity gradient is as measured on a hemi- 
sphere by Crawford and McCauley (8) 

= 103 X V3 e—4u/2 (ft-lb/ft?-sec) [A-3] 


Using the effective heat of ablation approximately propor- 
tional to the enthalpy difference leads to the relation 


dm\ {dy dm 
- (3) He v( 
where dm/dy is not a function of V. 


Then the body mass lost per foot of altitude for a gas 
injected coolant in laminar flow becomes (9) 


6.43 10-7 CoA e~ slugs 
J/n E + 2| ft altitude 


where Cg is the integrated ratio of average body heating to 
stagnation point heating. Let 


= dm/dy = Se—8u/2 [A-5] 


where S is a constant for a given body and re-entry angle at 
high flight velocities. Integrating m’ 


m(y) = — [A-6] 
Boundary conditions are 


m = ™, when y = © 
m = mo — (mass lost through heating), when y = 0 


[A-4] 


The solution for the flight velocity as a function of mass 


an transfer is as follows (using Eqs. [1 through 3] in the text) 


dV i 
m(y) = V2e—6u [A-7] 


dV/dt = —V sin 0z (dV /dy) 
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as before 
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Thus 
can be shown to have the solution | f 
BBm BBm 
[A-10] 


B = CppstA/2 sin 
From Equation [A-6] 


BBm BB _ 28 —By/2 
os 35: (m- Fe ) 
V=C(m-—- —e e 
B 
[A-12] 
To evaluate the constant, it is necessary that V = Ve at 
y= ©. Thus 
BBmo 


Assigning two dimensionless constants 
BBmo/2S? = 2S/Bm 
then ig 
k 
V = Ve (mo — Pmge—8u/?) . 
e~Pe—By/2 \k 
= Ve [A-14] 


which is the flight velocity of a ballistic re-entry vehicle that 
is ablating and therefore experiencing a variable W/CpA. 


Nomenclature 


drag area of body 
velocity gradient along wall, du/dr; also used as a 
constant 


Cp = drag coefficient 

Cp = specific heat at constant pressure 

Cp = mean specific heat at constant pressure ~s * 

Ce = heating coefficient for g/gs over body oh 

ag = gravitational acceleration 

H = enthalpy, 

K = nondimensional factor for controlling W, Cp and A 


during re-entry 


m = body mass 

M = Mach number 

N = exponent for rate of change of W/CpA; N = p+s — 

n+1 

g = heat transfer rate per unit time, per unit area 

rp = radius of body 

t = time 

= temperature 

V = flight velocity 

W = vehicle weight 

z,y = horizontal and vertical space coordinates 

Z = dimensionless mass transfer parameter, Z = (B/K) X 

[1 — K(1 — 9)] 

B = reciprocal scale height for density distribution — T 

r(V) = gamma function 

= incomplete gamma function 

A = increment ms 

0 = flight path angle, measured from the horizontal 

u = coefficient of viscosity; or relative density = mo/pszAcyo 

p = density 

Subscripts < 

E,0 = initial re-entry value 

8 = stagnation point value ‘ 

SL = sea level value 

oo = free stream condition 

1 = coolant gas ; 

() = time derivative 

( )' = altitude derivative 

= mean value (thermal); or normalized value, initial 
re-entry condition 
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FUNDAMENTAL set of limits in the restricted three- 

body problem? may be established by exploring the 
question: In what regions of space in the vicinity of two 
massive bodies can a third body of infinitesimal mass remain 
in a stable near-circular orbit? 

Since the computation of these limits is time consuming, 
and since the limits may be applied as approximations to a 
number of real problems in astronomy and orbit mechanics, 
we hope the results given here will be of general usefulness 
and interest. 

The data, presented in tabular and graphical form, are solu- 
tions to a series of problems which are stated as follows. 
Determine the distance at which particles in circular orbits 
around either mass or around both masses together can exist, 
without exceeding the energy levels corresponding to certain 
critical values of the Jacobian constant C. 

In the restricted three-body problem (reference coordi- 
nates rotating at the same angular velocity as the two massive 
bodies) it is well known that a set of zero relative velocity 
surfaces may be described around each of the individual 
bodies and around both bodies together. An example of the 
intersection of these surfaces with the zy plane is given in 

_ Fig. 1. Sketches of the approximate shapes of these sur- 
_ faces in the xz plane and the yz plane are given by Buchheim 
(1)8 and Moulton (2). These zero velocity surfaces are ap- 
proximately spheres in the immediate vicinity of each of the 
masses, and approximately cylinders enclosing both masses 
at a distance from the masses, and are associated with high 
numerical values of the Jacobian constant. As the value of 
C is gradually reduced, the closed “spherical’’ surfaces around 
each of the massive bodies gradually expand, and the ‘‘cylin- 
drieal’”’ surfaces around both bodies gradually contract. As 
C is reduced to a certain value C, the expanding spheres 
_ around the two massive bodies impinge at a point p,, the first 
Lagrangian libration point. As C is reduced further, the 
closed contours around the two bodies coalesce into a closed 
shape resembling a budded yeast cell, while the cylindrical 
curtains continue to contract. At C = C2, the expanding 
“yeast cell” and the contracting curtain impinge at po, the 
second Lagrangian point. Further reduction of C results 


Received June 6, 1960. 

Group Leader, Aero-Astronautics Dept. Member ARS. 

2 Two massive bodies rotate in circles around their common 
center of mass. The third body, of infinitesimal mass, moves 
_ in the same plane as do the massive bodies. 

* Numbers in parentheses indicate References at end of paper. 
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Limits for Stable Near-Circular 
or Satellite Orbits in the 
Restricted Three-Body Problem 


In the vicinity of two massive bodies rotating in circles around their common center of mas~ 
there are regions in which near-circular orbits of a third body are stable, and other regions in 
which near-circular orbits are unstable. Expressions for calculating the limiting radii of the 
regions where stable near-circular orbits can exist are developed from Jacobi’s integral to the equa- 
tions of motion of a particle, and computed quantitative values for these radii are given in graphical 
and tabular form for mass ratios from 10~ to 0.5. An example is given of the application of these 
limits to an idealized Earth-moon system (mass ratio, 0.012128563). 


S. H. DOLE! 


The Rand Corp. 
Santa Monica, Calif. 


in coalescence and formation of a single surface. At C = 
C; another impingement of surfaces takes place at the third 
Lagrangian point p3, and at C = C;, the surfaces shrink down 
to two points and disappear at the fourth and fifth Lagrangian 
points ps and ps, points in the zy plane which form equilateral 
triangles with the two massive bodies. 

These zero velocity surfaces have the following significance 
for the present problem: A real third body has associated 
with it a specific and conserved value of the Jacobian constant 
C,, determined by its position and velocity. It cannot cross 
a surface of zero relative velocity corresponding to C,,. but is 
forever constrained to remain in regions of space where the 
zero velocity surfaces have a numerical value C > C,. For 
example, if a particle has associated with it a value of C = C,, 


C, = 3.92015 
=3.55641 
C5=3,29135 
C222 .79000 


Fig. 1 Zero velocity curves in zy plane for mass ratio equal to 
0.3 
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and is initially within a closed envelope surrounding the 
larger of the two massive bodies, it cannot escape from the 
region around m delimited by the C; contour. [If it is ini- 
tially outside the outer C; contour, it cannot penetrate inside 
the space enclosed by this contour. On the other hand, if a 
particle has assoeiated with it a value of C < C,, it can po- 
tentially invade all parts of the space in the zy plane, no 
region being excluded. 

Now let us consider a particle within the closed C; contour 
around m which has associated within it C = C;. Since it 
cannot escape from this region, it will either orbit endlessly 
or eventually impact on m. Qualitatively the most stable 
orbit it can have will be a near-circular orbit around m,. 
Even more stable would be near-circular orbits of particles 
having C > C\. 

If we now depart somewhat from the restricted three- 
body problem and assume that, as in the real world, small 
perturbing influences are present which can effectively in- 
crease or decrease the value of C, or change the velocity 
vector by a small amount, it may be seen that a high degree 
of stability is required in order to enable the third body to 
survive for long periods of time. Thus if a third body has a 
value of C < C4, even if it is initially in a near-circular orbit 
around m, one would have doubts as to its long term sta- 
bility, since it can potentially enter the regions surrounding 
both m, and m2, and the probabilities of eventual collision 
with one of these bodies are much increased. Unfortunately, 
methods for assessing the long term stability of orbits in multi- 
body systems are not available. It may be said qualitatively, 
however, that near-circular orbits of particles with C = C; 
represent the outermost stable orbits which can exist in the 
closed space about mm; this applies, also, for near-circular 
orbits around ms. For particles in near-circular orbits around 
both bodies the associated value of C must be related to the 
outer C2 zero velocity curve such that C > C2. 

A graphical representation of the relationship between the 
Jacobian constant and particles moving at orbital velocity 
is given in Fig. 2. For an idealized Earth-moon case, values 
of C were computed for particles moving at orbital velocity 
in the zy plane and in a direction normal to the line joining 
the two masses. As may be seen from this figure, retrograde 
satellites of Earth have C values greater than C;, and may be 
regarded as stable out to a distance of 0.239 lunar units‘ 
ca. 57,000 miles), but less than C; beyond this. Similarly, 
direct satellites of Earth are stable between Earth’s surface 
and 0.635 lunar units (152,000 miles) and beyond 1.6056 lunar 
units (384,000 miles), but not between 0.635 and 1.6056 lunar 
units. 

Direct satellites of the moon on near-circular orbits are 
stable out to 0.073 units (17,400 miles from the moon’s center), 
whereas retrograde satellites are stable out to 0.043 units 
(10,300 miles from the center of the moon). 

Using similar criteria it is possible to establish regions in 
which particles on near-circular orbits can exist in the neigh- 
borhood of two massive bodies as a function of the mass ratio 


The expressions for computing the dimensions of these re- 
gions are developed from Jacobi’s integral in the latter part 
of this paper. 

For the example illustrated in Fig. 3 (where w = 0.1), 
stable direct near-circular orbits around m, can exist only in- 
side region A, radius 0.44 units; stable retrograde near-circu- 
lar orbits around m can exist only inside region B, radius 
0.21; stable direct near-circular orbits around m2 can exist 
only inside region D, radius 0.14; stable retrograde near- 
circular orbits around m: can exist only inside region EF, radius 
0.086 units; stable direct near-circular orbits around both 
masses can exist only outside of region F,, radius 2.24 units; 


‘ A lunar unit is taken to be 239,000 miles. Numerical agree- 


ment with 0.239 is coincidence. 
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Fig. 2. Values of Jacobian constant C' associated with particles 
crossing the x-axis perpendicular with orbital velocity, as a func- 
tion of distance along x-axis. Mass ratio u equal to 0.012128563 
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C,= 3.59695 
C2=3.46668 


Fig. 3 Zero velocity curves in zy plane for mass ratio » equal to | 
0.1. Extreme limits for stable near-circular satellite orbits 


apparently none of the near-circular retrograde orbits around 
both masses are stable. 

The regions inside the contours A, B, D and E and outside © 
contour F might be called “permitted regions” for direct and — 
retrograde inferior planets, for direct and retrograde satellites, 
and for direct superior planets, respectively. All regions 
outside of those enclosed by B and E might be called “for- 
bidden regions” for retrograde planets and satellites, whereas 
regions outside of A and D but inside F might be called for- 
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= 0.012128563. 
» Values for C, — 3, C, — 3, C; — 3.and 3 — C, are tabulated, since C,, C., Cs and C;, all approach 3 very closely for small values of x. 


© Approximate values (interpolated). 
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sider only direct planets of m, the larger of the two massive 
bodies, it may be seen that mz has created a broad band around 
m, in which no planets on near-circular orbits could be ex 

pected to exist. Such planets would be expected only in 

side contour A and outside contour F. 

Dimensions of permitted regions in the srestricted three 
body problem for the range of uw from 10~* to 0.5 are given 
in Table 1, and some illustrations drawn to scale of thes: 
regions for various mass ratios are given in Fig. 4. 

Jacobi’s integral to the equations of motion of a partick 
in the vicinity of two massive bodies that are rotating i1 
circles around their common center of mass may be written 
as given by Buchheim (1) 


y= w?(a? 4. y?) + 2K(1 + 2Kyu/r2 


Fig. 5 illustrates the nomenclature used in this paper. 

If we normalize by letting the distance between the two 
masses equal unity, and the sum of the masses equal unity, 
for circular motion of the two massive bodies 


w= K 


Analysis 


by setting c/w? = C and v/w = V, the integral may be re- 
written 


C=227+ y? + 21 — w)/n + V? 


Now consider a particle in circular orbit around the smaller 
of the two masses in the zy plane and with motion in the 
direct sense (CCW). At time t = 0, it is assumed to be on 
the z-axis (y = 0, = 0) between the two masses, and its 
velocity in intertial space is 


= 
However its velocity in rotating space 


v= —wV + wre 
and 
= p/t2 — 2V rep + 12? 
also 
y=1—p— 
1 om 


and Jacobi’s integral becomes oy 


C= (1 —p— 1m)? + 21 — — + = 
2V rom re 


If C is set equal to C; and the equation solved for re, we 
obtain the maximum distance (ra) from the smaller mass yu 
that a particle can be moving CCW at orbital velocity, with- 
out having so much energy that it could potentially (if per- 
turbed slightly) cross the C; zero relative velocity surface 
and escape from the neighborhood of the smaller mass. 

Direct, between 


2(1 — yp) 
To 


2V — Tx»? [1] 


A similar expression which considers a particle in direct 
motion around yw, but on a point on the z-axis on the side 
away from the larger mass, yields closely similar results. 


Direct, beyond > 
21— 4) 
= 2 
1 + ra 
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For retrograde motion around the smaller mass, analogous 
expressions follow: 
Retrograde, between 


21 — 


1 — ry 21 
2V raw — rx? [3] 
Retrograde, beyond 
211—u) , 
C= 2 
1 = (1 m+ 1a)? + 


2V ro —_ [4] 


The maximum distance of particles in near-circular orbits 
around the larger mass (1 — uw), where velocities and dis- 
tances correspond to C = Ci, is given in the following equa- 
tions: 

Direct, between 


Tio 1 — ro 
2Vrio(l — — rw? [5] 
Direct, behind > 
1 2 


Retrograde, between 


(tm — w)? + 


Tu Tu 
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Fig. 5 Illustration of nomenclature used 
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Following is the equation for the minimum distance of 
particles in near-circular orbit around both masses, outside 
the outer C, contour where velocities and distances correspond 
to C2 and where rz is the distance from the common center 
of mass to the particle. 

“Direct,”’ beyond 


2u 
= — — 9 
“Direct,” behind 
1 21 2 
— + (l— 
“Retrograde,” 
2 
+ + + ra — (1 
“Retrograde,” behind 
1 2(1 — 2u 


Results of machine computations of the roots of Equations 
[1 through 10] are given in Table 1. Equations [11 and 12] 
have no roots for values of r3, > 1 — uw + po, hence “retro- 
grade” motion of particles at orbital velocity corresponding 
to C > C2 apparently is not possible, and no stable “retro- 
grade” near-circular orbits around both masses can exist. 
(Particles moving at orbital velocity around both masses will 
always have retrograde motion with respect to the rotating 
coordinate system. The terms “direct”? and “retrograde” 
refer to motion with respect to inertial space.) 

Results are shown graphically in Figs. 6 and 7. The func- 
tions (1 — ry), (0.25 — ry) and (ra — 1) are plotted against 
Mt, Since ry and rz both approach 1.0 asymptotically, and ry 
approaches 0.25 for — values of al 


Fig.6 Limiting radii of stable near-circular planetary and satellite orbits in restricted three-body problem as a func- 
tion of mass ratio u 
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near-circular inferior planetary orbits can exist, 
radius = 

region around larger mass m, within which stable 
retrograde near-circular inferior planetary orbits can 
exist, radius = ry, 

Jacobian constant, absolute units 

Jacobian constant, canonical units, C = c/w? 

value of Jacobian constant associated with zero rela- 
tive velocity surface passing through first Lagrangian 
libration point p; 

(1 — — + — w)/(1 — pr) + 

value of Jacobian constant associated with zero rela- 
tive velocity surface passing through second La- 
grangian libration point p2 

(1 + po — + — w)/(1 + + 2u/pe 

value of Jacobian constant associated with the zero 
relative velocity surface passing through third 
Lagrangian libration point ps 


(1 — ps + + — w)/(1 — ps) + 2u/(2 — ps) 


= value of Jacobian constant at fourth and fifth Lagrang- 


ian libration points (equilateral points) py and ps 

— =m) 

region around smaller mass m2: within which stable 
direct near-circular satellite orbits can exist, radius 
= 20 

region around smaller mass mz: within which stable 
retrograde near-circular satellite orbits can exist, 
radius = ra 

region around both masses outside of which stable 
direct near-circular superior planetary orbits can 
exist, radius = 730 

gravitational constant 

product of gravitational constant G and total mass mo 
of system 

total mass of system, mp = m, + me 

mass of larger body 

mass of smaller body 

first Lagrangian libration point, in-line point between 
m, and me 

second Lagrangian libration point, in-line point be- 
tween mz and + 

third Lagrangian libration, in-line point between m 
and —o 

= fourth and fifth Lagrangian libration points, 
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i>, 

radial distance from larger mass to particle beg... 

radial distance from smaller mass to particle 

radial distance from center of mass to particle 

radius of outermost stable direct near-circular inferior 
planetary orbit of larger mass m; 

radius of outermost stable retrograde near-circular 
inferior planetary orbit of larger mass m 

radius of outermost stable direct near-circular satellite 
orbit of smaller mass m2 

radius of outermost stable retrograde near-circular 
satellite orbit of smaller mass m, 

radius of innermost stable direct near-circular superior 
planetary orbit around center of mass 

time 

magnitude of velocity of a particle in rotating space 

particle velocity in rotating space, canonical units 
V = v/w 

component of distance between particle and center of 
mass of system, measured parallel to line joining the 
two massive bodies (rotating coordinate system) 

component of distance between particle and center of 

mass of system, measured perpendicular to line 

joining the two massive bodies (rotating coordinate 

system ) 


Fig. 7 Limiting radii of stable near-circular planetary and satellite orbits in restricted three-body problem as a 
function of mass ratio u 


“ = ratio of smaller of the two masses to total mass of 
system 
= + Me = Me2/Mo 
form = 1,4 = mandl—yp=m 
= distance from to 
distance from mez to pe 


p2 
ps = one minus distance from m, to p; 
w = angular velocity of the two massive bodies 


pi, p2 and ps were computed from the following quintic ex- 
pressions derived by Moulton (2) 


pd — (3 — w)pit + (3 — — wei? + — = 0 
p2® + (3 — + (3 — 2p) p23 — — — wp = O 
ps® — (7 + + (19 + 6yu)ps* — (24 + 18u)p3? + 
(12 + — Tu = 0 
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field resulting from its oblateness. 


‘Comparison of the Effects of Earth and Sun on 
the Motion of a Satellite of the Moon 


ET THE masses of the satellite, sun, moon and Earth be 

-4 indicated by m, Mo, M; and Mz, respectively. We assume 

that a coordinate system centered at the sun is an inertial 

frame of reference. The motion of the satellite (see Fig. 1) 
is given by 


m(d*p/dt*) = Fn(Mo) + Fn(Mi) + Fn(M2) (1] 


with F,,(Mo) the force of the sun on the satellite, etc. The 
motion of the moon is given 


M,(d?*s/dt?) = Fy,(Mo) + [2] 


neglecting the force of the satellite on the moon. 
From r = p — sand Equations [1 and 2], it follows that 


dr 
m = + | Fa m( Mo) — Fa(Mo) | + 


m 


F,, (M1) +- + 
28 


The magnitude of the middle term of Equation [3] can be 
approximated by GmM,|r|/|s|* for |r| < |s|; the magni- 
tude of the last term of Equation [3] can be approximated by 
GmM,|r|/|w|* for |r| <|w]|. The ratio of these terms is 


(Mo/M2)|w/s|* ~ (330,000) (24/9300)? (1/2)10-? [4] 


which justifies omission of the effect of the sun. 


Quasi-Eulerian Coordinates 


A description of the quasi-Eulerian coordinates associated 
with a mov ing point P is given in Fig. 2. The z, y, z coordi- 
nate system is a moon-fixed rectangular c coordinate system w ith 


Received June 20, 1960. 
1 Research Specialist. 
2 Research Specialist. 


HARRY LASS! and 
CARLETON B. SOLLOWAY? 
Jet Propulsion Laboratory, 


California Institute of Technology 
Pasadena, Calif. 


The motion of a satellite of the moon depends chiefly on the force fields of the moon, Earth and 
sun. If one chooses a frame of reference attached to the moon, it can be shown that the force field 
resulting from the sun can be neglected when compared with Earth’s field on the satellite. The 
effect of the Earth’s field is shown to be of the same order of magnitude as is the moon’s perturbing 
The distance between Earth and moon will be assumed to be 
constant, and satellite orbits of small eccentricity will be studied. The averaging process of Kryloff- 
Bogoliuboff is applied to the equations of motion for an analysis of this restricted three-body prob- 
lem, which is further complicated owing to the moon’s oblateness. It is shown that a nearly circu- 
lar polar orbit will digress less than 1 deg from a true polar orbit, and that the change in eccentricity 
of the orbit is less than a factor of e in one half of a year. An integral of the motion is obtained, 
such that accurate observations of a nearly circular orbit (not necessarily a polar orbit) wil) yield 
values of two fundamental constants related to the principal moments of inertia ne the moon. 


origin at the center of the moon. The positive z-axis is di- 
rected toward Earth, the positive y-axis is in the moon’s 
equatorial plane pointing in the direction of the orbit of the 
moon about Earth, and the positive z-axis is the moon’s polar 
(spin) axis. The X, Y, Z coordinate system is an inertial 
frame of reference coinciding with z, y, z at t = 0. The 
x, y, 2 system rotates with constant angular speed, —Q about 
the Z-axis, relative to the X, Y, Z frame. The instantaneous 
orbital plane of a particle defined by the instantaneous posi- 
tion and velocity vectors r and f intersects the z, y plane in 
the line of nodes N, and is inclined to that plane at the angle 
8. The unit vector N is directed along the line of nodes 
making an angle a with the z-axis, and H is a unit vector 
normal to the orbital plane. A trihedral is formed by de- 
fining M = H XN. Finally, the position vector r makes 
an angle W with the line of nodes. 


Potential Field of Moon and Earth 7 


Neglecting higher order terms, the moon’s potential is given 
by (1)* 


er 


3 Numbers in parentheses indicate References at end of paper. 


Fig. 1 Position vectors of satellite, moon and Earth, relative 
to the sun 
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mi. .... 
+ — sin? y sin? + 
R°K 
—, [cos 2a(cos? — sin? cos? B) — 
r 
2a sin 2y cos ait [5] 
‘he principal moments of inertia of the moon about the 2, y, z 
axes, respectively, are A, B and C, with M, equal to the mass 
of the moon, and R equal to the radius of the moon in the 
direction of the moon’s orbit. The numerical values of J and 
iX are obtained from (2). The values of J and K are 


J = (3/2M,R?)[C — (1/2)A — (1/2)B] ~ 0.00034 
K = (3/4M,R?)(B — A) = 0.000035 


One must also obtain Earth’s potential. The z-axis points 
‘oward Earth, so that the third term of Equation [3] can be 
‘ritten (for a unit mass) as 


| i 7 
F = GM, E- D)? + y? + + | [7] 


Vor 2? + y? + 22 < D?, with D the fixed distance between 
arth and the moon, Equation [7] can be replaced by 


F = (GM./D*)(2zi — yj — zk) = 
—grad — 3x*)] [8] 


Thus, Earth’s potential is 


= — 3(cos cos a — sin sin a cos B)*] 
[9] 


The total potential is V; + V2 as given by Equations [5 and 
9]. Comparing with GMor?/2D5 for a satellite 
near the moon yields 


Thus, the K term of V, is slightly more important than the 
\’. term in determining the motion of the satellite. Actually, 
one should compare grad V; with grad V2. If this is done, the 
K term still remains slightly more dominant than the force 
field of Earth. 


Fig. 2 Quasi-Eulerian coordinates 
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Equations of Motion 


The kinetic energy per unit mass can be shown to be given 
by 


T = (1/2) [7 + r°y? + r? sin? vB? + r? (1 — sin? sin? 8) X 
(& — Q)? — 2r* sin cos sin BB(& — Q) + 
2r? cos B(a —Q)Y] [11] 


The Lagrangian governing the motion is L = T — (V; + 
V.) = T + (GM,/r) — V, where V is the perturbing 
potential of the moon and Earth. If we let r = (h?/GM,) X 
{1 + €cos (WY — w)]~', it can be shown that Lagrange’s equa- 
tions of motion yield 


da/dt = 2 — (1/h sin B)(OV/O8) _ 
dB/dt = —(cot 


dh/dt = 
dy/dt = h/r? + (cot 8/h)(OV/0B) 
OV 
de/dt = — GM, sin — w) 
hi oV 
cot B OV 
dw/dt = GM cos — w) + h a6 
sin — w) h? \ ov 
he + airs) oy 


Equations [12] are the equations for the variations of the 
elements; see (3). Since W isa cyclic variable, replace da/dt 
with (da/dy)(dy/dt) ~ (h/r*)(da/dy), neglecting (cot B/h) X 
(da/dy)(0V/O), since (da/dy)(OV/Ow) is a product of 
two small terms. Similarly, one considers dB/dy, dh/dy, 
de/dy and dw/dy. Since the elements are slowly varying, 
the averaging process of Kryloff-Bogoliuboff [see (4)] can be 
applied to the new system of equations by integrating y over 
the range (0, 2 7). The following results are then obtained 
with uw = GM, ande << 1 


dy 008 B X 
3M 
(J K cos 2a + 2M sin «) 
wR? /,, , 3M2h” 
a” (x + sin 2a sin B 
dy 
de _ 
[sin 2a cos 2w cos B + cos 2a sin 2w(1 + cos? B)] + 
[sin cos 2w cos B + 
sin 2w(cos? a — sin? cos? B)] 


[13] 


An integral of the motion can be obtained from the first 
three equations of Equations [13] in the form 
— (20h7/p4R?) cos B + [J — K cos 2a + 

(3M sin? a] sin? 8 = constant [14] 


Accurate observations of a nearly circular orbit would yield _ 


values of a, 8 and h, from which one could obtain values of J 


and K from Equation [14]. 
In order to investigate stability of a nearly circular polar’ 
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orbit, let 8 = 7/2 — o<X1,sinB ~1,cosB=o. Thus, tions [12] and for 8B ~ w/2itfollowsthat __ 
from Equations [18] e exp [(3u2R*K/4h* + yp] 
da/dy =~ —Qh3/p? exp [(5.5) 10> yw] [17 
/h\(K + sin with € the initial eccentricity. The eccentricity will increase 
An integration, with ¢ = Ofor Y = Yo, yields the inequality associated with this increase of eccentricity is approximately) 


one half of a year. Thus, a satellite of the moon will tend t« 
remain in an almost circular polar orbit for a conside rab. 


lo| S (w*R?/Qh)(K + [16] 
length of time. 


For a satellite near the moon’s surface 
= RY? 


Ss 
Q = (22/4300) (rad/min) Reference 
4 =. i 1 Jeffreys, H., ‘‘The Earth, Its Origin, History, and Physical Constitu 
| o| = (1.5) 10~* rad < 1 tion,”” University Press, Cambridge, Eng., 1952, p. 140. 
Thus, an almost circular polar orbit near the moon’s surface "a nay gg W., “Astrophysical Quantities,” University of London Press 
will deviate, at most, 1 deg from the polar plane. 3 Moulton, F. R., ‘Celestial Mechanics,” The Macmillan Co., London 
> > s 1914, pp. 404-406. 
Since the preceding analysis a — _ orbit of small 4 Minorsky, N., “Introduction to Non-Linear Mechanics,” J. W. Ed 
eccentricity, it is necessary to examine de/dy. From Fqua- wards, Publ., Ann Arbor, Mich., 1947, pp. 183-206. 
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HE INCREASING demand for missiles with greater 
thrust capability has caused rocket designers to investi- 
vate all means of improving the efficiency of rockets. The 
desirability of having higher impulse propellants, and lighter 
and stronger metal parts has, properly, been emphasize od. 
In recent years the design of solid propellant grain configura- 
tions has taken on new meaning with the requirement that 
the greatest efficiency be realized in every phase of rocket 
performance. The technical literature has recorded this in- 
creased interest in an activity that was for a time classed as 
an art rather than a science. A recent survey paper (1)* on 
grain design lists many such papers. The time has passed 
when a grain designer must know from experience and 
memory, or evolve by trial and error with compass and 
straight edge, the configuration which most nearly meets the 
particular requirements. 
The present paper is a continuation of grain design work in 
which Rohm & Haas has been interested since 1954. Pre- 
viously published work (2) has centered around the star, 


wagonwheel and modified wagonwheel designs. 


Discussion 


The slotted ne cout uration,‘ as shown in Fig. 1, consists 
of a cylindrical tube of propellant into which has been cast 
or cut a number of slots. These slots connect the inner and 
outer surfaces of the tube and extend part of its length. 

The configuration offers some striking advantages for the 
ballistician. Perhaps the most obvious is its inherent lack of 
sliver in a nonerosive situation, since it is basically an in- 
ternal burning cylinder. Because of its simplicity the con- 
figuration, with two exceptions, is essentially free from re- 
gions of stress concentration such as appear in the star and 
other more complex designs. The region at the interior end 
of each slot is, of course, an exception; however, this is not a 
source of major trouble. The second exception is that very 
thick webs may be obtained in this configuration. In some 
propellants the stresses arising from the casting and curing 


Presented at the ARS Solid Propellant Rocket Research Con- 
ference, Princeton, N. J., Jan. 28-29, 1960. 
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Grain Design 


A mathematic al analysis was made of the internal Saicieiiesinubaebadbeaiin configuration, which — 
distinct advantages for certain solid propellant applications. Those advantages are zero sliver, high 
loading density and thick web capability, low stress concentration, and mandrels that can be made 
cheaply and in a relatively short time. 
quired to protect the motor wall in the slot region. The results of the mathematical analysis 
were programmed for an electronic computer, and calculations made for a wide range of the pa- 
rameters of interest. These data have been prepared in graphical form for greater utility. 


The central disadvantage is that an insulating liner is re- 


of such webs are relieved only by cracking, even though there 
are no points of stress concentration in the configuration. 
The design simplicity is also an important factor in mandrel 
machining and fabrication; the mandrels are less costly and 
can be made in less time than more complicated cores, such 
as the star and wagonwheel. 

Loading fraction increases with increasing web thickness, 
or burning distance, which permits use of high burning rate 
propellants in highly loaded designs, or of low burn ng rate 
propellants to obtain very long burning times. In a thick 
web cylindrical design, the throat area to port area ratio (J) 
would be critical; however, slots make possible loading frac- 
tions up to and above 95 per cent with reasonable J values. 

The one apparent disadvantage of the slotted tube design 
is in the exposure of the motor wall in the slots to the hot, 
high velocity combustion gases. This condition requires an 
effective insulating liner, the requirement becoming more 
critical with longer burning times. 

Some basic assumptions were made about the grain and 
the manner in which it may be used. It is considered to be 
case-bonded and inhibited at the nonslotted end. Elliptical 
and hemispherical head and/or tail end filling is not con- 
sidered; the grain is a right-circular cylinder with slots spaced 
at equal intervals around the periphery. Although the 
slots are generally at the tail end of the grain, they may be 


Fig. 1 Slotted tube design 
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placed at the head end at the discretion of the ballistician. 
The only calculated quantity of concern would be the area 
of port, which will, of course, significantly affect the J ratio. 
It is assumed that burning obeys the normal laws, and the 
propellant regresses in parallel layers. Erosive burning is 
ignored. Exact representation of surface and volume is 
tedious in places, as reference to the equations will indicate. 
Since the configuration cannot be considered only from a 
two-dimensional standpoint, it is necessary to use double 
integration formulas with some of the small sections of the 
grain. This may seem unnecessarily burdensome when ap- 
proximations could be used, and indeed there are indications 
that these small areas and volumes can be ignored with 
negligible effect on total values. An attempt has been made 
to show the derivations in sufficient detail to permit visualiza- 
tion and to adequately describe the sections referred to. 


similar to that of the star design, except that thre e-dimen- 
sional rather than cross-sectional values are used. Thus, 
the L/D ratio is important because this defines the length of 
the unit or 1-in. diameter grain. Scaling is utilized, as will be 
noted later. 


Mathematical Analysis 


Initial surface is found by calculating the following collec- 
tion of surfaces: Surface of inner perforation, minus surface 
lost to slots, plus area of the uninhibited end, minus area in 
end lost to slots, plus area within the slots. Following this 
order 


Vr 


Si = Nadl aresin = va 
d 0 V (4/2)? — 


Wey D} D 


The ballistic quantities of interest are defined in a manner f, [5 | 


whereas the equation of the smaller cylinder is. 
3] 


The larger cylinder is the center perforation; the smaller is 
the rounded end of the slot, actually half of a cylinder. The 
small areas left over at the intersection of the two cylinders 
can then be found using the following general formula for the 
area on a curved surface 


Area = fc f [1 + (02/dx)? + dy dx [4] 


Application of this formula and integration with respect to 
y yields the three integrals in x found in Equation [1]. By 
suitable transformations the first integral (the third term) 
becomes 


cos? ddd 


where k; = 2r/d < 1. This is a complete elliptic integral 
of the form A; = 2Nr?B (k,?) of which B (k,?) is a tabulated 
function (3). This integral represents the curved surface on 
the inner perforation that is displaced by the semicylindrical 
slot end and is subtracted from the surface of the inner per- 
foration. 

The major part of the surface inside the semicylindrical slot 
end is found by considering a right circular half cylinder from 
the outer propellant surface to the inner perforation parallel 
to the Z-axis (Fig. 2). The second integral of the S; equa- 
tion, along with the preceding term in the same equation, 


dy + (D? — — Nr(VD? = — Vd? + 


v@ 
4r 


+ NI (VD? — 4r? — Vd? — + 


5 D? = art — Va? 4r*) + 


If the grain may be considered to have coordinate axes as 
shown in Fig. 2, with the origin at the intersection of the 
centers of the two cylinders which meet at right angles, the 
equation of the large cylinder is 


z* + = (d/2)? 


Fig. 2 Sector of slotted tube configuration poning eee of 
coordinate axes 


Ndr avr fy az k NDr — avr as (1) 


deals with the surface around the side of the small cylinder 
below the plane normal to the Z-axis at the intersection of the 
inner perforation with the Z-axis. This surface is added. 
The last integral and its preceding term are analogous, but 
this is at the outer surface of the grain, and this area is sub- 
tracted. 

The latter two integrals can also be transformed into com- 
plete elliptic integrals; however, because they tend to cancel 
each other and are relatively small, it was decided that 
their effect would be negligible, and so they are omitted 
from actual calculations. 

The final surface presents a new problem for consideration. 
In some cases the web will burn out before the slots burn 
through the “wall” separating them. In other cases, where 
the slots are closer together and/or the web thicker, the slots 
may “‘join’’ before web burnout, so that final surface will be 
limited entirely to the unslotted portion of the grain. How- 
ever, since burning also occurs in the end of the slot, pro- 
gressing toward the unslotted end of the grain, a scalloped 
effect will be noted on the final surface as viewed perpendicu- 
lar to the Y-axis (see Fig. 4). 

Since different equations will be required in the two cases 
described, it is well to define a condition that specifies which 
situation exists for the particular grain under consideration. 
From Fig. 3 it may be seen that 
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If m = w, the sides of the slots meet at the motor wall at web burnout. If m > w, they will not meet before web burnout; 
hut if m < w, they will intersect to give the scalloped effect mentioned previously and shown in Fig. 4. ‘. 

In the cases where m > w, the following formula for final surface will suffice 
= w{xD — ND aresin [2(r + w)/D]} + — 2N(r + + L = 


mD(L — w) — ND(l — w) aresin [2(r + w)/D] — 2N(r + w)?B(ke?) [7] 


where ky = 2(r + w)/D <1. 
tabulation (3) is used for its evaluation. 
Final surface in the case m < w is given by Equation [8] 


: D/2) sin B r w 


V(r + w)? — 2? 


2 


io, 

The double integral represents the scalloped part of the 
shaded area in Fig. 4. Integration with respect to y trans- 
forms Equation [8] into Equation [9] 


+ w) - 
VD » 2) sin B [Vir + u w)? — 2 /Q)2 19] 


The integral (including the factor ND) reduces to the dif- 
ference of incomplete elliptic integrals of the first and second 
kind. By suitable transformations it can be put into the 
form 


II 


2N (r+ (v1 — sin? y)? i — k;? sin? 


which becomes 


- 
V/1 — ks? sin? ks? sin? y 


— ks? sin? y 
where 
@ = aresin [(D/2) sin B/(r + w)] 


ks = 2(r+ w)/D 


_ volume of propellant 4 


volume of motor rD?L 
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The function B(k,?) is analogous to B(k,?) which was obtained from Equation [5], and the same 


{1 + [— 2/V(D/2)* — dy de 


L(D? — d®) — rlN (WD? = 4r? — Va? 4 


Legendre’s standard form of the elliptic integral of the first 


F(k, ¢) = Pare [12] 
and of the second kind is 
V1 — k sin? y y dy [13] 
If Equation [13] is rewritten as 
E(k. 6) = f° (V1 = sin? sin?) ay 
f dy/V/1 — k sin? — 
ke sin? — [14] 


E (k, $) 


then 


ff, sin? — Bain’? = (F—E)/k [15] 


Therefore, Equation [9] can be reduced to the form 
S; = — 1) — 2N(r + w)?[F — (F — E)/k?] [16] 


The functions F(a, ¢) and E(a, @), where k = a, are tabu- 
lated (3). Because it is theoretically nonexistent, no equa- 
tion is required for sliver. 

The volumetric loading fraction is given by the following 
equation 


— (a/f? — Ay? Ap? 17 
1! [17] 
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In this equation the small volumes analogous to the surfaces 
represented by elliptic integrals have been ignored. As in 
the case of the surfaces, they tend to cancel, and the 
labor involved in obtaining the equations and hence the 
numerical values appears to be much out of proportion to 
their effect on the whole value for loading fraction. 

It is usually desirable, if not necessary, for the rocket grain 
designer to know the shape of the pressure-time curve which 
will be produced by his grain. It is essential to be able to 
calculate the propellant surface area as a function of the dis- 
tance burned normal to the surface. 

The burning surface of a slotted tube grain may pass 
through three distinct phases during the course of its consump- 
tion. Initially the propellant will burn outward in the in- 
terior cylinder, and sideways and lengthwise in the slots. 
If the web is thick enough and the slots close enough to- 
gether, eventually the curved cylindrical interior surface 
separating adjacent slots will disappear into a line contact 
between the two slots. This is pictured in cross section in 
Fig. 3, and it may be seen that this occurs when x = x*, which 
is defined as 


= (dsin 8 — 2r)/2(1 — sin B) [18] 


As x increases further, the propellant between the adjacent 
slots diminishes rapidly and will vanish before z = w. Thus 
the third phase of burning involves only the unslotted, 
cylindrical section of the grain. This section is inhibited on 
one end, but burns on the other end which now has a scalloped 
appearance. 

When z > x*, the distance Z, (see Fig. 3) must be calculated 
by a formula different from that used when z < 2*. An addi- 
tional complication occurs when the slot length is less than 
web, permitting the end burning effect to extend into the re- 
gion characterized by the semicylindrical slot ends.: Equa- 
tions are given which, in the interest of practicality, approxi- 
mate to a sufficient degree of accuracy the surface changes re- 
quired when] <w. The equations for all cases are as follows. 


[2(r + Did + <1 


= VD? — — Vd + — + 
Case 1B: 


-@ + ] — 2N(r +7 


= (1/2) VD? — 4(r + 2)? — 
= 2{8 — aresin [2(r + x)/D}} 
kz = 2(r + x)/(d + 22) <1 


| 
Case 2B: > 2*, 


Use Equation [20] (case 1B) 
= 


Case 3: 
2N(r + zx)? E 


(r + x)/tan B 


S, = r(d + — 


2(r + 2)/(d + 2x) <1 
F,, E, = functions of a and ¢ 


= arcsin k, 


aresin [(d + 2x) sin B/2(r + 2) | 


Caleulation and Presentation of Data 


The equations listed in the previous section, which describe 
the interrelationship of the design parameters, have been 
programmed using a small, digital electronic computer, the 
Royal Precision LGP-30. Quantities specified to be varied 
over a fairly wide range were progressivity ratio, web, grail 
length and number of slots. With those quantities specified 
the computer determined / the slot length, and then calculated 
the initial and final surfaces, the volume and loading fraction, 
and the port area. 

All calculations were made for D = 1.0, so that Z is actually 
equivalent to the L/D ratio. Scaling is accomplished by 


ny 


2(r + 2) 
d+ 2x 
D? r+ w) 


@ arcsin [19] 


+ 22x)(d + 6x — arcsin + 


S, = + 22)(L — 
where 
aresin [(z — l)/(r + 2)] 
Z, = same as in Equation [19] 
m = (D/2)sng—r 


Case 2A: Il 


S. = r(d + 2x)(L — 1) + 2 NZ,(l — x) + (NZ,2/2) sin 28 + (ND?/8)(A. — sin Az) (r + 2)Z, — 2N (r + 
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+ x)? + (r + m)(x — 1) — (1/2)(r + 2)(cos — 1) — (1/2)( 


r+ [20] 
(r + x)(r + m) 


[21] 
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4 
multiplying all linear dimensions d, w, 1, L and r by the desired aoe ee $2 $0 
diameter; by multiplying propellant surface areas and grain LSi} 
8 
port area by the diameter squared; and by multiplying vol- g : 
ume by the diameter cubed. Progressivity ratio and loading 1 
fraction are, of course, independent of diameter. i 
. . r 4 
he radius r, essentially a stress relief fillet, was chosen to A 3 
he 0.03D, the same value as that used in earlier star design Ua a . | 


work. No difficulty has been experienced in using this value 
in anumber of slotted tube grains. 

In order for the results of the computer program to be 
venerally available and used more easily, it was decided to 

‘hibit on graphs as much of the data as possible. Accord- 
ingly, graphs of the type shown in Fig. 5 have been prepared. 
‘here are 83 graphs covering the range of N from 2 through 
5 and of L/D ratios from 1 through 15. Length to diameter 
ratios of less than 1 were calculated; however, analysis of the 
result led to the conclusion that they would be of little or no 
value. Grains which are as short as that will surely require 
head and/or tail filling and an inhibitor arrangement different 
from that proposed here; the graphs could not be extrapolated 
to cover these possibilities. 

From the graphs one can obtain information relating N, L, l, 
PR, wand Also, of course, S; can be found from S; and 
/’R. There are two sets of web lines: The wider lines with 


the arrow heads pointing down relate w, and PR, the 

narrower lines with arrow heads pointing up relate w, land S;. — 
In using the graphs, one might have specified the web Buea, CsI 
(or loading fraction), the progressivity ratio and the L/D _ —-—- L/D 215.0 


ratio. After deciding upon the number of slots to be used, 
reference to the proper wide web lines will show the slot 


length required. Relating the particular slot length to the 124 f zl 

corresponding narrow web line will show the initial surface , = I 

of the design. 
Important information that could not be included on these / F 

design graphs is the shape of the surface-time trace. The 120 > 


characteristic shape of the trace of a slotted tube grain is 

initially progressive; then it rounds over smoothly and de- 

creases until web burns out or the slots burn through, which- rT 

ever occurs first. In designs where there are enough slots 

and the web is thick enough (w > m, see Table 1), so that 

the slotted end is consumed before web burnout, the final 

portion of the trace will again become progressive. In short iW2 

L/D motors, say L/D = 2, the effect of burning the scalloped 

end left by the slots will pretty well neutralize the progressive 

tendency of the cylindrical portion of the grain. ‘ail 
Something can be done, however, to give the ballistician 

some idea of the severity of the “hump” in the surface-time 

trace without solving the equations for surface as a function 

of distance burned. In Fig. 6 the maximum height of the 104 

hump as a per cent of initial surface is plotted as a function 

of web, with L/D as a parameter, PR constant at 1.00 and 


\V = 2. Additional information of this type and the design al 
graphs described are provided in (4). : ) 0.08 0.16 0.24 0.32 0.40 0.48 
Fig. 6 Maximum height of surface-time trace relative to initial 
Application > surface 
Ten slotted tube designs have been made by Rohm & Haas : ‘es 


Co. for use in test motors. These have loading fractions 
ranging from 46 to 95.5 per cent, and have been used in motors Certainly, as burning times are increased the problem will 


ranging from 2 to 23 in. in diameter. The design has lived increase in severity and better liners will be required. A 23- 
up to expectations, and the problem of insulation in the slots in. diameter motor containing a thousand pounds of propel- 
has not been too difficult in the motors used. lant has been fired successfully. 


An example of a pressure-time trace obtained from the 
= static firing of a slotted tube configuration is shown (Fig. 7, 


solid line). Inasmuch as this motor had a hemispherical head 
Table 1 Values of 1 

| end, the trace is more regressive than is indicated by the 
| m theoretical surface-time trace for the cylindrical portion of 
“+> 2 > radius : the grain (Fig. 7, dotted line). When the additional surface 
| so 0.4030 ore area in the head end, and the decrease in length of the grain 
| ihe 4 D  §0°3238 ae? from this effect is included, the theoretical trace is as shown 
TF. 5 Pree il 0.2638 by the dashed line in Fig. 7. The propellant used had a pres- 

| sure exponent of 0.55. 
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Fig. 7 Surface-time and pressure-time traces for a slotted tube 


This particular alli has three slots, a sie of 0.184 D, 
L/D = 5.66, 1 = 2.40 D, € = 58.3 per cent, PR = 1.01 (right 
circular cylinder), area of port of 0.349 D?, and S; = 14.706 
D? (including head end). The actual motor size was 6 X 33 
in., and the J value for this particular shot was 0.214. The 
ratio of the pressure integral during burning time to the total 
pressure integral was 0.967, comparable to that obtained with 
purely cylindrical grains under nonerosive conditions. The 
regressivity exhibited in the firing was probably caused by the 
differential in burning rates between the head and tail as the 
result of pressure dropaJongthe grainlength. 


Acknowledgments 


The author wishes to express his appreciation to Mrs. M. L. 


"t & 


Proposed Ground and Fight Program 
to Develop Space Age Materials 


The motivations for extending our knowledge of the behavior of materials in space are given. A 
proposed program is developed for accomplishing this. 


Cagle for invaluable assistance in performing the calculations, 
and to H. Wilson for locating an error in the mathematica! 


work. 

Nomenclature 

D_ = ODof grain, ID of lined motor 

d = ID of grain a. 

L = length of grain 

1 = length of slot side (to point of tangency with half cylinde 
at interior end of slot) 

N = number of slots 

r = radius of stress relief cylinder at interior end of slot, ha! 
the width of slot 

-m = burning distance for slot burnout, perpendicular dis- 
tance from point of slot burnout to side of original slo: 
(see Fig. 3) 

B = 2/N 

w = web, (D—d)/2, burning distance 

S; = initial propellant surface area or 

S, = final propellant surface area ~ 

= volumetric loading fraction 

PR = progressivity ratio, S;/S; 
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Motivation for Materials Research 
HE DEVELOPMENT of space systems is in its early 
stages today. By space systems we mean those which in- 
volve a satellite network of which the primary purpose is to 
gather, process and transmit information. Economic and 
operational factors generally indicate that such systems are 
most attractive when they can function reliably for as long 
1s possible, while satisfying stated mission goals. For such 
systems to be effective, a number of functional operations 
must become simply routine as our research and develop- 
nent program unfolds. Some of these operations involve 
setting into orbit, others involve all the ancillary functions 
required in orbit, such as two-way communication and com- 
nand links, operation of power supplies, operation of sta- 
ilization and orbit adjust systems where required, etc. 

Until these operations are purely routine, we cannot fully 
xploit the information gathering effectiveness of satellite 
ystems. Until we can concentrate on the design of special 
sayloads to exploit properly this unique kind of data gather- 
ng platform, assured that our vehicles will get into orbit 
rroperly, and that all the ancillary functions will continue to 
e performed for a long time, we will not have reached our 
esearch and development goals. 

We have obtained a considerable amount of scientific in- 
ormation on some early satellite and space flights; however, 
ihere is still much detailed engineering information required 
»efore we can make the successful operation of the vehicle 
and its subsystems a routine and commonplace occurrence. 
Vital to this is increased knowledge of the performance of 
basic materials in space. Our knowledge of the effects of 
the space environment on the behavior of materials is not 
complete, especially as regards the designing of satellite sys- 
tems for reliable operation for prolonged periods of time. 

There are distinct problem areas connected with the be- 
havior of materials in space, and design problems connected 
with choosing proper materials. Wemust: First, learn more 
about the actual environment, especially the many simultane- 
ous environmental conditions existing in space; second, 
determine the effects of these special environments on our ma- 
terials; and third, determine ways of improving our materials, 
and of establishing criteria for selecting materials for appro- 
priate jobs with confidence that these materials will operate 
successfully and usefully. We do not yet have the back- 
ground of information needed to state several solutions to 
design problems, and thus to have the flexibility to design 
high confidence, but not over conservative systems, matched 
to the primary purpose of the vehicle. We must be in a posi- 
tion to concentrate on making specific applications of the 
system our primary objective, without having to compromise 
this because of possible unknown or deleterious effects on 
ancillary components of the vehicle system. 


Environmental Factors in Space 


We estimate some of the effects of the following forces, and 
indicate specific needs for greater knowledge of these forces: 
Electromagnetic radiation from the sun and Earth. We 
need data on the solar energy spectrum with emphasis on the 
ultraviolet and x-ray regions. 

Primary cosmic radiation. 

Local] radiation regions, as in the Van Allen Belts. We 
need data about auroral zone radiation and the dependence 
upon the strength of solar activity. 

Dust particle concentration from meteoric and earlier 
corpuscular matter, atomic and molecular matter in Earth’s 
vicinity. 

Corpuscular radiation from the sun. We require, for 
normal and intense solar activity periods, these data: Energy 
spectrum and density; near-Earth shielding by Earth’s 
magnetic field; measurement of neutral and charged particles 
for many atomic weights. 

The presence of ultra-low vacua in the environment, and 
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the corresponding high pumping rates for material in the 
vehicle. We must account for the local atmosphere produced 
by chemical reactions, sublimation, evaporation, sputtering, 
the result of dust collisions, and the interaction of these with 
the general external environment and with other parts of the 
vehicle. 

Nuclear bursts in space and internally generated nuclear 
radiation represent perturbations of the natural environment 
and constitute special problems. 

These environments may exist singly or in combinations. 
They may be causally related; e. g., a major solar flare and its 
associated phenomena will perturb several environments. 
They may act with varying or disparate force upon materials; 
one environment may accelerate or-compensate for the de- 
grading effects of another. They may be of unequal force 
over periods of time; i.e., the cycle of intense solar flare 
activity over the past few years will probably be followed by a 
cycle of quiescence. Finally, some environments will exert 
only a momentary force as a vehicle passes through on the 
way to orbit altitudes. 

In designing high confidence space systems we are con- 
fronted on one hand by a limited ability to simulate simul- 
taneously all these special environments, and on the other by 
the absolute need to study and plan against their complex 
interworking. Further, we should know time-space average 

values, variations over Earth (large and small scale), varia- 
tions in time, etc., for a number of possible orbits. 

Successful space design is a result of successful test activity. 
This depends upon a well-defined integrated program, a firm 
understanding of problems we must overcome or allow for in 
space materials, and an unabating test effort, both on the 


ground and in space. . 


Problems Posed by the Environment 


The following list is a representative one, including prob- 
lems of varying severity. Lower risk problems have been in- 
cluded with the knowledge that uncertainty about these 
should soon be removed by ground or space experiments. 

Erosion of surfaces and finishes by meteoric matter. The 
removal of surface layers degrades thermal control. Pit- 
ting distorts optical characteristics and causes light scatter- 
ing, ete. 

Long-term radiation effects of such backgrounds as the 
Van Allen radiation on solid state materials, dielectrics and 
organic materials like lubricants or Teflon. 

Sublimation and evaporation of materials in high vacua. 
Surfaces and substrata may be affected by the modification 
of the gas layer on the vehicle. Organics are particularly 
sensitive to material loss. : 

Friction on bearing surfaces, switching contacts, gear 
trains, etc. Questions here are: What is the best method of 
preventing seizing where metal parts come in contact? What 
is the significance of changes in the surface gas film? What 
are lubrication requirements? 

Degradation of organic materials by the shortwave end 
of the solar spectrum. We need to investigate the inhibitive 
force of a vacuum on the degradation, photo-ionization of 
surface layers of solids, and mechanisms of charge transfer 
between the vehicle and the environment. 

Permeability of thin shells, such as space structures 
rigidized by internal pressure. 

Behavior of thin films of material. These are used to 
control transmissive characteristics, or emissive or radiative 
properties of vehicle and component surfaces. Even within 
the vehicle they may be influenced by environmental factors. 

Sputtering of materials by incident atomic and molecular 
surface bombardment of an intensity to change surface prop- 
erties and cause system malfunctions. To assess the dif- 
ficulties, we must determine yield ratios (surface atoms re- 
moved per incident particle) and measure the factors, i.e., 
pressure and surface preparation, which influence yield ratios 
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for several incident particle types at the actual energy of the 
encounter. 

Solar plasma or corpuscular radiation which produces 
these varied effects relative to altitude and location: High 
energy sputtering (1),4 radiation damage to plastic surfaces 
and a consequent hydrogen evolution charring and carboniz- 
ing at high exposures. One source pessimistically suggests 
that a single major flare could accelerate both sputtering and 
radiation damage, either one of which may result from normal 
events (2). 

Special problems may arise because of leakage radiation 
produced by nuclear devices which have requirements for 
thermal dissipation of energy. These are merely noted, since 
they depend on specifie details of source design, shielding 
properties, etc. 

The effects of these are uncertain and may turn out to be 
phantom problems; however, each has the potential to dam- 
age electrical, mechanical or optical properties of the vehicle 
and its components. Until we eliminate uncertainty about 
environmental forces and our space materials’ response to 
those forces, we must continue to seek answers to these three 
determinative questions: What are the actual environmental 
conditions? What are the effects of these upon our materials? 
How can we select and improve materials for use in space? 


Implications of Thermal Control Design 


The distance we have to travel before we can supply these 
answers can best be gaged by reviewing some aspects of ther- 
mal control and the means we have evolved for studying and 
testing effects of the degradation of organic vehicles, and the 
roughening or erosion by atom and particle impact of exposed 
surfaces. 

To begin with, allowable temperature variations differ be- 
tween components. Electron tubes and transistors can oper- 
ate over a temperature range between 0 and 100 C with rela- 
tively small variation of failure rate. On the other hand, 
paper capacitors and film resistors may increase in failure 
rate by a factor of about 5 as the ambient temperature rises 
from 0 to 100 C. Photographic devices or film may become 
seriously affected unless the temperature range is held to 
rather small limits with a reasonable mean temperature. 
Some of these effects result from the nature of film materials, 
others from thermal perturbations of optical properties; e.g., 
variations of focal length should be held to well within a 
value f Rz, where f is the focal ratio and Rg is the resolution 
if the optical precision is to remain high. 

Similarly, there is a relatively significant effect of tempera- 
ture on semiconductor devices used for photovoltaic solar 
energy conversion (3). Silicon cell efficiency is roughly halved 
as the temperature rises from 0 to 100 C. Other equipment, 
by contrast, operates most effectively at extremes of the 
temperature range. For example, in an ideal thermal receiver 
approximating an infrared radiation detector, the minimum 
detectable power (and the signal to noise ratio) varies approxi- 
mately as the $ power of the absolute temperature (4). 
Such high sensitivity to temperature has been essentially 
demonstrated (5) by experiments with photoconductive 
materials in which the main noise was generation-recombina- 
tion (the dominant noise at the temperatures considered, 100 
to 300 K). Consequently, there is a positive benefit in oper- 
ating photoconductive devices at rather low temperatures, 
particularly in a passive fashion, which would allow us to take 
advantage of this characteristic of photoconductive detectors 
without a complex active system. 

Conventional bearings are also relatively temperature 
sensitive. Their mean operating life can degrade rapidly in 
100 C local temperatures, whereas gyros, clocks or generators 
of very stable frequencies will function precisely only within 
tight temperature limits. 

Our thermal control methods, whether in active or passive 


‘ Numbers in parentheses indicate References at end of paper. 
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systems, must be of a high confidence level. At this time 
passive techniques seem most capable of building confidence; 
first, because they operate with less degradation than active 
ones, and second, because they can perform supplementally 
in the complex active systems. But whichever technique we 
employ must be evolved slowly and surely through a program 
of testing. 


Problems of Testing 


Can we gather data as effectively on the ground as under 
actual flight conditions? We do not fully know the space 
environment. 

Why not simulate the space environment for testing even 
though we are still probing real space environments? We 
may not be able to reproduce space conditions on the ground 
We cannot simulate the shortwave length portion of the solar 
spectrum, corpuscular radiation, ultra-low vacuums, or the 
impact of atoms, ions, molecules and dust particles. It is 
most difficult to create the simultaneous and interacting ef- 
fects of micrometeorites, sputtering sources, ultraviolet 
radiation and thermal cycling. 

Which is the better technique for data gathering from space 
flights, telemetering or recovery of the specimens? These 
may complement one another. For example, telemetered 
temperatures can indicate thermal control device degrada- 
tion, but to pinpoint the precise sources of the degradation 
requires recovery and study of the material. 

How useful is ground testing? Space testing as we know 
has many advantages. It does not require the elaborate 
bulk of equipment that ground testing does, and it verifies 
beyond doubt the validity of our calculations and our ground 
testing. Still, ground testing is readily controlled, and it has 
a growing range of applications. For instance, laboratory 
methods might be devised for testing components which 
must have long operating lives by accelerating aging tests 
through increased stresses and maintenance of extreme levels 
of the parameters involved. Ground testing can, in this way, 
compress the time required for measuring vehicle and com- 
ponent reliability. 

In conclusion, an optimum testing program will be one 
which correlates ground with space gathered results, one 
which conserves time wherever possible, and which requires 


nominal commitments of equipment. 
2... — 4 

Summary of Suggested Program 


The following five point program for testing materials in- 
corporates complementary and concurrent activities. Some 
of these are already being done, while others have a high prior- 
ity. The ballistic missile test program, keyed to ground 
testing, is directly served by this suggested ground and space 
program, because, despite initial differences between the two, 
ultimately most testing will be done on the ground once 
facilities and techniques become available. The program 
will: 

1 Obtain fuller measurements of the geophysical environ- 
ments; enable us to build into our designs flexibility now 
lost, owing to the gross measuring parameters of current 
scientific programs; provide fine structure knowledge (time, 
space, location variations) to support the sophisticated engi- 
neering for third generation systems. This knowledge will be 
derived, whenever possible, from ground testing. When it 
results from space tests, it will cover both the environment 
and the materials’ response to the environment. 

2 Compile and collate all critical geophysical data now 
scattered throughout a multitude of printed sources. Such 
data consisting of test results and theoretical studies must be 
brought together and continually updated for designers and 
others with short time lapses. The need for this is attested 
to by two early attempts at organization, the Lockheed 
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Missiles and Space Division symposium on space materials® 
and the 1959 meeting of an ad hoc committee of the Materials 
Advisory Board of the National Academy of Sciences.® 

3 Support and extend existing theoretical studies to de- 
sign unambiguous ground and space experiments, to extrap- 
olate both theoretical and experimental data to other situa- 
tions, and to aid in extracting maximum benefits from pres- 
ently limited testing opportunities. 

4 Study means of interpreting tests measuring response to 
«xtreme environmental forces. These studies would, in some 
cases, simplify problems of measuring instrumentation. In 
others, the material response to hyperenvironments would 
»rovide critical tests of a theory and allow confidence in the 
extrapolation of that theory to a variety of situations. Most 
important, ground testing time could be compressed where 

orrelations are shown between long duration tests in a con- 
entional environment and accelerated tests in hyperenviron- 
ments. 

5 Coordinate ground with space testing phases. Initially, 
space testing will be an urgent requirement because of dif- 
ficulties of ground simulation, paucity of ground facilities, 

nd scheduling conflicts resulting from long duration testing. 
following this first period we will be able to establish routine 
vround tests for material responses, development of new ma- 
terials, ete. The limited space testing will be coordinated 
with our ground experiments. Reliance on ground experi- 
ments will increase as our knowledge expands, permitting 
us to design them sensibly and realistically. 

Some current LMSD activities are next described within 
the frame of reference of this five point program. 


Development of Space Design Techniques 


Two striking trends in space material development have 
marked the space age: A rapid increase in the types of ma- 
terials being considered, and a marked increase in the num- 
ber of physical properties of concern. Fig. 1 indicates the 
growth of material types, and Fig. 2 shows the increase in the 
properties of concern (6). 

Although laboratory experiments are invaluable for esti- 
mating the behavior of materials in space, they should be 
augmented by controlled experiments in the actual space 
environment. In the following sections we propose to re- 
solve these difficulties by indicating present laboratory ma- 
terials research and areas where material research in space 
should be undertaken. 


Temperature Control Surfaces 


The need to control temperatures within the limits set by 
payload requirements is determinative in choosing outer sur- 
face materials for spacecraft. Passive systems, in which 
materials are selected for a proper alpha over epsilon ratio 
(absorptivity for solar radiation to emissivity of infrared 
radiation ratio), have predominated in controlling tempera- 
tures in satellites. Though extremely close control calls 
for an active system, passive control will continue in im- 
portance because of its low weight and operating power 
requirements. 

Control surfaces must withstand for prolonged periods and 
without change in radiation characteristics or loss of adherence 
to the substrate the wide range of forces from micrometeoric 
erosion and thermal degradation to high energy particle ra- 
diation. In addition, they should have good reproducibility, 
ease of production and repair and be impervious to ascent 
heating. 

Four types of coatings that fulfill these requirements have 


5 First Symposium, ‘‘Surface Effects on Spacecraft Materials,”’ 
Palo Alto, Calif., May 12-13, 1959. 

6 Meeting of Ad Hoc Committee on Thermal Control of Space 
Vehicles of the Materials Advisory Board, Woods Hole, Mass., 
June 22-26, 1959. 
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black paints with carbon black or graphite pigmentation 
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Fig. 1 Construction materials for missiles and spacecraft (6) 
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Fig. 2. Significant properties of structural materials for missiles 
and spacecraft (6) 


been developed at LMSD through a program of measure- 
ments of the total hemispherical, total normal, and spectral 
emittance of opaque solids (7). New special equipment for 
extending spectral and temperature ranges has made the 
program possible. The coatings, to be used in amounts as 
indicated by thermal analysis of the vehicle and its trajectory, 
are of these types: 
Flat absorber, high emissivity at all wave lengths. 
Solar absorber, high ratio of emissivity in the solar region 
to emissivity in the infrared region. 
Flat reflector, low emissivity at all wave lengths. 
Solar reflector, low ratio of emissivity in the solar region 
(below about 4-4 wave length) to emissivity in the infrared 
region. 
A program to study the stability of these coatings under 
combined vacuum, temperature, ultraviolet radiation and 
rapid ascent heating includes the development and formula- 
tion of inorganic coatings and semi-inorganic paints to incor- 
porate stability with the other advantages of organic paints. 
Flat absorbers are these coatings and black paints: The 
Dow 9 surface on magnesium-thorium alloy, and black chro- 
mium electroplate; commercially available silicon based 
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promise good resistance to ascent heating; soluble silicate, 
titanium ester and silicone ester paint vehicles with suitable 
black pigments show definite promise. 

Lightly oxidized aluminum and metal plated surfaces, as 
well as some polished metals, act as solar absorbers. Elec- 
trodeposition offers a greater range of thicknesses than does 
vacuum deposition, but both methods are unsatisfactory on 
magnesium. These are promising: Tabor coated metal sur- 
faces, sulfumate of nickel, silver, crack free rhodium and 
platinum. 

Polished metals generally have low @ and e€ values, serving 
as good approximations of flat reflectors. 

Here is the status of some typical solar reflectors: Mag- 
nesium oxide powder, or paints containing the pigment; 
polished metals with transparent coatings such as lacquer, 
silicon monoxide or mylar are all acceptable. Strontium 
titanate, flat absorber paint vehicles combined with white 
pigments; emathyl white (white pigments anodically de- 
posited on aluminum) are being investigated; titanium di- 
oxide powder is possibly unstable in space environments. 

Porcelain enamels and are sprayed coatings could be de- 
veloped with the characteristics of all four surfaces. How- 
ever, application of these to aluminum and magnesium affects 
the mechanical properties of the substrate. Vitreous enamels, 
more promising than porcelain enamels and arc sprayed 
coatings, are being pursued as both flat (black) absorbers and 
solar (white) reflectors. Ablative materials and strippable 
paints are being studied for prelaunch environments only, 
whereas other coatings are being considered only for ascent 
protection (to be sublimed in space). For both purposes 
vinyl base coatings are suitable and commercially available. 

Production processes for all these are extremely sensitive: 
Surfaces must be carefully handled; opaque film buildups 
must be so controlled as to ensure a minimum thickness to 
preserve the surfaces’ emissivity characteristics independent 
of the substrate (special surfaces like the Tabor interference 
coating indicate possible use of eddy-current skin effect 
principle gages for production control); exposure response 
measurements must be continuous. For example, we are 
subjecting specimens to these environmental factors to test 
adhesion and abrasion resistance and weight changes: 

Vacuum of 10-*mm Hg—minimum, in equipment capable 
(empty) of 10-* mm of Hg. 

Temperature, steady state and cyclic, in the 50 to 300 F 
temnerature regime. 

Ultraviolet radiation, to 0.24 at the shortwave length 
end. 

Time of exposure (1 to 50 days). 

We will also test the radiation characteristics after labora- 
tory exposure to atomic and molecular sputtering (8), surface 
erosion (9), high energy radiation, and simulated ascent heat- 
ing. The effects of the first two items warrant additional 


treatment at this point. 


Sputtering, defined chemically, is a process of an incoming 7 
atom reacting with a molecule or atom of a surface material - 
to form a product that does not adhere to the surface. The > 
sputtering with which we are concerned here is the ejection of — 
an atom, molecule or ion of a surface material as a result of — 
bombardment by an external atom, molecule or ion. Such 
bombardment, directed against orbiting satellites, may be by 
sun originated high energy protons, or, more significant to 
our study, by stationary atmospheric atoms and molecules. 
This kind of sputtering seems energetically possible, since the 
incoming particles are generally above the energy level with — 
which the atoms of the surface material are held. The results 
are drastic modifications of passive temperature controls, 
mirrors, solar cells and functional surfaces dependent upon — 
uniform optical properties. 

fame, excellent w work by Wehner (10) has established sput- 


tering thresholds for normal incidence of mercury ions upon 
various metal surfaces. These thresholds seem to lie safely 
above the energy values of the bombarding particles, and this 
could suggest that sputtering will not be very likely. How- 
ever, later work by both Wehner (11) and Morgules (12) has 
shown that these initial measurements were not sensitive 
enough, and indeed that the threshold is a function of meas- 
uring sensitivity. Morgules and Tischenko (12) discovered 
sputtering down to 7v for the case of argon on cobalt, and 
Wehner has observed a yield of 5 X 1075 atoms per ion fo: 
10 ev mercury ions. Other work by Wehner has shown that 
the yield is greatest when particles are incident upon the sur- 
face at an angle of 45 deg from the normal, and the threshold 
for sputtering at this angle of incidence is appreciably lowe: 
than for normal incidence. Wehner has also simulated th« 
bombardment of the Vanguard silicon monoxide surfac« 
by immersion in a glow discharge, and observed a 
sputtering rate of 1 A per hr or about 7854 per year. This 
appears to affirm that sputtering could be a problem; still, 
these experiments were performed with ions, and evidence is 
too scant to prove that neutrals will sputter with the effective- 
ness of ions, as Wehner contends. It is generally accepted 
that most ions (alkali metal ions are an exception) are neu- 
tralized as they approach a surface by grabbing an electron. 
There does not appear to be sufficient time for this energy of 
ionization to be released in the form of light, and one would 
expect that the energy would be used up or added to the 
energy of interaction of the first collision on the surface. Ii 
such is the case, neutrals would be expected to sputter far less 
than the ions. 

Data on low energy sputtering may be subject to further 
qualification because all measurements were made in a glow 
discharge, thus obscuring the actual constituency of the bom- 
barding particles, the elements of which may or may not have 
been doubly charged ions falling through the same voltage 
gradient and registering at 7v when in reality they were 14-v 
ions. Further, the work on silicon monoxide surfaces called 
for a balancing of the electron flow to the surface equal to that 
of the ion flow, since the surface is a nonconductor, and it is 
probably difficult to know exactly what the energy of these 
bombarding ions was. 

Finally, none of these experiments simulated space vacuum 
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Fig. 3 Oriented cube in noon polar orbit 
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Fi. 4a Irradiation of horizontal surface away from Earth 


conditions, and, as a result, did not establish the effect of 
ab-orbed surface layers. We must conclude that the diffi- 
cuties of attaining sensitive measuring systems, and of de- 
ve oping a flux equivalent to those found in space prevent our 
knowing the magnitude of sputtering which will confront our 
saicllite vehicles. 

!rosion by small solid particles is equally difficult to assess 
(9). Micrometeorites or interplanetary dust can pit and 
gradually erode vehicle surfaces (13). Recent calculations 
indicate that the number of impacts by dust particles with 
diameters on the order of several yu will be about 30 per vear 
per em? for an object traveling just beyond Earth’s atmos- 
phere, with some possibility for as many as 300 to 3000 im- 
pacts per year per cm?. Impact velocities can be as high as 
80 km per see (179,000 mph). 

Laboratory experiments with micrometeorites cannot be 
accurately extrapolated to space conditions, for they have 
been an order of magnitude too low in velocity and three 
orders too high in the size of impacting particles. Experi- 
ments have used solid metal pellets, but micrometeorites are 
believed to be light and fragile ‘‘fluff balls’’ with densities less 
than 0.05 gm per cm’. It is improbable that erosion by these 
will affect our oxide coated surfaces, but we can prove this 
only through in-flight experiments. 

All the advantages of ease of measurement, isolation of ef- 
fects, correlation of discrete data, and built in control of 
results are attainable in a single flight experiment that we 
propose at this juncture. The experiment could provide 
much information we now lack in the total and critical area 
of thermal control surfaces. 


Oriented Cube Space Vehicle 


Basie to this experiment is a cube (the term “cube” is used 
conceptually only) in a noon polar circular orbit (Fig. 3). An 
oriented cube means that all faces maintain a fixed orienta- 
tion with respect to the instantaneous inertial velocity vector. 
The irradiation of the faces of the cube is shown in Figs. 4a 
through 4e. The horizontal surface away from Earth receives 
only direct solar isolation, while the horizontal surface 
facing Earth receives mostly Earth shine and Earth reflected 
solar radiation with some direct solar insolation just prior to 
and after eclipse. The leading and trailing vertical sides see 
a combination of all three sources of irradiation, whereas the 
other two vertical faces receive only Earth shine and Earth 
reflected solar irradiation at a low level of intensity. 

Transient temperature responses of each face (assuming all 
surfaces thermally insulated) have been calculated for these 
rameters utilizing the methods of (14): 

1. Orbital altitude: 300, 2300 miles. 
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Fig. 4b Irradiation of horizontal surface toward Earth 


12 
BODY ANGLE ~ 0 
o 4 
x 
2 - DIRECT AND REFLECTED SOLAR 
= AND ALBEDO RADIATION 
z 
2 
< 
w 
= 
r EARTH SHINE RADIATION 
120 160 200 


ORBIT ANGLE @ (DEG) 


Fig. 4c Irradiation of vertical leading surface 


te = 


DIRECT AND REFLECTED 
ATION 


SOLAR RADI 

08 
a 
= 

06 
a 
a 
3 
2 

02 > 
SHINE RADIATION 
° 40 80 120 160 200 240 280 320 


ORBIT ANGLE @ (DEG) 


Fig. 4d Irradiation of vertical trailing surface 
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Fig. 4e Irradiation of vertical sides 


2. Ratio of solar absorptivity to infrared emissivity 
a/e = 0.15, 0.30, 1.00, 2.00, 4.00 
3. Thermal capacity parameter 
Wc6/e = 0.1, 1.0, 10.0 


where 


W = specific weight 
c = specific heat 
6 = thickness 


—-----| 
— 
INCIDENT EARTH SHINE RADIATION =O 
320 360 — 
iw 
280 320 360 
> 


= 
8 


TEMPERATURE (°F) 


Fig. 5 shows the periodic temperature variation for the 
horizontal surface facing away from Earth in a 300-mile noon 
orbit for a range of thermal capacities. Included for interest 
are the analytical results for an infinitely thin plate of zero 
capacity. Note that for plates of small thermal capacity the 
peak temperature is a measure of the ratio of a/e, whereas in 
the eclipse the temperature response can be simply calculated 
as that of 7‘ radiation to free space of a finite thermal capac- 
ity plate, and is only a function of the infrared low tempera- 
ture emissivity e. 

Maximum temperatures that could potentially be reached 
by thin plates with variable a/e ratios are shown in Fig. 6. 
a/e ratios in the range 0.1 to 0.3 can be achieved with special 
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Fig. 6 Peak temperature, 


points, whereas ratios of 2.00 to 3 are typical of polished met- 
als; higher values can be achieved by special spectrally 
selective solar absorbers. 

The effect of spatial orientation upon the maximum tem- 
perature oscillations experienced is shown in Fig. 7 for the four 
thermally distinct cube surfaces. 

Following are some definite statements about space «n- 
vironment effects on satellites, when we correlate preferied 
thermal orientations with preferred environmental orien‘a- 
tions. 

Solar irradiation—greatest dosage of x-rays and short 
wave length ultraviolet radiation will be on the horizontal siir- 
face facing away from Earth and the vertical leading and tr: il- 
ing sides. 

Sputtering—greatest impact by nitrogen and oxygen ato ns 
at lower orbital altitudes will be on the vertical leading f: ce 
of the cube. 

Micrometeoritic erosion—micrometeorites are mostly ¢ n- 
fined to the plane of the ecliptic and are attracted by Eart \’s 
gravitational field, so as to travel in spiraling paths towa: ds 
Earth’s surface. These trajectories, relative to Earth, wl on 
combined with the satellite motion at velocities of appro «i- 
mately $ of the velocity of the most probable micrometeori:ic 
particles, imply that the surfaces of the cube will experiei:ce 
widely separated fluxes of particle impacts. The leadiig 
vertical edge has by far the highest flux, whereas the horizon‘ al 
surface facing Earth and the trailing vertical side receive :l- 
most none. The other sides will experience approximat: ly 
equal numbers of hits, but at a reduced flux. 

Solar corpuscular radiation—Earth’s magnetic field will per- 
turb this to some extent and complicate orientation state- 
ments. 

Auroral radiation—electrons in the 30-kev and protons in 
the 100-kev range will not disturb the horizontal surface facing 
Earth. Protons in this energy range may cause surface sput- 
tering as nominally experienced in the laboratory. 

Van Allen belt and solar flare protons—two additional 
sources of radiation show only a limited degree of orientation 
because of complex interactions of the particles with Earthi’s 
magnetic field. However, these particles are generally 
thought to be so highly energetic as to penetrate to depths 
below those which might cause surface sputtering. 

The fact that the upper horizontal surface undergoes 
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Fig. 7 Comparison of temperature oscillations of four faces of 
cube in 2300-mile noon orbit, Wces/e = 0.1, a/e = 1.0 
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Table 1 Material response to vacuum 
Weight loss in vacuum 
Bee #4; after 24 hr, % 

Coating type ear 1h 300 F 500 F 
polyurethane 66 100 
epoxy (4 species) 7-14 61-83 
alkyd 39 
silicone bea 7 7 (9 at 600 F) 
acrylic 43 62 
phenolic @ 6 15 
Kel-F 2 3 (98 at 600 F) 
nitrocellulose 82 88 
polysulfide 63 65 


gr atest temperature changes and yields a/e and values in 
re! tion to time gives us an unmatched opportunity to meas- 
ur the surface property changes of various coatings under 
eah of the oriented space environments. We can do this 
by indexing any desired face of the cube into this position for 
several orbits, to establish a periodic temperature history that 
wi! yield the changed values of surface properties as affected 
ditierently by the environments described. A simple 180-deg 
rotation of the cube will interchange the leading and trailing 
vertical surfaces isolating the effects of micrometeorite erosion 
an sputtering. Orientation of the cube at some arbi- 
trary angle would give an indication of the effects of incidence 
angle upon erosion and sputtering. In general, the informa- 
tion on all surface orientations is valuable in that many satel- 
lite vehicles will fly in preferred orientations as dictated by 
their missions, and hence various portions of the vehicle sur- 
face will exhibit different reactions to the space environment. 

The ground and in-flight program for testing space materi- 
als should be directed toward analysis and evaluation of prob- 
lems related to these areas: Surface coatings, materials and 
parts, lubrication and mechanical properties. We have al- 
ready treated these in general, and now a summary y is in order 


before our conclusions. 


Test Program Parameters 


Surface Coatings 


No organic coating can be expected to resist the combined 
force of radiation, temperature change and high vacuum. 
Ultraviolet radiation causes molecular changes which produce 
crosslinked structures of decreased ductility. An oxygen ab- 
sence plus an efficient ultraviolet reflecting pigment will in- 
hibit ultraviolet radiation, but the degrading effects of high 
vacuum cannot be contravened, since they are a function of 
the finite vapor pressures of such materials. These are 
greatly increased by the formation of low molecular weight 
scissicn fragments in elevated temperature regimes. The 
data in Table 1 show the weight losses of a wide range of or- 
ganic coatings exposed for 24 hr to various temperatures in 
vacuum of 10-5 mm Hg (a 90-mile altitude equivalent). 
Note that only a straight silicone resin and Kel-F did not 
suffer a rapid and severe loss of integrity (15).7 


Materials and Parts | 


Organic materials have a number of functional applications 
in spacecraft, and their use requires the retention of proper- 
tics under conditions quite dissimilar from conventional uses 
on Earth. Seals and gaskets, for example, must provide 
tight joints and be unreactive with materials with which they 

The data in (15) were gathered in studies made at Wright Air 


velo Command and tid Litton Industries, and were sum- 
murize 


come into contact, such as high energy fuels or other special 
fluids. These conditions must be obtained even though one 
side of the seal or gasket is exposed to an ultra-high vacuum, 
and the entire body is subjected to direct space radiation or 
to secondary radiation induced by it. Adhesives must also 
maintain tight leakproof joints and structural strength under 
similar conditions. Where adhesives are used to cement 
optical components together, the effect of the space environ- 
ment on their refractive indices is another consideration. 
Electrical applications of organic materials, such as for insula- 
tion on wires, dielectrics for capacitors, relay structures and 
circuit boards, requires that such parts not undergo degrada- 
tion in space. 

A recent summary of radiation data obtained from U. § 
and USSR space probes suggests these facts about the re- 
sistance of parts in space (16). Structural metals will be 
relatively insensitive to radiation. Elastomers and organic 
fluids will be quite subject to radiation damage, as will transis- 
tors and diodes, but the latters’ normal cladding and location 
in space vehicles will protect them even in the more intense 
radiation zones. Semiconductor devices and other sensitive 
electronic components are subject to rate effects as well as 
relatively low permanent damage thresholds. Solar cells are 
generally directly exposed to space unless a more complex 
scheme of reflected or piped light is used. Proton experi- 
ments with solar cells at RCA and at LMSD indicate that an 
appreciable decrease in power output can occur after a few 
months in the midst of the intense Van Allen proton belt. 
Relief may be obtained by the use of protective windows, 
to a point dictated by weight restrictions. 


Lubrication 

Lubrication of moving parts is essential to minimize power 
requirements and to prevent gross seizures (17). The sur- 
face films of absorbed gases present on all surfaces in the at- 
mosphere are irreparably removed by wear and evaporation 
in space. As a result, base metal surfaces make direct con- 
tact and may coldweld together. This potential danger af- 
fects bearings, gears, cams and electrical parts, such as sliding 
contacts, relays and switches. Lubrication in a vacuum is 
difficult because of the increased evaporation rate and because 
fatty acids, lacking oxygen, cannot form protective metallic 
soaps. 

Low vapor pressure oils and greases, such as the oils used 
as pumping fluids in vacuum diffusion pumps, have low evap- 
oration rates but are lacking in good lubricating qualities. 
Such oils used in a bearing test in vacuum (order 
of 10-* mm Hg) permitted bearing lives of only about 1000 
hr. Projected bearing tests under way for both ground and 
space simulation testing will measure the running torque by 
strain gage transducers to obtain torque-time histories. Pres- 
sure in the bearing testor will be measured by an ionization 
gage to give pressure-time history, and motor power con- 
sumption will be measured. 

Other approaches to lubrication problems in space include 
the study of thin film solid lubricants—vacuum deposited 
plates of soft metals like silver, gold and bonded films of 
laminar solids; of self-lubricating solids—plastics such as 
Teflon and porous compacts, impregnated or filled with molyb- 
denum disulfide; and of dissimilar materials—sapphire, Pyro- 
ceram, or carbides in contact with hardened steel. 


Mechanical Properties 


Experiments to measure exo-atmospheric induced changes 
in mechanical properties of materials such as fatigue and 
creep-rupture strength require a high degree of simulation. 
We must also gain experience on large area, low mass struc- 
tures which could find use as passive communications an- 
tennae, optical reflectors and radiation collectors. The 
statics and dynamics of tori-stiffened circular membranes 
have been studied i in preliminary fashion (18). W wm will have 
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to risk and degradation factors; we can, finally, abrogate 


to concentrate in our studies on materials, pressurization and 
other modes of causing rigidity. A number of methods of 
bringing about rigidity have already been proposed (19). 
These include: Making rigid a flexible membrane by gas reac- 
tion; the membrane would consist of a linear polymer which will 
undergo a cross linking reaction to form a rigid network under 
stimulation of a reactive vapor; using water soluble silicates 
which, on inflation of the structure in space, will lose water to 
yield a rigid network of silicic acid (the reaction can be aug- 
mented by using carbon dioxide as an inflation propellant); 
making rigid organic films by the loss of volatiles, primarily 
high vapor pressures plasticizers; causing rigidity by chemi- 
cal reaction foams or by volatilization foams. 

Each will have to be investigated on the ground, and we will 


continue to plan space experiments for the near future. => 


Summary and Conclusions a 


The projected result of the integrated test and evaluative 
activity will be a series of design handbooks which will enable 
designers to select, with little or no experimental verification, 
the exact thermal control surface coating for a given applica- 
tion. Reliability and time savings will be heightened be- 
cause of the wealth of data that will be organized clearly and 
unambiguously by these handbooks. Complete information 
will be available on spectral emissivity and total hemispherical 
emissivity at various temperatures, including the effect on 
these values of varying durations and severities of the various 
environments. Manufacturing instructions, methods of ap- 
plication and control and any special handling instructions, 
such as the necessity for the use of a specific strippable paint, 
will be set down in detail. 

Instructions for the determination of solar absorptivity and 
total hemispherical emissivity from spectral emissivity curves 
will be included. Using information on the spectral distri- 
bution of the radiation emitted by a given body (e.g., the 
moon) and data on the spectral emissivity of a specific sur- 
face €,, it is possible to determine az, the total absorptivity 
of that surface for that particular irradiation. Analytical 
methods will be included, to be used in arriving at a mosaic 
pattern of two surfaces which would achieve emissivity prop- 
erties intermediate between those of the two separate surfaces. 

This handbook will be cross indexed according to type of 
surface (i.e., paint, vacuum deposited metal), a/e, €, and 
classification of surface by usage (i.e., non re-entry, interior 
only), including the duration and intensity of the exposure to 
specific environments that the particular surface should be 
expected to withstand. 

These books, together with our other efforts to extend basic 
geophysical knowledge represent the most direct approach to 
the basic considerations of advanced spaceflight. We want 
to exploit fully the data gathering potential of satellite sys- 
tems; we must know more about the space environments; 
we have to be able to estimate the response of our materials 


uncertainty only by concerted testing and evaluation. 

In the beginning of the program we propose a greater rc- 
liance on space testing as an adjunct to ground testing than 
was the case with the ballistic missile program. However, as 
we lessen environmental uncertainties and simulation difficu!- 
ties, the techniques for routine development testing will ten:|! 
to become comparable with those of the ballistic missile pro - 
gram. 
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= of Orthotropic Cylindrical 
~ Shells Under Combined Loading | 


methods of analyzing cylinders and cones composed of an orthotropic material. 
the buckling of such shells under a combination of axial compression and uniform external pressure. 
The differential equation approach of Flugge is used, and the resulting buckling equation is pre- 
sented in terms of axial and circumferential bending rigidities, shear rigidity, Poisson’s ratio, 
geometry parameters and mode shapes. 
tion of critical loads on cylinders, and, by using the equivalent cylinder concept, on conical shells 
The curves also lend themselves to “‘tailoring”’ 
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The increasing use of fiber and whisker reinforced materials makes necessary the availability of 


This paper treats 


Design curves are presented which allow quick determina- 


of materials to fit the load 


_ carrying requirements of the structure. 


N THE design of modern missiles and space vehicles, in- 
creasing use is made of the newer materials, such as rein- 
forced plastics, whisker materials and fiber reinforced metals. 
Materials of this sort are elastically orthotropic; that is, they 
have three mutually perpendicular planes of elastic symmetry. 
This means that the material composing the wall of a shell has 
« modulus of elasticity and Poisson’s ratio different in the axial 
than in the circumferential direction, and a shear modulus 
which is completely independent of these. 

The critical item in the design of structures utilizing these 
materials may be stability, depending on the strength, duc- 
tility and stiffness of the material. If such is the case, a 
method of predicting the buckling load is required. One 
possibility is to use an isotropic analysis such as given in (1),? 
assuming some average material properties. However, this 
approach could lead to results that would be unduly conserva- 
tive in some cases, and disastrously nonconservative in other 
cases. Therefore, the purpose of this report is to present a 
method of determining the buckling loads on shells composed 
of an orthotropic material. 

In this report the small deflection differential equations 
describing the action of an orthotropic cylindrical shell under 
arbitrary loading are derived. These equations are then 
transformed into the large deflection equations effectively, 
deseribing the stability of the shell under the action of ex- 
ternal pressure and axial compression (2). The solution of the 
latter equations yields an expression for the critical loads in 
terms of shell geometry, material properties and buckling 
modes. There is an infinite number of possible buckling 
modes but the only one of practical interest is the one cor- 
responding to minimum load. A family of curves is plotted 
viving the critical axial load and critical external pressure for 
an orthotropic cylinder. 

For a conical shell of small vertex angle, the equivalent 
cylinder method developed by Bijlaard (7) and dise useed i in 
|) is recommended. 


Presented at the ARS Structural Design of Space Vehicles’ 


“‘onference, Santa Barbara, Calif., April 6-8, 1960. 
' Engineer, Space Structures Engineering, Missile and Space 
Vehicle Dept. 
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Derivation of Cylindrical Shell Equations 


Consider a cylindrical shell of length Z, thickness h, and 
middle surface radius R, subjected to an arbitrary loading 
with components of ®, 8 and Z (Fig. 1). Consider also the 
differential element of shell at point P(r, 6, z) shown in Fig. 2. 
The element is located by the three coordinates r, @ and z, and 
n is the distance from the middle surface to any point, so that 
the coordinate r is equal to R + n. Fig. 3 shows the element 
with the stresses acting on it. The equilibrium of forces in 
the r, 6 and z directions on the element is described by 


dz R(l+7/R) 06 | RA+7/R)” 

1 
+ 7/R) 

| RU + 7/R) RA +7/R)°" Or 

| O00: aad 0 

00 ' RU+7/R) Or 
h 


toe 
: 
| 
| 
~ 
_ Fig. 1 Cylindrical shell with arbitrary loading is 
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The strain ylindrical coordinates 
= + 9/R)]Q0/20 + w) 
= [1/201 + 0/R)]@w/28) + (1/2) 
= (1/2)(Qw/dr + du/dz) 


€ = (1/2)(Ov/Or) — [1/2R(1 + /R)](v — du/08) 


where wu, v and w are the displacements of the point P(r, 8, z) in 
the r, @ and z directions, respectively. The stress resultants 
are given by (Fig. 4) 


M, = om(1 + 0/R)dn Me 


At this point we introduce the stress-strain relations for ar 
orthotropic medium (6), namely, 


= [Eo/(1 — + 
[E,/(1 Vo.V2) |(€ 4- Voz€9) 


ig 


Fig. 2 Cylindrical coordinate system 
oo: = ee. y 
[4] the axial strain"due to a unit circumferential stress, which 
leads to 


These equations contain four independent elastic constants, 
which are Es, E., G and v4. Poisson’s ratio ve, is not inde- 
pendent, since Maxwell’s reciprocal theorem states that the or 
circumferential strain due to a unit axial stress must equal = 


= 


4 


Fig. Stresses on element of shell wall 
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a. EQUILIBRIUM OF 
Figs. 4 Stress resultants 


The usual shell assumptions are then made, namely, elements perpendicular to the middle surface before deflection remain 
perpendicular during deflection and experience no strain, only rotation and translation. This results in a very small value 
for o, compared with the other stresses and ¢, = €¢ = € = 0. Then, integrating the equilibrium equations through the 
thickness of the shell wall and combining the previously noted equations, the stresses, strains and finally the stress resultants 
can be expressed in terms of the middle surface displacements, shell geometry and the following stiffness constants 


= £.h3/12(1 — H, = E,h/(1 — vor.) Deg = Eph?/12(1 — 


Ho = Egh/(1 — = Gh8/12 H, = Gh 


Finally, the following governing equations for a flexure resistant orthotropic cylindrical shell under arbitrary loading are 


1 1 Ovo Ow oO? Uo ot Ovo dD, E 


[1 du, 1 , , 1 Def Iw] , Ds 3 es )] 
(6] 


where uo, ¥o and wy are middle surface displacements. 


Development of Stability Equations presupposes two adjacent states of equilibrium under the same 


external loading. Therefore, the forces ®, 0 and Z act to 
maintain equilibrium, since the element upon which g and N 
are acting undergoes strain and rotation in going from state A 
to state B. , @ and Z may be evaluated by considering the 
deformation of the element in Fig. 5. For example, ® con- 
sists of three parts due to the expansion of the middle sur- 
face, the change in angle between adjacent axial sections and 
the change in angle between adjacent circumferential sections. 
The forces are then seen to be 


In order to determine the stability requirements for an 
orthotropic cylindrical shell under the combination of axial 
compression and external radial pressure, one may regard the 
differential equations for the flexure resistant shell (see Eq. 
[6]), as the required buckling equations, provided they are 
interpreted correctly. The initial state for buckling is not the 
unloaded state, but the initially compressed state A (Fig. 5), 
caused by the action of gand N. The displacements wo, vo and 
Wo then are the displacements from this initially compressed 


state to another state of equilibrium B (Fig. 6) immediately ® = — Q luo/R + wo/dz + — N(O%uo/dz? 
adjacent to the initial state. Also, the forces ®, and Z are ( 4 ( 


no longer external loading forces but additional forces de- 8 = —N(0%»/dz*) 
veloped in the transition from state A to state B. During this = g[0w/dz — (1/R)(0?w0/08?) | 
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die = qd — v9.v.)R/Epsh 
= N(1 — vo.v.9)/Eh 


The general solution of Equations [8] leads to serious dif- 
ficulties. Therefore, solutions are confined to a simple form. 
Then, assuming the cylinder to be simply supported at the 


u = U cos sin X(2/R) 
‘ib vo = V sin 76 sin A(2/R) 


Then, substituting these into Equations [6] yields the following, which are the required stability equations 
4 4 


R? 
0602 2 


ends, solutions of the following form are looked for (3) a? 


H k 0709 D, U9 O7wWo 


= W cos nO cos \(z/R) 


where \ = mmR/L and U, V and W are constants. The 
solution defined by m and n characterizes a loading that 
causes the cylinder to buckle with 2n half waves in the circum- 
ferential direction and m half waves in the axial direction 
(Fig. 7). Substituting the assumed displacements, Equations 
[9], into the differential equations [8] gives three equations in 
U, V and W. 

For a solution other than zero to exist, the determinant of 
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the coefficients must be zero. Carrying this through results in the required buckling equation which is : i 


+ + Ldn? + BrAtn* + Cr2n8 + Fn’) (h3/12R3) + (Mn?! + — Fn®)we + 
+ Md — = 0 [10] 


is the required equation of stability. The constants A, 
B, C, ete., are given by | | 


A = — v.0?(Di/De) 
B = 6(D:/De)(D./De) — 8v.0(Di/ De)? — + 4 
2v.9(D./De) 


C = (D,/De) + 4(Di/De) — 


F = 
H = 2va(Ds/Ds) + va* — (D./Ds) 
K = (Ds/Ds)(D./Do)? 


L = + + (D./De)? 
M = —(D;/D¢)(D./De) 


E,h3/12[1 v6"(Eo/E,) | 
De = Eph®/12[1 — 
Gh3/12 


The quantities H., H., He, ve: and ¢;. were eliminated by 
‘he following relationships 


Ay = 12D;/h? Ho = 12D¢/h? H, = 12D,/h? 
Ve: = ou 
rms g19 and @» were replaced by w; and wo, thus 


h  q{[Q — 


h — ve?(Eo/E.)] — 
= = = 


EeR oR? 


The 


Equation [10] contains only linear terms in w, and w.. Higher 

order terms have been eliminated, since it was shown that — 

they are small compared with the linear terms. : 
The important parameters in determining the constants are | 


the ratios of the rigidities, which can be expressed as b 
wid 


De == | ) ‘Fig. 8 Critical load interaction 


So, for a given shell geometry and material, the only unknown 
quantities are m and n, the mode shapes. For a given value 
of these quantities there is a linear relationship between w, be reduced to the following, with negligible error 
and w.. The minimum envelope of all the possible linear re- 
lationships is the critical load envelope, and it can be used to A = (D;/D9)(D./Ds) 
determine the critical values of axial load and radial pressure B = (D;/De)(D./Ds)6 
(see Fig. 8). = (D./De) + 4(Di/ ‘De) 
F = (D;/De) 
H = —(D,/Ds) 
K = (Dx/Do)(D./De)? 

 L = + (D./De)? 
It is desirable to simplify the equation of stability, Equation =f = —(D,/D¢)(D./De) 
(10), so that it can be put in curve form, thereby reducing the — 
amount of labor and time involved in its use. Itcanbeshown 
that the constants A, B, C, ete., defined in Equations [11] can It is seen that the essence of this reduction is the neglecting of 
the terms containing Poisson’s ratio, v.e. See (4). Equation 
[10] can then be written 


[13] 


Simplification of General Buckling Equation 
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Figs. 9a, b,c Critical external pressure parameter 
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as a function of shell 


Equations [16 and 17] give w;,,,, and 
geometry and material properties. They are plotted in Figs. 
9 and 10 for a range of geometries and material properties. 
The critical external pressure and axial load can then be 
found, and critical combinations of these values, by assuming 


the linear interaction. 


Conclusions 


The curves of this report can be used to determine the critical 
axial load and critical external pressure on cylindrical and 
conical shells whose walls are composed of an orthotropic 
material. Assuming linear interaction between the two, one 
can determine combined loading capabilities of a given shell. 
For cylindrical shells the curves can be used directly, but for 
conical shells it is necessary to transform into the equivalent 
cylinder. 

One conservative aspect of this theory is that simple- 
supported ends are assumed. An actual shell design would 
probably have rings at the ends, giving a support somewhat 
better than a simple one. However, it is reasonable to assume 
the existence of a simply supported end condition considering 
some of the other nonconservative aspects of buckling theories. 

Some tests are planned for the purpose of confirming the 
theoretical results of this study, or for determining a reason- 
able safety factor to be used with this theory. No test re- 
sults on cylinders of a purely orthotropic material could be 
found. However (1), which gives experimental results, served 
as a basis for a limited amount of comparison with test. This 
was done as follows. A value of 2,/E» = 1 corresponds to an 
isotropic material. Therefore, the corresponding values of 
Wimax Were compared with the theory given in (1), and very 
good agreement was found. Testing is still needed, however, 
as this comparison is very limited. 

It can also be seen from this theory that minimum weight 
can be attained by a proper orientation of the greater modulus 
of elasticity. For example, consider a cylindrical shell under 
an external pressure of 10 psi. The shell has a radius of 20 in. 
and a length of 20 in. Fig. 11 shows that if FE, equals Eo, a 
thickness of 0.110 is required. EH, and E» were taken as 
5 X 10° here, but any value could have been used, since rela- 
tive magnitudes and trends are being examined. Now if the 


1o 
D7 Ez 


axial modulus of elasticity Z, is tripled, making E/E» equal to 
3, the thickness required is 0.102. This represents a 7.3 per 
cent decrease in thickness. If, however, the circumferential 
modulus of elasticity EH» is tripled instead, bringing F./E» 
equal to 0.33, the required thickness is 0.077, or a 30 per cent 
decrease in thickness. It can easily be seen that, given the 
choice of increasing either E, or EH, the more advantageous 
choice is to increase Eg. The same trend can be seen for the 
case of axial load. Therefore, it can be concluded that thick- 
ness, and therefore weight, is much more sensitive to Eg than 
to Z., and that, where possible, the shell should have a valued 
E./E¢ \ess than 1. 

The 7.3 and 30 per cent decreases in thickness do not mean 
the same percentage decreases in weight, since conceivably 
some weight has to be added to increase the moduli. However, 
it is reasonable to assume that this added weight is approxi- 
mately the same whether used to triple EZ, or Eg, and so there 
is still more advantage to be gained in using the weight to 
triple 

This discussion also points out that there is a significant 
weight saving potential in the tse of orthotropic materials, 
and that every effort should be made to develop capabilities 
for analyzing them, so that these materials may be used to the 
fullest extent. 


Nomenclature 

h Shell thickness, in. 

m _ axial buckling half waves 

n circumferential buckling waves 

q external radial pressure, psi 

U, = displacements in r, 6, z directions, respec- 
ab tively, in. 

= cylindrical coordinates 

g[l — critical external pres- 
Ae sure parameter 

We = P[l — critical axial 
‘eae load parameter 

= Eh*/12(1 — vzevez), flexural rigidity in axial 

direction, in.-lb 


De : = Epoh?/12(1—vzovez), flexural rigidity in cir- 
cumferential direction, in.-lb. 
= Gh3/12 


E, a = modulus of elasticity in axial direction, psi 
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Es -modulus of elasticity in circumferential Mz, Me, Moz = moment stress resultants, in-lb/in. 

mat ay direction, psi N = axial load, lb/in. 
G wef = shear modulus of elasticity, psi Nz, No = force stress resultants, lb/in. 
H, Eh/(1 — = axial load, lb 
He Qz0, Qez, Qor, Qer = shear stress resultants, Ib/in. 
Ay GR; Ib fin. shell radius, in. 
L = shell length, in. strain components, in. /in. 

stress components, psi 

a ae Poisson’s ratio, relating strain in the @ dire: 
tion to strain in the z direction owing 


stress in z direction. 

Poisson’s ratio, relating strain in the 
direction to strain in the 6 directi: 
owing to stress in the 6 direction 
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Fig. 11 Variation of thickness with rigidity ratio 


Resolution Unchopped 
Radiometer for Satellites 
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Knowledge of the blackbody temperature and the albedo of Earth and other planets, and the 
variation of both parameters with latitude, longitude and time, is of great value in understanding 
the climatic and meteorological conditions of the particular planet. An unchopped radiometer of 
v ea... wide but restricted field of view is capable of such temperature and albedo measurements. Coated 
_ thermistors mounted in highly reflective cones serve as detectors. Their performance as sensor 

e elements is analyzed in detail to prove the feasibility of the measurement. The simplicity of the 
instrumentation and the low information bandwidth required make the experiment equally at- 
tractive for Earth satellites and space probes. 


HE MEASUREMENT of optical and thermal proper- 
ties of Earth and other planets is one of the basic physical 
experiments that can be performed with satellites and space 
probes. Incoming and outgoing radiation determines the 


energy budget of the astronomical body and is responsible for 
climate and weather in the broadest sense. Measurements in 
narrow spectral regions permit the determination of composi- 
tion and temperatures of the atmospheres and give informa- 
tion on surface conditions. 

The goal in this field of research could be to produce de- 
tailed maps of the planets, showing the visual picture, tem- 
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peratures and radiation in characteristic bands. All high Geometry of Cone 
resolution maps obtainable by photography, television and 
spot scanning techniques require a high information rate 
capability in transmission and possibly storage facilities in the 
probe. For many purposes, especially if overall global or 
planetary studies are involved, only average values over rather 
larve areas, e.g., 300 X 300 miles, are of interest. Even in 
Earth satellites, where a high resolution picture is possible 
Cs wit! present day communication capabilities, the integrating 


The field of view of a thermistor mounted in a cone can be 
visualized best by the mirror image of the detector (Fig. 1). 
The conical detector is equivalent to a spherical one which is 
restricted in its field of view by an aperture equal to the base 
of the cone. Reflection losses could be taken into account by 
the assumption of a reduced emissivity of each image. It is 
reasonable to consider a sphere of uniform emissivity €:, since 
evaporated metal surfaces have high reflectivity (90-99 per 


property of the wide field detector justifies simultaneous 
me.surements by high and low resolution devices. cent) and since only a few reflections are involved. Figs. 2 
2 ‘he simplest form of such a wide field radiation measure- show the field of view of such a detector for various relative 
me it is the heat balance experiment, suggested by Suomi and 7 — ein thermistor and various aperture angles. 


W: «ler in connection with the IGY program (1).2. The tem- 
pe: ‘ture of small spheres, coated to discriminate between solar _ 
an terrestrial radiation, is sensed by thermistors. However, 
the omnidirectional device has restrictions in accuracy and 
8 res lution. It is especially desirable in conjunction with an 

im: ge forming experiment, such as the television cameras of 
Tiros, to match the field of view of both high and low resolu- 
tio.’ instruments. Interesting correlations between cloud 
cover and radiation balance might be expected. The main 
pre»lem in such a simple, unchopped radiometer is the loss in 
sen-itivity resulting from the restrictions in the field of view. 
A ‘echnique which overcomes this limitation has been de- 
: veloped and is ana alyzed in this paper. 


in the Dida version of the detector, a thermistor is 
mounted in the apex of a highly reflecting cone. The detector 


Fig. 1 Wide field of view radiometer; equivalent detector, 
imaging of the thermistor 


‘ati be classified as a thermal detector predominantly cooled 
by radiation. The temperature of the detector is governed 
by the equation of energy balance 
1Or 
= + keoT + — T:) + k3AS sin B w ite \ 
[1] fe} 10 i] / 
Thermal radiation emitted by the thermistor balances ra- ra) 245° 
diation from Earth, radiation and heat conduction from the 
satellite, and finally Earth’s reflected solar energy. The co- FS Ji i \\ 
efficients k; consolidate optical as well as geometrical factors. a Fe i \ 
> 


The two unknowns, the blackbody temperature of Earth Tz 
and the albedo A, can be determined if a second line: arly inde- — : DEGREES 
pendent equation is available. \; (a) 

In the experiment, the second equation is provided by a 
second thermistor of different optical properties. One detec- 


tor is coated “black’’; it is equally sensitive to reflected sun- ei ite i al 

light and long wave terrestrial radiation. The second detec- o 8 a j 2 

tor is coated to be highly reflective in the visible and near in- S re I 

frared out to about 3u. See (2). The surface appears ied e7 

“white” to the eye even though its emissivity in the infrared a * 7 

is very high. Since 99.9 per cent of the terrestrial radiation is $ - ‘i = 

emitted at wave lengths longer than 4y, both detectors will a 

show the same equilibrium temperature when they face the 
40 30 20 10 O 10 20 30 40 


dark side of Earth. On the illuminated side, the temperature 


of the “black”’ detector will rise in contrast to the white one 
which is hardly affected by reflected sunlight. A careful (b) - 
measurement of the temperature of both detectors and an y es “ah 6 
accurate calibration of all k values permits the determination 10 econ 
of albedo and terrestrial radiation.’ It has been assumed that 
the influence of the satellite temperature 7’, can be kept small 8 2 - qt 

10 


(k, and ke’ <k;); otherwise the thermistor would read what is 
essentially the satellite temperature. A high thermal isolation 
of the detectors from the satellite structure is essential to the 
experiment, and the major part of this paper is devoted to this 
problem. 


RELATIVE RESPONSE 


* Numbers in parentheses indicate References at end of paper. a 

* This is exactly true only if radiation from Earth follows Lam- DEGREES 

bert’s cosine law. But, since the atmosphere with its peculiar (c) 

absorption bands in the infrared and its temperature gradients ’ : P 

does not emit like a diffuse surface, certain corrections in the in- Figs. 2 Field of view of wide field radiometer as a function of 

terpretation of data must be made. deny Sl thermistor to cone ratio (7:/r2) and aperture angle 
> > 
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The energy exchange is judged better by a second mode of 
imaging, namely, by imaging of the source as shown in Fig. 3. 
The detector surface appears completely surrounded by the 
target. Radiation exchange between thermistor and Earth 
is then described pi Equation [2] 


= — T)a: 


! 
i 
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Wide field of view radiometer; equivalent detector, 
imaging of the radiation source 


Fig. 4 Schematic of detector scanning Earth as the satellite 


moves along vector v 


EARTH T=sTe 


COATED MYLAR CONE 


Fig. 5 Wide field radiometer; energy transfer within the 
conical detector 


Resolution and Bandwidth 


The term a, = 2m7r,2(1 — cos 9) represents the detector area, 
Without the conical reflector the same detector would receive 
approximately P sin? 8. The “gain” introduced by the cone 
becomes about 5 for 8 = 25 deg. The same method of 
imaging enables us to estimate radiation between cone and 
detector. Since the emissivity of the cone material can |:e 
kept as low as 0.02, and since large portions of the cone will he 
at the satellite temperature, this effect, small to begin wit! 


ean be incorporated into the radiation exc hange of the w - 


_ exposed side of the thermistor mount. Ab WF 
q 
The spatial resolution of the system and the electrical ban: - 

width which is required to process the gathered informatic 
are determined by the field of view, the altitude and the spec | 
of the vehicle. The detector, slowly scanning Earth as tl » 
satellite moves along, responds to the average radiation withi 
‘its field of view as shown in Fig. 4. Any arbitrary intensit 
‘distribution in the scanning direction can be taken into cor - 
sideration by superposition of periodic distributions of wa\ 
length A,. A small slit perpendicular to the scan motion « 
a small square field of view exhibit a sin x/x characteristi: 
The first null of this function is at z = a. The relationshi 
between tape speed, gap width and frequency response {: 
magnetic tape recorders, for example, shows complete analog 
to formulas describing optical scanning processes. 

A small circular field of view has a 2J;(x)/x scanning fun: 
tion, and the first null appears at x = 3.8. If the field of vie. 
is circular but not negligibly small as it is in the case und 
consideration, then the scanning characteristic of the detecto 
can be described by a sum of Bessel functions rather than onl) 
one of the first order. For an altitude of 300 miles and a tota! 
field of view of 50 deg, however, the first null of the scanning 
function shifts only insignificantly from 3.8 to 4; a black and 
white pattern on the ground of a periodicity of \; = 27rR/4 
cannot be resolved by the detector. The electrical frequenc\ 
which corresponds to the first null in the scanning function is 
given by the subsatellite velocity v divided by \y. The nu- 
merical values mentioned yield about 0.02 cps. The ther- 
mal time constant of the detector has to be chosen to ac- 
commodate up to this frequency. Compared with other 
detection systems the bandwidth requirements are very low 
indeed. 


Energy Transfer Within the Cone 


A cross section of the detector assembly (Fig. 5) shows th« 
thermistor imbedded in the central area on the tip of the cone. 
The thermistor material could be deposited directly on the 
lower inner part of the Mylar cone. For small angles 0 the 
“black” detector being truly gray, since its emissivity is about 
0.8, would resemble an ideal blackbody. This procedure is 
not too advisable for the white detector, since the reflectivity 
for visible light is also reduced. The cover plate which shields 
the cone or cones from the interior of the satellite is made 
highly reflective (« = 0.02). However, in the calculations an 
emissivity of unity (eé, = 1) was assumed. This seems justi- 
fied for the following reasons. 

Owing to multireflections the effective emissivity of two 
parallel surfaces of emissivity €: and €, facing each other, is 


= €1€2/(€1 + — €1€2) (3) 


If both emissivities €, and €2 are small and equal, €ers becomes 
«/2. However, if radiation emitted by the rear surface of th« 
thermistor is not reflected back to the detector, but bounce- 
back and forth between cone and cover plate until it is finall, 
absorbed, then the cavity between cone and cover acts like : 
blackbody independent of wall emissivity, and €éer: becomes 
equal to € rather than €/2. The physical structure will bi 
somewhere between both cases, probably closer to the black 
cavity model. Therefore, and also to incorporate a smal! 
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amount of radiation from the front surface of the detector to 
the outer areas of the cone, the emissivity of the cover plate 
was chosen equal to unity for the purpose of this calculation. 

The energy flux Q(r) in the cone material is proportional to 
the temperature gradient 


Qu) = —cD2zar sin dT \,)/dr [4] 


(&r:/4e sin ©) [e(p + sin — Hor/Ho2) — 


The introduction of Equation [14] into Equation [12] yields 
y = + — [15] 
At the other boundary, r equals 7; the thermal flux must 


be Q:,,, as specified by Equation [10] which determines the 
remaining constant a 


€:2(1 — cos 9)(1 + — i(Hir/Ho2) [16] 


simultaneously, Q(r) is the flux into the cone tip plus the re- 
eived or emitted radiation 


[5] 


(tr,/4e sin [e(p + sin 8) + €:2(1 — cos 9) — Joel) + — 


In Equation [16] p stands for 


Since the general solution for y equals ¢ for r = r, the ther- 
mistor temperature is given by 


t = Hoi /Hoe + — [18] 


and finally by substitution of a and rearranging terms 


p = Cudw/leoAT [17] 


_ [e(o + sin 8) — €,2(1 — cos sin + — — Jo2Ho) (19] 


he areal element da in Equation [5] is da = 2zr sin Odr. 
The balance between incoming and outgoing radiation of the 
thermistor is 


Qey = €.0(Te4 — T,4)2rr,2(1 — cos 8) — 


These equations can be solved after linearization using a 
reference temperature 


= T» y = To! 4T 
= To t TA! = To! + 
Ts = S T's! = T)! 4T,3S + 
Tre Te = T+ 4T3E +... 


The error which is introduced by the omission of second-order 
terms can be kept small if 7 is chosen close to the midrange 
value of temperatures involved. Furthermore, without a loss 
in generality, the satellite temperature S can be taken equal 
to plus unity (+1) and the equivalent Earth temperature 
equal to minus unity (—1). 


Equations [4 through 6] then become - 
Qi) = —cD2zar sin dy/dr [8] 
Qin = Quy — 2e02m sin O4T,3 f yrdr 


Q n) = t)2(1 COS 6) + 
e(1 — t) sin 9] + 2cu9g.(1 — t)/l [10] 
Differentiation of Equations [8 and 9] leads to a Bessel dif- 
ferential equation 
y” + (1/r)y’ — = 0 [11] 
which is solved by Bessel and Hankel functions of zero order 
and imaginary argument (3) 


y = aJ(iér) + bHo\ [12] 
The parameter £ is introduced for brevity oo 
& = 204T)3/cD [13] 


Boundary conditions determine the constants a and 6 in 
Equation [12]. One boundary condition states that the tem- 
perature of the base of the cone must be the satellite tempera- 


=H 
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As 


~ {[e(p + sin + €:2(1 — cos O)]/4e sin O} + — — | 


The thermistor temperature ¢ expressed by Equation [19] is 
shown in Fig. 6 (4). The thermistor temperature is within the 
two limits, the satellite temperature S (+1) and the Earth 
temperature E(—1). A variety of parameters which have 
been consolidated in 2; and x2 determines t. The abscissa in 
Fig. 6 is 2, and the depictured curves correspond to a par- 
ticular value of x. The parameters x; and 2 are proportional 
to the dimensions of the thermistor (7) and the cone (re). 
They should be chosen so that ¢ approaches the Earth tem- 
perature E as closely as possible without unnecessarily in- 
creasing the physical dimensions of the detector. The value 
x, = 3 seems to be a good compromise. For thermal reasons 
alone 2». > 6 would be sufficient; however, a well-defined field 
of view requires 2. > 42;. The radii r; and r, can then be de- 
| cD 


termined 
\ 


Numerical values for a 1-mil Mylar cone yield a thermistor 
size of about 1 cm?, which is quite a reasonable dimension. 

Up to this point the influence of wires which connect the 
thermistor electrically to the resistance measuring instru- 
ment has been neglected. This is justified as can be seen from 
Equation [19] as long as p is Jess than sin 9 or cxquw is less than 
lc4T,*rr,;* sin 0, a condition which can easily be met by a 
thin platinum wire (gage number 30, 1 = 7). Heat conduc- 
tion through the wires can therefore be neglected. 


ro = 


Calibration 
A very important task will be the determination of the co- 
efficients k; The linearized form of Equation [1] for the 
black and the white thermistor yields two equations with new 
coefficients 


ti = kyE + + ky3A 
tun = + + 


The constants ki, ki3 and ke; will be chosen high, perhaps 0.9. 
With proper coating, the residual responsivity of the white 
detector to sunlight (423) will be made as small as possible. 
Calculations in this paper have shown that the combined 
effect of radiation and conduction from the satellite structure 
ky2 and kez can be made very small indeed (0.1). The experi- 
mental verification and determination of all values of k are 
the most important parts of the calibration. The tempera- 
tures of the black and white thermistor and the satellite 
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structure will be telemetered back to Earth; then Equations 
[1] or [21] can be solved for the two unknowns, the blackbody 
temperature EF and the reflected solar energy A. 
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Nomenclature 


a = Stefan-Boltzmann radiation constant 
emissivity, emissivity of cone surface (= 0.02) 
absolute temperature, K 
= reference temperature 
8 = solar constant 
= temperature of cone relative to reference tempera- 
ture 
temperature of thermistor relative to reference tem- 
perature 
S = temperature of satellite structure relative to 
reference temperature 
temperature of Earth relative to reference tem- 
perature 
radius from cone apex to an orbitrary point 
radius from cone apex to thermistor (Fig. 5) 
radius from cone apex to baseplate (Fig. 5) 
radius of target area 
aperture angle (one half of field of view) 
elevation angle 
total radiant flux 
areal element 
detector area 
v = subsatellite speed 


ll 


~ 
ll 


ll 
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= arbitrary variable 

eat = auxiliary parameter (Fig. 6) 

Xe = auxiliary parameter (Fig. 6) 

An = wave length of intensity distribution (Fig. 4) 

J m(iér) = Bessel’s function of mth order of the argument 
(cér) 

H,, (igr) = Hankel’s function of first kind, mth order and of 
the argument (zér) 

Ja = Jo 

Jo = Jo(ttre) 

Ju = Ji (tér) 

Ho Ho" (itr:) 

Ho = (ire) 


A, (én) 


p = Equation [17] 
c = specific conductivity 
D = thickness of cone material 
Cw _ = specific conductivity of connecting wire 
Qu - = cross section of connecting wire 
.. = length of connecting wire 
Qy = thermal flux in cone 
A = albedo 
f = frequency 
a, b, k = constants —— 
Subscripts 
y = cone 
t = thermistor 
S = satellite 
E = Earth 
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Thermodynamic Calculations 
Hydrogen-Oxygen Detonation 
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Composition, temperature, pressure and density behind a stable detonation wave and its propa- 
gation rate have been calculated for seven hydrogen-oxygen mixtures at 1, 5, 25 and 100 atm initial 
pressure, and at an initial temperature of 40 C. For stoichiometric mixtures the calculations aJso 
include an initial temperature of 200 C. According to these calculations the detonation velocities 
of hydrogen-oxygen mixtures increase with increasing initial pressure, but decrease slightly when 
the initial temperature is raised from 40 to 200 C. The calculated detonation velocities agree satis- 
factorily with values determined experimentally. These values will be published in the near future. 


HE CALCULATIONS are based on the assumption that on the Chapman-Jouguet point at which the velocity of the 
complete thermodynamic and chemical equilibrium is -acted gas relative to the detonation wave is equal to the 
established in the wave. Dissipating effects such as vis- equilibrium sonic speed (2) in the reacted gas behind the 
cosity, heat transfer by conduction and radiation, and chemi- wave. These conditions can be calculated more readily than 
cal reaction rate phenomena are disregarded. The calcula- those for a frozen speed of sound for which the ratio of the 
tions were carried out for hydrogen-oxygen mixtures using specific heats k must be calculated (3). a 


a rigorous method developed by Edse (1).4 Other gaseous 
reactants will be treated in a future paper. 

The detonation parameters are derived from the Hugoniot Method of Calculation 
equation for the reacted gas mixture in equilibrium, and 
from the condition that the detonation velocity is the mini- 
mum wave velocity of the possible velocities for the given 
state of the combustible gas. Thus the results are based 


ef: 


Assuming that only the neutral species of H.O, He, Oz, 

OH, O and H occur in the detonation wave of hydrogen- 
oxygen mixtures, the Hugoniot equation can be written 


(T./T.) ie Di, a (AH,/RT),7° (AH;/RT) + 
t 


Pa 2pu,.0 + 2pu, + Pou + Pu 2 1 
4 2pu,0 + 2px, + Pou + Pu 
In Equation [1] the partial pressures of H.O, H», Oo, OH, 
: oo O and H must satisfy the conditions for chemical equilibrium. 
With an assumed value for the partial pressure of molecular 


6 oxygen, the partial pressures are calculated as 
4 1 
Po, assumed Do = Ko,(po,)'” [2] 
K 1 Ny — — K 
Hy (l — o/Nu)(po.)' /2 No 2N o/Nu)(po,)' No 
Nu Nu 
Received Sept. 5, 1960. Kou ( 
1 Assistant Supervisor, Rocket Research Laboratory; also A Nu [3] 
Professor, Dept. of Aeronautical Engineering. Mem- 2[ — 2 No/Nu)(po,)'” ve 
? Director, Rocket Research Laboratory; also Professor, Dept. — Kuo Nu 
of Aeronautical Engineering. Member ARS. 
’ Numbers in parentheses indicate References at end of paper. pu = Ku,(pu,)'/* : [4] 
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[5] 
Pu,o = Pu,(Po,)'/*/Ku,o [6] 


For hydrogen-rich mixtures (Vo/Nu < 1/2) the assumed 
value of the molecular oxygen partial pressure must be less 
than [{2No/(Nu 2No) } Kyx,0]?. 

Since the sum of all partial pressures must be equal to pa 
as derived from Equation [1], the correct value of po, can be 
determined by trial and error using Equations [1 through 6]. 
As a result of these calculations, a pair of 7, and pa values is 
obtained that satisfies the Hugoniot equation. 

The values of 7, and p, together with the corresponding 
partial pressures are then used to calculate the Mach number 
for the wave relative to the unreacted gas 


T./T» 


1 + No/Nu 2pu.0 + 2pu, + Pou + Pu 


Pox = Kou (pu,)'/*- (po,)'/? 


This procedure is repeated until a pair of pa and 77, values is 
found which makes this Mach number a minimum. These 
values and the minimum value of M represent the detona- 
tion conditions of a stable Chapman-Jouguet detonation 
wave. The velocity of the reacted gas relative to the wave 
is obtained using the continuity equation 


2p, 
Vs, "1+ No/Na 


null 


T./T, 
2pu,o + + Pou + Pu 


where 
un = + 
Main = M 
The impact pressure ratio follows from aa. 
Po Po*Va Po Po 
[ es + 2pu, + Pou + Pu ; 1 + No/Nu 9 
2p» 


The results of these calculations are presented in Tables 1 
through 5. A small amount of scatter in the results was un- 
avoidable because of the limited number of iterations used 
during these calculations, which were made with a Square 
Root Friden calculating machine. 

Assuming that the immediate front of the detonation wave 
consists of a normal shock wave, propagating at the velocit; 
up through the combustible gas mixture without causing 
any chemical reactions in the gas, we can calculate the 
temperature and pressure behind this wave by solving the 


Table 1 Composition of combustion gas? 


Molar 
per cent Pre 
fuel in Pos P02, Po, PH, 
mixture atm atm atm atm 
30 1 8.724624 0.215919 0.041257 
5 45. 54562 0.720766 0. 139228 
25 234.3475 2.173795 0.425371 
100 958.5706 5.325256 1.051486 
45 1 5.59712 0.764398 0.361456 
5 29. 73052 3.023995 1.450444 
25 158.4731 11. 10064 5. 408457 
100 690.0791 33. 49343 16. 46756 
55 1 2.959380 0.982713 1.038860 
15. 83605 4.051083 4.462804 
25 84. 45476 16.17427 18. 46938 
100 364.8844 50.79208 59. 26096 
66.67 1 0.745876 0.638231 2.952802 
5 3.457926 2.651718 14. 53298 
25 16. 20487 10. 66765 71. 40139 
100 61.59676 35. 43535 279.3280 
66. 67° 1 0.483911 0.435817 1.867628 
5 2.277220 1.866690 9. 424538 
25 11.36679 8. 142093 4909055 
100 11. 66044 25. 67596 188.1448 
1 0. 115846 0.208676 5. 607926 
5 0. 433543 0.749963 29. 49570 
1.470763 2.443691 159. 1462 
100 3.720694 5.865815 664.8134 
85 1 . 0.001155 0.005833 9.583973 
5 0.002658 0.013401 50. 28687 
25 0.004809 0.024271 260.7106 
100 0.006513 0.032814  1052.562 
1 0.000005 0.000049 10.01964 
5 0.000007 0.000066 50.71035 
25 0.000008 0.000074 252.2448 
100 0.000009 0.000084 1025.286 


Pu, 
atm 
0.020413 
0.052724 
0.119158 
0.222619 
0.230445 
0.751872 
2.207236 
5.372824 
0.653540 
283650 
615351 
79955 
390335 
. 581083 
7408 
9 52653 

0.952529 

3.954084 
16.52124 
. 79253 

1.618600 
6.490038 
5. 26848 
4.87667 
0.670734 
2 
6 


_ 
Ot © 


234858 
655522 
15.31090 
0.104141 
0.268537 
0.623218 
1.340041 


Pon, 


17 


w 


87 


atm 


0. 
4. 
42348 
56. 
2. 
13: 
60. 
229. 
. 502681 
17. 
.57169 
.036375 
. 41088 
30594 
5. 8585 
.915126 
. 940380 
3.89335 
.621170 
.612434 
34. 
115. 
0. 
0.689028 
2. 
5 
0 


979947 
272417 


44056 
640986 
09236 
89125 
4414 


71854 


33146 
8869 
191782 


188263 


. 192902 
.010547 
0. 
0. 
0. 


028007 
065482 
141945 


PH20, 
atm 
4.397839 
23. 26924 
121.5107 
502.3895 
7.055621 
38. 15074 
206.8194 
910.1455 
8.362823 
46. 74787 
259.0146 
1148. 655 
9 236365 
86544 
.7461 
7.255 
5.544988 
30. 83709 


2.865618 
14.49302 
72 .06635 

293.2318 


325. 


1320 


* Initial temperature = 313.16 K except | where oe 


> Initial temperature = 


252 


473.16 K. 


Pa, D, 
atm 
14.38 | 
74.00 
76.0 
24 
16.70 
86.20 
44.9 
85 
17.50 
‘ 91.10 
73:3 
83 
18.00 
92.5 
190.0 
: 2070 
11.20 
: 58.30 
| 323.3 
1340 
8.327770 17.50 
45.71833 90.5 
257 .3394 480.0 
1134. 837 2000 
5.153881 15.61 
27. 13284 80.36 
4 410.77 
1645 
13.0 
|| ARS JournaL ] 


Table 2 Properties of a hydrogen-oxygen detonation wave, py 


Molar 
per cent 
fuel in Pas d: Pa, N.8., Pimp, Ua, Up, 
mixture K K K atm atm atm m/sec m/sec 
30 313.16 2860 1560 14.38 24.174 24.096 1024 1845 1.801 4.567 
45 313.16 3320 1795 16.70 28.660 29.296 1169 2182 1.866 4.970 
55 313.16 3538 1875 17.50 Siar? 30.459 1332 2459 1.846 5.199 
66. 67 313.16 3646 1981 18.00 32.270 31.572 1522 2826 1.857 5.272 
66.67 473.16 3576 2083 11.20 20. 666 17.290 1585 2784 1.757 4.225 
75 313.16 3567 1976 17.50 32.036 29 917 1750 3173 1.813 5.253 
85 313.16 3108 1725 15.61 27.251 26.260 2017 3627 1.798 4.848 
90 313.16 2563 1512 13.00 23.215 21.140 2155 3796 1.762 4.476 
: Table 3 Properties of a hydrogen-oxygen detonation wave, p, = 5 atm « 
Molar 
per cent 
fuel in D; Ta, N.S., Pa; D; Pa; N.8.» Pimp, UD, Pa, D Mp = Up 
mixture K K atm atm atm m/sec m/sec pb 
30 313.16 2965 1586 74.00 122.96 124.32 1033 1861 1.802 4.606 
45 313.16 3526 1874 86.20 151.12 149.14 1220 2240 1.836 5.103 
55 313.16 3790 2018 91.10 164.37 158.34 1368 2517 1.839 5.321 
66. 67 313.16 3954 2102 92.50 172.10 157.76 1618 2918 1.803 5.444 
66.67 473.16 3884 2182 58.30 109.78 92.586 1652 2869 1.737 4.354 
75 313.16 3843 2066 90.50 169.13 152.79 1824 3260 1.787 5.397 
85 313.16 3244 1777 80.36 141.26 135.17 2058 3692 1.794 4.935 
90 313.16 2596 1525 65.50 117.64 106.19 2177 3821 1.743 4.506 
oo _ Table 4 Properties of a hydrogen-oxygen detonation wave, p, = 25 atm 
Molar 
per cent 
fuel in Dy Dei as Up, Pa, D UD 
mixture K K K atm atm atm m/sec m/sec pb ay 
30 313.16 3049 1635 376.0 639.77 628.09 1061 1898 1.789 4.698 
45 313.16 3724 1947 444.9 789.00 764.66 1257 2289 1.821 5.214 
55 313.16 4064 2104 473.3 865.92 816.96 1417 2583 1.822 5.461 
66.67 313.16 4296 2210 490.0 914.05 839.02 1667 3007 1.804 5.610 
66. 67 473.16 4241 2306 323.3 588 . 47 535.57 1653 2970 1.796 4.507 
75 313.16 4138 2167 480.0 891.60 819.53 1858 3347 1.801 5.541 
85 313.16 3349 1816 410.8 725.31 689.79 2092 3741 1.788 5.001 
90 313.16 2606 1535 325.0 592.15 520.75 2209 3834 1.736 4.521 
—_ Table 5 Properties of a hydrogen-oxygen detonation wave, p, = 100 atm - 
Molar 
per cent 
fuel in : Ta; Dy Ta, N.S.) Pa, Pa, N.S.» Pimp, Ua, UD, Pa, D Mp = Ub 
D 
mixture K K K atm atm atm m/sec m/sec pb ay 
30 313.16 3108 1663 1524 2603 . 2 2543.2 1072 1914 1.786 4.738 
45 313.16 3898 2004 1885 3265.2 3327 .0 1248 2328 1.864 5.308 
55 313.16 4298 2227 1983 3685.0 3395.1 1477 2664 1.803 5.632 
66.67 313.16 4641 2296 2070 3819.0 3597 .2 1683 3073 1.826 5.733 
66.67 473.16 4554 2387 1340 2448.5 2236.3 1674 3019 1.803 4.581 
75 313.16 4380 2231 2000 3710.1 3431.2 1890 3413 1.806 5.651 
85 313.16 3405 1840 1645 2945.5 2731.8 2132 3770 1.769 5.039 
90 313.16 2622 1539 1320 2375.1 2139.7 2189 3839 1.755 4.527 
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following equations simultaneously 
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Downs. 1 (7 — 1T,, N.S. ( 1 
RT /; aT 2 7, T, 
2 added to a unit mass of the subsonic flow behind the 
GE shock, the final Mach number M; will be 1 if, for a given 
Tine. value of g, the proper value of M, is selected. The amount — 
2 ) ke | [11] of heat q added to the gas is the heat of reaction of a wiit 
Ph. a mass of the gas mixture. Allowance must be made for the 
These pressures are the highest that would occur in the fact that the reaction does not go to completion in mst 


detonation wave should complete relaxation prevail in the 
internal modes of motion of the unreacted gases. Com- 
pletely inactive vibrational motion in the molecules of the 
combustible gas mixtures would lead to pressures and tem- 
peratures in the wave calculated for a normal shock at Mp 
with 

((H — = [((H — E,)/RT]" 


The difference between the latter values and those obtained 
from Equations [10 and 11] is usually quite small. 

It is frequently necessary to calculate the parameters be- 
hind a steady-state detonation wave for the case where the 
reaction has proceeded to an arbitrarily assumed chemical 
composition. For such calculations a method is proposed 
which is based on an evaluation of the derivative d(pa/p»)/ 
d(T./T.) which, according to the Chapman-Jouguet condition 
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cases. Since for the normal shock M,* equals 1/M,*, and ‘or 


the flow with heat addition in the present case M3 equils 
M;* equals 1 which leads to 
q 
ne 
4(M,*)? u? k-1 

we obtain 


M, 


k 


Med (To/Ts) 


T. Da WMa T. 
( 4 \ Me ( 


becomes 


T, Po We (pa/ Po) 


Upon differentiation of the Hugoniot equation 


T./T» ” AH; , 
this derivative becomes = 
d(T ./T>) Me/Ms t RT i “i 


4] 
Pr 


\ 


1/2 


The detonation parameters are obtained by solving Equations 
[13, 14 and 15] simultaneously. 

An approximate but explicit solution of the detonation 
problem is possible when an average value for the specific 
heat ratio k is introduced. According to this method, the 
detonation wave is considered to consist of a shock wave 
followed by a region in which heat is added to the gas until 
the Mach number becomes 1. This solution is useful pri- 
marily because it yields a quick answer, and it affords a good 
starting point for the exact calculations. When heat q is 
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for the Mach number of the detonation wave. Results of 
these calculations are presented in Figs. 1 and 2 for various 
values of the specific heat ratio k as a function of the heat 
release coefficient 
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Discussion of Results 


| 
a pretin | The results of the calculations show that the detonation 


velocities of stoichiometric hydrogen-oxygen mixtures (Fig. 
a 3) increase with initial pressure at the approximate rate of 
| d(un)/(dp/p) = 54 m per sec. This coefficient becomes 
smaller for lean or rich mixtures. The curves of Fig. 3 also 
show that the detonation velocities of hydrogen-oxygen mix- 
tures increase rather sharply with the concentration of hy- 
drogen in mixtures up to 90 per cent. At higher hydrogen 
concentrations the advent of a decrease in velocity is indi- 
cated by the shape of the curves. 

The pressure ratio pa, p/p» across the detonation wave of 
~ near stoichiometric mixtures increases rather significantly 

: when the initial pressure is increased (Fig. 4). For very 
lean or very rich mixtures the effect is small. The tempera- 
ture of the gas behind the detonation wave follows a similar 
pattern (Fig. 5). However, the density ratio pa, p/p» across 
the wave decreases as the initial pressure is increased. For 
lean or rich mixtures, again, the effect of pressure on this 
parameter is small. 

Variations of the initial temperature have only a small 
influence on the detonation velocity, the detonation tempera- 
ture and the density ratio across the wave. However, these 
variations affect the pressure in the wave very strongly. 
Whereas an increase of 160 C (50 per cent) in the initial 
temperature produces a decrease of the detonation velocity 
by less than 2 per cent, this temperature change decreases 
the pressure by more than 30 per cent. It is of interest to 
note that an increase in initial temperature leads to a lower 
detonation temperature. 

The temperatures in the normal shock zone are almost one 
half the detonation temperatures, whereas the pressures 
behind the normal shock are almost twice the pressure of the 
detonation wave and slightly higher than the impact pres- 
sures. 

The results of these theoretical calculations are being used 
in an experimental investigation to determine the detonation 

(me) induction distances of hydrogen-oxygen mixtures under a 

ter other pertinent data obtained during this experimental 
study will be presented later. 
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Fig. 1 Effect of heat release coefficient on temperature ratio 
across detonation wave for hydrogen-oxygen mixtures 
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Fig. 5 Gas temperature behind hydrogen-oxygen detonation — 
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Nomenclature 
. . . . an 
a = equilibrium sonic velocity in gas mixture 
Cp = specific heat at constant pressure 
Cy = heat release coefficient ay 
Ey = zero point energy A 
= absolute molar enthalpy 


(22) 

- = dimensionless heat of formation of species t at 
temperature 7' 

k = ratio of specific heat at constant pressure to that :t 

constant volume 


OK = equilibrium constant based on partial pressures 
M = Mach number a 
= molecular weight 


Univ., June 1960, pp. 247-258. 
2 Chu, 8S. T. and Edse, R., ‘‘Propagation of Sound Waves through 
Chemically Reacting Gas Mixtures,”’ Proc. Propellant Thermodynamics and 
Handling Conf., July 20-21, 1959, special rep., 12, Engng. Experiment 
Station, Ohio State Univ., June 1960, pp. 235-246. 
Edse, R., ‘Calculations of Detonation Velocities in WADC 
Tech. Rep. 54-416, ASTIA no. AD 94173, March 1956. 


ON = total mole number of element in mixture 
= absolute pressure 
. . 
pi = partial pressure of species 7 _ 
E 4 = heat added per unit mass of gas 
= universal gas constant pane 
 =100 AITM) = entropy per unit mass 
T = absolute temperature 3 
‘ie u = linear velocity 
= specific volume 
= mole fraction of reactants 
/ =25ATM. = fraction of products 
4000 = densi 
= / ty 
z SATM a = conditions in gas leaving detonation or shock wave 
a / b = conditions in gas entering detonation or shock wave 
00 ~ 
a 36 = stable detonation wave 
z = ith species of mixture 
css min = minimum 
NS. = normal shock wave 
< 1 = initial state of gas 
ii +3136 °*k 2 = state of gas behind normal shock when initial Mach 
= number is M, 
ai 3 = state of gas behind steady-state detonation wave 
ath 
q References 
1 Edse, R., ‘Propagation of Shock Waves through Chemically Reacting 
reg Gas Mixtures,’’ Proc. Propellant Thermodynamics and Handling Conf., 
aed July 20-21, 1959, special rep. 12, Engng. Experiment Station, Ohio State 
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An Integrated Propellant Performance 
Analysis Program 


STANLEY F. SARNER! and JOHN F. DOLLRIES? 


Flight Propulsion Laboratory, General Electric Co., 
Cincinnati, Ohio 


T ‘HIS program is designed to calculate the theoretical per- 
formance of rocket propellants. The results are used to 
guide propellant research by leading the lines of effort toward 
hich performing systems, to aid in engine design by providing 
inf rmation on temperatures, pressures, and composition of 
products, and to locate the optimum mixture ratios, and to 
provide input data for flight performance calculations. The 
program will be available, for calculations, on a contract basis 
for those outside of General Electric Co. 

The program is based on the element potential method de- 
veloped by Powell (1,2)? and is written for use with the IBM- 
704 and IBM-7090 digital computers. The storage capacity 
of our IBM-704 digital computer is 32,000 words plus tapes, 
which allows for wider latitude in approaches than when using 
the IBM-650, with a 2000-word storage. The element po- 
tentials are fewer in number than chemical potentials: One 
for each element rather than one for each species. Therefore, 
the matrix to be solved is much smaller than is normally the 
case, and as a result the program is considerably faster than 
others with similar capabilities. In addition, the variables of 
temperature and energy (enthalpy or entropy) are included 
in the matrix, thus requiring only one convergence for final 
solution. 


Capabilities 


The program can accept any 10 elements contained in any 
10 propellants, and consider any 50 of about 300 available 
species as combustion products. The species may be all gases, 
or may form up to 16 separate phases, with provision for five 
species in solution in any condensed phase. It may consider 
up to five chamber pressures and 25 exit pressures with one 
input. These limitations are not strictly necessary, but are 
imposed at present to limit the necessary storage space. 

The program determines the equilibrium composition of 
the combustion products and their thermodynamic properties 
in the chamber, at the throat and at the exit or any other 
nozzle station, and various rocket parameters including 
specific impulse, density impulse, boost velocity, characteris- 
tic velocity, thrust coefficient, specific heat ratio and area 
ratio. A distinguishing feature of IPPA is its ability to cal- 
culate all the above parameters in conjunction with any or all 
of a variety of assumptions regarding chemical, phase, ther- 
mal and velocity equilibria. This is quite important when 
dealing with propellant systems forming condensed phases. 


Presented at the ARS Propellants, Combustion and Liquid 
Rockets Conference, The Ohio State University, Columbus, 
Ohio, July 18-19, 1960. 

‘Rocket Propellant Thermodynamicist. Member ARS. 

2 Propellant Computations Analyst. 

’ Numbers in parentheses indicate References at end of paper. 


Inhibitions 


The program is provided with inhibitions or restrictions 
which can be imposed on the expansion process. These in- 
hibitions take into account the various assumptions involved 
pertaining to the type of flow encountered. Since these are 
thermodynamic rather than kinetic assumptions, they can be 
considered as boundary conditions for the processes involved. 
A total of 10 basic inhibitions are available; they are described 
in the following, and are shown in Table 1. 

Five of the basic 10 inhibitions consider condensed phases 
to be in velocity equilibrium with the gaseous phase. These 
are the “A” inhibitions. In these cases the equation used to 
calculate specific impulse is the usual one : 


I, = V 2g.) (H. — 


The first inhibition in this group, la, is the standard im- 
pulse; namely total equilibrium. This is the least restrictive 
of all the conditions considered. 

The next inhibition, 2a, is more restrictive. The gaseous 
phase is in chemical equilibrium during expansion, but the 
condensed phase is fixed at the chamber conditions as to the 
amount (by weight) and the composition in each condensed 
phase. Thermal and velocity equilibria are maintained. 

Inhibition 3a is identical to 2a in the manner of handling 
chemical composition, but it restricts the heat transfer be- 
tween the condensed and gaseous phases. Thus, the con- 
densed phases remain at the chamber temperature, while the 
gases are cooled during expansion. The exit temperature 
computed will be that for the gases, while the exit enthalpy 
will be 


= D + (tche) 


Inhibition 4a fixes the entire composition (both gases and 
condensed phases) at the chamber conditions, but allows 
thermal and velocity equilibrium. This inhibition is the 
normal “frozen flow”’ case. 

The most restrictive inhibition which still maintains ve- 
locity equilibrium is 5a, which fixes the composition as in 4a, 
and also restricts heat transfer between phases as in 3a. 

When the “B” inhibitions are imposed, the condensed 
phases are assumed to contribute nothing to the thrust. They 
lose all velocity, as if they condensed out on the wall at the 


Table 1 Allowable inhibitions 
Gaseous Condensed 
Code no. phase phase Thermal Velocity 
1 E E E,F 
F E,F 
3 F F E,F 
4 F E,F 
5 F F E,F 
Note: “E”’ denotes equilibrium conditions. ‘F’’ de- 
notes frozen or restricted conditions. 


\piror’s Note: The Technical Notes and Technical Comments sections of ARS JouRNAL are open to short manuscripts describing | 
ew developments or offering comments on papers previously published. Such manuscripts are usually published without editorial - 
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Fig. 1 “B” inhibitions 


Fig. 1) 
I, = (mw, + 


correction factor so that 
I, = [m,/mp|I, 


exit plane and were removed from the system with their mass 
and energy. The normal overall impulse can be given as (see 


and since v, is defined here as zero, we may calculate an im- 
pulse based on the expansion of the gases, and then apply a 


Under inhibitions 2b to 5b, the mass fraction of condensed 
phase remains constant, and it is, therefore, immaterial where 
in the thrust chamber the correction factor is evaluated. 
Under inhibition 1b, the factor is evaluated at the exit plane 
in order to be consistent with the chemical and thermal 
equilibrium assumptions. For all ‘“B” inhibitions, only the 
velocity assumption is changed, and all other assumptions or 
restrictions are identical with the corresponding ‘‘A”’ inhibi- 
tion. For inhibitions 1b, 2b and 4b, under which thermal 
equilibrium is maintained, the equation for impulse is then 


Mp 


Jo 


V (H. — H.) 


ruled out as being unlikely or inconsistent. 


nozzle. 


Physical Constants 


follows: 
= 1.98726 cal per mole-deg K 
Go = 980.665 cm per sec? 
= 426.64 gm-m per cal 
1 cal = 4.1840 joules 


mal 


Many more inhibitions could be conceived of, but were 
In this category 
would be such assumptions as condensed phase equilibrium 
with a frozen gas composition or restricted heat transfer be- 
tween phases during chemical equilibrium. 
however, to combine the basic inhibitions if desired. 
example, the consideration of equilibrium flow (la) to the 
throat followed by frozen flow of any type (2 to 5) in the 


The constants used in the performance calculations are as 


since the condensed phases give up energy during expansion 
which can be used for acceleration of the gases. 
inhibitions 3b and 5b, wherein heat transfer between phases 
is restricted, only the gaseous enthalpies are involved 


V [H (gases) — H.(gases) | 


and t 
gm 


ear using these constants and with AH in cal per 


a 


V 260) = 9.3279 
Thermodynamic Properties 


A library of about 300 potential products of combustion is 
available for use with the program, although only 50 can be 
used at one time. The program selects the appropriate spec ies 
as per instructions from the complete tape. The propert es 


_ given on the tape, from 100 to 6000 K, are 


ibe 


molecular weight and elemental composition; 


and also, 
ditionally, for condensed species: Melting point, boiliag 
point, specific volume. 

The published compilation (3) also includes values at 273.15 
and 298.15 K, and an additional column of C, (cal jer 
mole-deg K) for comparison purposes. Complete referen: es 
to the sources of data are included. 


Input 


The program has been written to require an absolute 
minimum of input information. Only the elemental compo-i- 
tion of the propellants and their enthalpies, densities and 
mole or weight fractions are needed in addition to the operat- 
ing pressures, expansion assumptions and considered species 
desired. The calculation set-up has been simplified to the 
point where only about 5 minutes of preparation is needed for 
the entire input. The output has been designed to print all 
results in report form, and may be printed directly on multilith 
masters for immediate reproduction. The program can also 
plot curves if requested. The program has been designed to 
conserve both engineering and calendar time, and as a result, 
it is entirely possible to issue a technical report on the per- 
formance of a system within an hour of initial conception. 


Nomenclature 
Cp = heat capacity 
F = free energy 
go = gravitational constant 
H,h = enthalpy 
I, Is; = specific impulse 
= mechanical equivalent of heat 
m = mass or mass flow - 3 
R= gas constant 
T = temperature -- 
v = velocity 
x = mole fraction 
Subscripts 
c = chamber conditions or condensed phase - 
= exit conditions : 
g = gaseous phase 
p = propellants 
References 
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Optimum Stage-Weight Distribution 


Multistage Rockets 


JOHN J. COLEMAN! 
Space Technology Laboratories, Inc., Los Angeles, Calif. 


in this analysis a generalized method is developed for 
determining the optimum stage-weight distribution for 
multistage rockets. Inclusion of the variations in struc- 
tural factors with stage weights in the optimization process 
is shown to lead to a more generalized set of optimum con- 
ditions. Expression of all rocket weight parameters in 
terms of the stage weights allows for convenient optimiza- 
tion as well as for a comparison with previous optimization 
m«thods. This approach permits improved optimum 
de-ign over existing methods for maximizing payload 
ratios for given theoretical velocities, and for maximizing 
theoretical velocities for given payload ratios. As pre- 
se:ited, the generalized method is equally applicable to 
saiellite and space vehicle launchers as well as for ballistic 
missiles. An evaluation of previous methods is included 
for comparison purposes, and the limitations of these 


previous methods are discussed. 

\ RECENT years, the optimization of multistaged rockets 

has received considerable attention. Since the perform- 
anve of missiles and space vehicles is sensitive to small changes 
in design, optimization procedures are of great importance. 
In (1-11)? methods were developed for determining “‘opti- 
mum?’ stage mass ratio distributions. None of these methods, 
however, allowed for variations of structural factor with stage 
weight. Consequently, the referenced methods do not yield 
truly optimum stage mass ratio distributions. 

The purpose of this paper is, first, to derive, in terms of the 
stage weights, a more general design optimization that allows 
for variations of structural factors with stage weights and, 
second, to evaluate the limitations of previous design criteria. 


Optimization Parameters 7 


Performance parameters an 
The performance capability of a multistage rocket vehicle 
can be described by two equations, representing the payload 


ratio P and the burnout velocity Vio wm -¢ 
Wo 
p = Wo" 
Wi 
' N 
= gn ry — [2] 
j=1 


where 


W,‘? = gross vehicle weight 


W, = payload weight 

I; = specific impulse of the jth stage : 
rj = mass ratio of the jth stage 

6V = velocity losses associated with gravity and drag ‘ae 
N = total number of stages 


The drag losses are primarily dependent upon the initial 
thrust-to-weight ratio No and on the quantity, Wo"? /CpA. 
Equation [2] can be rewritten in terms of range FR for a 
ballistic missile (12) 
N 
R=D(ITI 


t=1 


Received July 29, 1960. 
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j=l 


where D and B are empirical parameters, and where B is very 
insensitive to changes in Ny and W,‘”/CpA, while the pa- 
rameter D is fairly sensitive to such changes. 

Let ¢ be defined as 


= 
and the theoretical velocity 
Vi = Voo + 6V [5] 
Then from Equations [2-4] 
IL = (6] 
R+D\> 
[7] 


Thus, for a given initial thrust-to-weight ratio and mission, 
the velocity requirements may be lumped into a fixed single 
term, ¢. The range equation already provides for velocity 
losses in the empirical constants D and B used for any par- 
ticular configuration. 

When there are at least two stages and when all the specific 
impulses are known, P and ¢ do not uniquely define the mass 
ratios of the various stages. Consequently, proper selection 
(optimization) of mass ratios for either maximum payload at a 
given V;or maximum JV; at a given payload ratio is required. 


Structural factor parameters 
The structural factor o; for the ith stage is given by 
— We; 


Wi 8] 


Expressed in terms of W;, the weight of the ith stage, the fol- 
lowing scaling laws are assumed to hold 


(9] 


where C; and n; are empirical constants for each stage subject 

to the selection of propellant feed systems, auxiliary systems, | 
ete. 
Use of stage-weight parameters 


The mass ratio of the ith stage can be defined by 


WwW, 
where 
N 
Wo? = + Wi 
j=t 
and 
Ww? = Wo — [12]. 
where 


Woo” = burnout weight of the 7th stage 
W,‘ = gross weight of the 7th stage 
W,i = propellant weight of the 7th stage 


Combining Equations [8-12] 
N N 


j=i 


[13] 
+1 


Substituting Equation [11] into Equation [1] 


| 
: 
14 
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where the payload ratio is now expressed in terms of the stage 
weights. By substituting Equation [13] into Equation [6] 
or [7], @ can be expressed in terms of the stage weights 


Wi; + / (caw. + w.) 


| j=k 
[15] 


General Optimization 


Application of the Lagrangian multiplier technique to 
optimum rocket design 


The Lagrangian multiplier method may be used to opti- 
mize P subject to a fixed ¢ or vice versa. 


general 


Wy 


and either @ or P = constant. 

The optimization conditions expressed by Equation [16] 
guarantee an optimum P for constant @ or vice versa, since 
variation of structural factor with stage w eight is included 
in the optimization process. In previous ‘methods (1-11), 
this variation was not included. li’ 


ov 


Reduction of the optimization equations to simpler form a 
From Equation [14], for fixed W, 


oP 


OW, 7] 


Substituting Equation [17] into Equation [16] and elimi- 
nating common terms, the optimization equ ations reduce e to 


and either ¢ or P = constant. — 


Application to Optimum Three-Stage Rocket Design 


and 


For a three-stage rocket, Equations [14 and 15] become 
= (W, + W. + Ws + 


[19] 


W.i+W.+W:+ 


-( W.+W3+ WL 
+W.2+W3+Ww 


¢ W;+ W, -)" 
[20] 


+ W 
Substituting Equation [20] into the optimization equations 
given by Equation [18] and factoring out @ yields two in- 


Equations [21 and 22] together with the constraint equ:- 
tion, @ or P = constant, constitute three equations in terms 
of the three unknowns W;, W2 and W;. For specified sets of 
values of J;, I3, Ci, C2, Cs, m1, Ne, and @ or P (depending 
upon which type of optimization is desired), the three equ:- 
tions can be solved by iteration technqiues to yield optimuin 
values of Wi, W2 and W;. By employing Equations [11 and 
12], the other rocket parameters can also be determined. 

Another way suggested® for optimizing the stage weights ‘s 
to find Wi, Wz and W;> 0 such that Equation [20] is sati-- 
fied and Equation [19] is minimized. To do this, Equation 
[20] could first be solved for W, as a function of W. and Vi; 
and then quadratic fits could be made to this expression 


P (Wi, We) = [Wi(We, Ws) + W2 + Ws + 


minimizing the quadratic fit and iterating this process unt! 
there is no improvement in P. 


- Comparison With Previous Methods 


For comparison purposes, the relations corresponding t» 


- previous methods (1-11) for design criteria can be written i» 
terms of the mass ratios 


result than the constant ¢; solutions of the previous papers 


> 


I, (1 on) = (1 — oore) = (1 — oars) [24] 


which is the familiar form usually seen in the references liste: | 


below. Equations [21 and 22] become 
— — — on) = — neoere) [25 
— = — 3033) [26 | 
(1 — 
_ or combining Equations [25 and 26] wo oe 
(1 — 
no: 
— ¢ 
—ne) + (1 — 303173) [27 | 
which represent more inclusive optimization conditions. 


Comparison of Equation [24] with Equation [27] indicates 
the significant difference between previous ‘‘optimizations’”’ 
_and the more realistic optimization criteria. 

It is obvious that the present method yields a more genera! 


(1-11). Equations [24 and 27] indicate the differences in the 
results of the methods. The constant o; solution, as given 
by Equation [24], may be obtained from Equation [27] by 
setting n; = 1, which eliminates the dependence of o on the 
stage weight. 

There have been many papers written on the subject of 
optimum staging, and a good deal of discussion has been pre- 
sented on aspects of the problem. Common to almost all the 
papers, however, is the neglect of variations of structural fac- 
tors with stage weights. Inclusion of these variations in the 
optimization process has been shown to lead to a more gen- 
eralized set of solutions. This approach permits improved 
design optimization over previous methods. 


’Lineoln R. Turner, Space Technology Laboratories, Inc., 
dependent nonlinear equations private communication. 
— mC,W,""’) [1 - Cw," Wi+W.+ Wi ) [1 ( W. + Ws + Wi 
GW") CW." + W.+ + Wi + Ws + (21 
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W.+ Ws+ Wi 


Ws + Wiz 


(1 — CW." 
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(pplication to N-Stage Rocket Optimization 


If iterative techniques can be expanded to include solving N 
simultaneous nonlinear equations, then the process described 
above can be extended to any number of stages. In the case 
of a large number of stages, computerized random search 
techniques might be employed to solve for optimum values 
of the stage weights. Once the optimum stage weights are 
obtained, these values can be substituted into Equations [11 
and 12] to solve for the other rocket parameters. 
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Optimum Trajectories Between 
Two Terminals in Space’ 


HAROLD M. STARK? 


Systems Corporation of America, Los Angeles, Calif. 


The problem of finding rocket trajectories between two 
terminals in space is considered from the viewpoint of 
minimizing the velocity increment added to an arbitrary 
initial velocity at the first terminal, with the restriction 
that the resulting trajectory pass through the second 
terminal. A solution for this minimum velocity incre- 
ment is found. As a special case, the minimum initial 
velocity for a trajectory between two points in space is 
found and shown to be elliptical. Numerical examples 
are given, and the concept of a false optimum is briefly 


discussed. 


TFYHE PROBLEM of finding an optimum rocket trajectory 

between two terminals with specified velocities at each 
terminal has been discussed by Lawden (1 and 2).* Lawden 
defines an optimum trajectory to be one which minimizes the 
characteristic velocity, or the amount of fuel consumed, 
using two impulses. The purpose of this paper is to deter- 
mine the optimum trajectory between two terminals in an 
inverse square gravitational field, with only the velocity at 
the initial terminal being given. Here, an optimum tra- 
jectory is defined as one which minimizes the single velocity 
increment which is applied at the initial terminal. Such a 
solution would find application in feasibility studies for the 
first interplanetary probes whose objective is to intercept 
the destination planet. Numerical examples for a trip to 
Mars in both two and three dimensions are given and com- 
pared. 


Determination of the Optimum Orbit for Two Dimensions > 


The requirement that a ballistic (two-body) orbit pass 
hrough two given terminals gives a relation between V and 
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y at the initial terminal. This relation, which shall be 
known here as the range equation, is 


— cos *) 


ro mV2\ cos? y 


cos (y + ¢) 
cos Y 


[la] 


Equation [la] can be found in any comprehensive survey 
on orbital mechanics, such as (3). As given-in (3), the trans- 
fer angle is @ and |y| < (2/2). However, since Equation 
[la] can be rewritten as 


ro cos? (r — 


cos — y) + (24 — 
cos (rt — ¥) 


[1b] 


then x > |y| > (2/2) represents a transfer angle of 24 — ¢. 
Thus, Equation [la] gives all possible transfers between 7; and 
re. By expanding cos (y + @) and letting Y = V cos y, 
Y = Vsin j, we get 


X2[(ri/r2) — cos + X¥ sin = GM(1 — cos [2] 


In either of the above forms, the range equation expresses 
the condition that the resulting orbit will pass through re. 
For elliptic orbits, this is tantamount to saying that the 
vehicle will reach r2; however, for parabolic or hyperbolic 
orbits, it is possible that the vehicle is going away from rz 
and, hence, will never actually arrive at 72. Such a possi- 
bility must be guarded against as it may result in a false 
optimum. 

It is easily seen that for @ ~ 0 or 7, Equation [2] is that of 
a hyperbola with center at the origin and asymptotes 


X¥=0 [3] 


sin 


_ A typical graph of Equation [2] along with the asymptotes 
of the curve is shown in Fig. 1. As a point of interest, one 
of the asymptotes passes through re and the other passes 
through the focus. The dotted portions of the curve depict 
hyperbolic velocities that direct the transfer vehicle away 
from the final terminal, rather than toward it. 

It is seen that the problem of finding the minimum AV re- 
duces to the problem of finding the closest point on the 
hyperbola to V;.. The vector, AV min, must have the property 
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of being perpendicular to the hyperbola. If we let Von X and ti 
COS Yopt = Xopt, Vi cos = Xz, etc., this condition may be (7) 
expressed as 
1 we may use Equation [2] to obtain 
5 
Xopt — Xi (dY/dX)(at Xopt) (5] B— 18] 


“transfers 


> of 2r-¢ 
radians 


A = (r/r2) — cos 


Orbits directed away from r, 


Y axis 


Configuration for the two-dimensional problem 


lt 
a 2 
a vat = AXopt? + B 


Eliminating Yop and (dY/dX) (at between Equations 
[5, 8 and 9] yields 

a (A? + sin? + (AY sin — Xi sin? d)Xopt? + 

(BY, sin — B? = [10} 
en ; 4 This fourth degree equation‘ may be solved either analytically 
or numerically for Xopt. Then Yopt is given from either of 
‘Equations [5] or [8]. We may now determine AVpin and 
Bort from the following equations 

AV min X,)? + Y,)? {11} 
Bopt = tan — Yi)/(Xopt — [12] 
"va oA number which is sometimes useful is Vis. This can be 


found from the above method by setting V: = 0. When this 
X axis is done, Equation [10] reduces to 


(A? + sin? @)Xopt? — B? = 0 
Xop? = B/WVA? + sin? 
Using the law of cosines we get = 
A? + sin? @ = [(r/re) — cos + 
sin? @ = + ro? — cos = d?/r2? [15] 


transfers 


Substituting into Equation [5] (and Equation [9]) gives 


Vopt/Xopt = Xopt? sin $/(AX opt? + 


Yopt/Xopt = 72 8in /(Arz + d) [18] 


Fig. 2 


Since AVmin = Vmin, Equations [11, 18, 15 and 16] yield 
Vinin? = 2Br2/(Are + d) [19] 
t; Substituting for A and B from Equations [6 and 7] and 
eliminating cos @ with the law of cosines produces 
Vinin? = (2GM/r){1 — [2n/(ri + re + d))} [20] 
Since escape velocity at 7 is given by 
Vee? = 2GM/r, [21] 
Vinin < Vee is an elliptic velocity. Further, for @ = 180 deg 
d=n+re [22] 
and hence 
Vania? = (24M [r2/(r1 + 12) ] [23] 
= 0° so that Vimin is just the Hohmann velocity. 
0 20 40 60 80 100 120 140 160 180 peleesiename 
360 340 320 300 280 260 240 220 200 180 thor’s attention that Godal ‘had stated. in “Conditions of 


Compatibility of Terminal Positions and Velocities,’ Proc. XIth 
International Astronautical Congress, Stockholm, July 1960, 
> J ‘ pp. 40-44, that a fourth degree equation must be solved for 
Results for a trip to Mars — ad this problem. No further details were given. 
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Determination of the Optimum Orbit 
for Three Dimensions 


The transfer orbit plane is determined by rm, re and the 
focus. This means that for any transfer to be effected be- 
tween the two terminals, the out of (transfer) plane com- 
ponent of AV must cancel the out of plane component of V;. 
It remains only to minimize the in-plane component of 
AV, a problem solved in the previous section where the 
initial velocity is the in-plane component of V;.. This reduces 
the three-dimensional problem to the two-dimensional case. 


Examples for a Trip to Mars 


In the following two examples, AV nin is presented as a 
unction of 6 for given 7, r2, J; and 7. In one case i = 0, 
0 that 71, 7, and J; are in the same plane and the problem is 
yurely two dimensional. In this case @ = @. In the second 
ase t = 1 deg and the problem is three dimensional. In 
0th cases ro = 1.52 r,; and J is the circular velocity at a 
listance of r, from the attracting body. If we let 1 = 1 
i.u., then the results will hold for a trip from Earth’s orbit 
o the orbit of Mars. These results are plotted in Fig. 2. 

Battin (4) used a different method to analyze the two di- 
nensional problem with the restriction that V, be the circular 
velocity at r;. His curve of AV min vs. 8 for a trip to Mars is 
dentical with the curve for t = 0 in Fig. 2 which was calcu- 
lated using the more general equations of this paper. None 
f the AVnin in Fig. 2 are false optima. However, false 
optima do occur in examples of this kind. For instance, in 
Figs. 2 and 3 of (4) Battin presents plots of AV min vs. @ for 
trips to Jupiter, Saturn and Uranus. The dotted portions 
of these curves depict cases where the resulting transfer 
trajectory is hyperbolic or parabolic. In all of these cases 
in which 180 deg <*0@ < 360 deg, AVmin is a false opti- 
mum. The transfer vehicle would be directed away from 
the final terminal instead of toward it. In these specific in- 
stances, there is no optimum orbit (because there are four 
roots to Equation [10] there are configurations in which 
there does exist an optimal transfer trajectory even though 


_ the closest point on the hyperbola results in a false optimum). 


The phenomenon seen in Fig. 2 for 6 = 180 deg is very gen- 
eral. A transfer for 6 = 180 deg will be economical only 
ifs = 0. 
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Nomenclature 
re = distance from focus to final terminal : 
d = distance between initial and final terminals 
= angle at focus between 7; and‘r2 
Vi = given initial velocity 
"1 = angle between V, and the local horizontal 
V = velocity required to reach final terminal . 
¥ = angle between V and the local horizontal 
Vain = Minimum V 
AV = velocity increment needed to change V, into V 
B = angle between AV and the local horizontal 
AVmin = Minimum AV 
Bopt = angle between AV pin and the local horizontal 
Vont = velocity resulting from adding AV pin to Vi 
Vout = angle between Vop_ and the local horizontal 
i = angle between r2 and projection of rz on plane of initial 
orbit 
6 = angle between r; and projection of r2 on plane of initial 
orbit 
G = gravitational constant 
M = s acting body 
mass of attracting body yr 
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Peltier Cooling of Electrical 
Components in Telemetering Packages 


RAYMOND MARLOW! 


Instruments, Inc., Dallas, Texas 


Peltier cooling, a direct method of converting electrical 
energy into usable thermal energy by use of a semicon- 
ductor device, is a method of obtaining an adequate ther- 
mal environment inside the telemetry package of missiles 
and satellites. An example of how Peltier cooling may be 
applied to telemetry packages is discussed in this paper. 


ONVERTING various electrical impulses from strain 
gages, flowmeters, temperature and pressure transducers 

into electrical signals suitable for transmission to a ground re- 
ceiving station is the function of a telemetry system in a missile 
or satellite. During ground checkout, pre-flight and flight, 
the system determines whether or not the electronic equipment 


This paper is based on ARS Preprint no. 841-59 presented at 
the ARS Semi-Annual Meeting, San Diego, Calif., June 8-11, 1959. 
1 Missiles Department Engineer, Apparatus Div. 


Frsruary 1961 


he jg operating properly, transmits to the ground receiving station 


the internal and external environments, reports malfunctions 
or failure of components, and monitors the overall perform- 
ance of the missile or satellite. 

For optimum telemetry system performance, the compo- 
nents in the system must be protected from extreme high and 
low temperatures and from sudden temperature changes. 
This may be accomplished by the use of insulating materials, 
but the internal heat generated during long ground and pre- 
flight checkouts poses another problem. Also, satellite 
vehicles require some method of internal cooling to insure 
optimum performance under continuous operating conditions. 
Peltier cooling appears to be an answer to this problem. 


Principles of the Peltier Effect 


In 1834, Jean Peltier observed that an electric current 
passing across the junction of two dissimilar conductors caused 
heat to be absorbed at one junction and liberated at the 
other junction. This phenomenon could be reversed by re- 
versing the direction of the current. Because only small 
temperature differences were obtainable with electrical con- 
ducting materials at that time, the discovery lay dormant for 
almost a century. During the past decade, the theory of 
Peltier cooling has been extensively investigated (4,7,9).? 


2 Numbers in parentheses indicate References at end of paper. 
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The upsurge in the field of semiconductor materials has made 
it possible to cool or heat electronic equipment in a manner 
comparable to other methods of cooling presently in use. 

Fig. 1 is a typical thermoelectric thermoelement. If a 
d-c current is passed through the N-type and P-type semi- 
conductor materials, the temperature 7' of the copper bus will 
decrease and heat will be absorbed. This heat will be trans- 
mitted through the legs by electron transport to the other end 
of the junction 7) and liberated. Under ideal conditions, the 
amount of Peltier heat absorbed at the copper bus T is de- 
pendent on the product of the thermoelectric power a, the 
current J, and the absolute temperature 7. The product of 
the thermoelectric power and the temperature is the Peltier 
coefficient 7. 

In practical applications, the Peltier heat that may be ab- 
sorbed from the surroundings is reduced from two sources— 
Joule heat Q; and conducted heat Q,. Joule heat is generated 
internally as current passes through the semiconductor. An 
assumption is made that one half of this heat is generated at 
the cold end and the other half at the hot end. Conducted 
heat is transmitted from the hot end to the cold end by 
thermal conduction. By writing a heat balance equation at 
the cold junction 7, the net amount of heat Qnet that would 
be absorbed per thermoelement is 


Qnet = Qp Q; Q. = aTI K(T) T) 


The coefficient of performance in a cooling system is the 
ratio of the net cooling effect to the amount of input electrical 
power supplied to produce the cooling. The input power 
P; is the sum of the back emf’s, or Seebeck effect, and the 

Joule heat 
Therefore, the coefficient of performance is oe 
Qnet alT — K(T5 T) 
P, —T)I+ PR 

By differentiating COP with respect to the current, the 

maximum COP obtainable is 


T V1+432Z(T+%) — T/T 


COP = 


COP max = 
T—-TV1+ + TM) +1 
In thisequation, the Ztermis = 
te 
Z = = figure of merit 


a = thermoelectric power 
electrical conductivity 
thermal conductivity 
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The figure of merit is important because it is dependent upon 
only the properties of the material used for the thermoelec- 
tric thermoelements. Fig. 2 illustrates why the new ad- 
vances in semiconductor materials have improved the per- 
formance of Peltier cooling and heating. The electrical con- 
ductivity is small in insulators and increases as the number 
density of charge carriers increases. However, the thermo- 
electric power is large in insulators and decreases as the num- 
ber density of charge carriers increases. Since the numerator 
of the figure of merit varies as a’¢, there is a maximum value 


of a?e, and this maximum occurs in semiconductors. To in- 
crease the figure of merit, the thermal conductivity should be 
as small as possible. The total thermal conductivity k is the { 
sum of the phonon conductivity kp, plus the electron con- , 
ductivity kh. shown in Fig. 2. The electron conductivity 
should be large, since the electrical conductivity is dependent 


on the number density of the charge carriers. The phonon 
conductivity is dependent on the lattice of the material, and 

it is this quantity of the thermal conductivity that should be ( 
reduced to zero. 


Application of Peltier Cooling 


Peltier cooling has recently been applied to many devices 
(1-3, 5-6, 8, 10-11). In this paper, the transmitter of a tele- " 
metry system is to be cooled by the Peltier effect. Assume b 
that a transmitter in a satellite requires an input power of 30 
watts to operate with a 5-watt power output, thus requiring 25 I 
watts of heat dissipation to maintain a constant transmitter 
temperature. The transmitter is to be mounted on a chassis 
whose temperature is 60 C (333 K). The problem is to design 7 
a thermoelement that will maintain the base of the transmitter 
at 30 C (303 K). The base of the transmitter is 4 in.?; there- 
fore, 50 thermoelectric thermoelemengs with cross-sectional 
areas of 1 cm? and lengths of 2 cm are to be used. The total 
cross-sectional area of the Peltier cooler is approximately 4 
in.?. 

It is assumed that the electrical resistivity, thermal con- 
ductivity, cross-sectional area, length and thermoelectric 
power are the same for both the N-type and P-type material. 
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_ Fig. 2 Material parameters as function of charge carrier 
density 
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The following values are to be used for this problem 


A = 1cm? = area of each thermoelement leg 
L = 2cm = length of each thermoelement leg 
k = 0.02 (watt/em-C) = thermal conductivity 


10 X 10~* ohm-cm = electrical resistivity 


p = 

a = 400 X 10~* (volts/K) = total thermoelectric power 

K = 2kA/L = (2) (0.02) (1/2) = 0.02 (watt/1<) = ther- 
ma] conductance per thermoelement 

R = 2pL/A = (2) (10 X 10-4) (2/1) = 40 X 107-4 ohm 


= electrical resistance per thermoelement 


Tle amount of heat that must be absorbed per thermoelectric 
th rmoelement is Qnet = (Qrota/N) = 25/50 = 0.5 watt per 
element, where N is the number of thermoelements. 
substituting these values into the heat balance equation, 
th: current required to produce this cooling effect is calculated 


= aTI — — K(T, — T) 
0.5 = (400 X 10~*)(303) — 
317(40 X 10-*) —0.02 (333 — 303) 
« \rranging and solving for the current gives 7 = 10 amp. 
By substituting the current of 10 amp into the input power 


eq: ation, the amount of input power per thermoelement may 
be calculated 


P, = (400 X 10-*)(333 — 303)(10) + 3(10)? (40 x 10-4) = 
0.12 + 0.2 = 0.32 watt 
The coefficient of performance can be calculated as 


COP = 0.5/0.32 = 1.5 


4 


During the ground checkout and after firing, the telemetry 
system serves as the ‘‘eyes’’ of the missile or satellite. It must 
function properly over extended periods of time, transmitting 
information to ground receiving stations. Peltier cooling and 
heating is one method of providing a thermal environment 
which will lengthen the life expectancy of the electrical com- 
ponents. Since there are no moving parts, this method of 
cooling is inherently reliable. As the state of the art in fab- 
ricating semiconductor materials advances, the use of Peltier 
cooling and heating most likely will increase accordingly. 


References 


= 

1 Benedict, R. P., ‘Thermoelectric Effects,” Electrical Manufacturing, — 
vol. 65, no. 2, 1960, pp. 103-118. 

2 Eichhorn, R. L., ‘‘Thermoelectric Refrigeration Design Considera- 
tions,’’ Sixth Thermoelectric Effects Collogium of the Advisory Committee, 
Thermoelectric Effects Research Program, Franklin Institute, no. 1958. 

3  Fuschillo, ‘‘The Thermoelectric Effects Research Program,” Franklin 
Institute, July 1958. 

4 Goldsmid, H. J., ‘Thermoelectric Cooling,’’ Brit. Communications and 
Electronics, vol. 7, no. 2, Feb. 1960, pp. 110-112. 

5 Huck, William V., ‘‘Thermoelectric Heat Pumps,” Electrical Manufac- 
turing, vol. 65, no. 5, 1960, pp. 281-284. 

6 Ioffe, A. F., “Semiconductor Thermoelements and Thermoelectric 
Cooling,” Infosearch, Ltd., London, England, 1957. 

7 Jaumot, Frank E., ‘Thermoelectric Effects,’’ Proc. IRE, vol. 46, no. 
3, 1958, pp. 538-554. 

8 Lackey, R.S., Mees, J. D. and Somers, E. V., ‘‘Application of Thermo- 
electric Cooling and Heating to Novel Household Appliances,’”’ 54th Semi- 
annual Meeting, ASRE, New Orleans, La., Dec. 1958. 

9 Rittner, E. S., ‘‘On the Theory of the Peltier Heat Pump,” J. Appl. 
Phys., vol. 30, no. 5, 1959, pp. 702-707. 

10 Taylor, J. and Mulicia, A., ‘‘Thermoelectric Coolers for Electronic 
Components,” Electrical Manufacturing, vol. 65, no. 5, 1960, pp. 284-286. 
11 Wright, W. L., ‘‘Thermoelectric Refrigeration,” Electrical Engineer- 
ing,” vol. 79, no. 5, 1960, pp. 380-384. 


> 


Estimation of Specific Heats at_ 
Normal Temperatures 


FRED H. BROCK! 


Aerojet-General Corp., Azusa, Calif. 


\ model of wide applicability has been developed for the 
calculation of the specific heats at constant volume of 
solids and liquids at or near normal temperatures. By 
means of simple computations based on a set of self- 
consistent rules, the specific heats at constant pressure of 
compounds of such diverse nature as sodium chloride and 
quinoline may be estimated generally to within 10 per 
cent. The approach is based on the postulate that the 
vibrational energies of a molecule’s “‘groups,”’ as defined 
in this paper, are negligible compared with their transla- 
tional and rotational energies. 

This method is able to: Differentiate between ionic 
and co-valent compounds, such as the metallic halides and 
the corresponding oxides and sulfides; explain the low 
specific heats of the elements beryllium, boron, carbon 
(diamond and graphite) and silicon; ‘and offer a corre- 
lation between specific heat and molecular structure. 
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UNIFIED procedure based on a theoretical or on a semi- 

empirical model for the estimation of heat capacities of 
both solids and liquids does not appear to be available. Ap- 
proximate values for very simple compounds may be obtained 
by Kopp’s rule (1).* For organic liquids, methods that are 
based on the use of spectral data to determine the energy of 
the molecule’s bonds are accurate but time consuming, and 
require the necessary experimental data (2). Calculations 
for solids, usually concerned with the elements, are generally 
amplifications of the classical work of Einstein (3) and Debye 
(4). The method derived in this paper is successful for the 
rapid estimation of the heat capacities of inorganic and or- 
ganic liquids and solids. 


Derivation of Equation 


This approach is based on the postulate that the vibra- 
tional energy of a “group” of a molecule is negligible com- 
pared to the translational and rotational energies. The 
vibrational degrees of freedom are computed by the well- 
known formulas applied to each “group” of atoms. A 
“group” is defined as follows: 

a. In ionic compounds, each ion is considered as a group. 

b. In compounds with a linear “backbone” or ‘main 


chain,” a group consists of the atom in the main chain to- 
gether with the atoms attached to it. 


2 Numbers in parentheses indicate References at end of paper- 
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-¢. In branched compounds, a branch is considered as a 

“sub-chain,” the atom in the main chain being included in the 
group immediately attached to it, provided that no other 
non main-chain atoms are bonded to it. 

d. In compounds containing rigid structures, the number 
of the degrees of freedom of a group are decreased as shown 
in the examples below. 
The following symbols will be used: 


N = number of atoms in the molecule 


nm = number of nonlinear groups 
_l = number of linear groups 
F = number of degrees of freedom of all atoms of the 
molecule 
_ F, = number of degrees of freedom of all groups at normal 


temperatures 
Compound Number of 
No. Compound Groups Calculated C 
1 GS 5R, 9.9 


2. =l,n=1 11R, ise., 21.9 


6R, i.e., 11.9 


SR, ie., 15.9 


12R, 23.8 


QR, 17.9 


#21, 4=2 IR 27.8 
6) 


11R, i.e., 21.9 


27.8 + 15.90 

‘gi’ ¢ For every water of 

- hydration, i= 1, 


Fig. 1 Computations of the heat capacities of inorganic 
compounds 
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Fig. 2 Computations of the heat 
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n, = number of atoms in the rth nonlinear group ad ; 
‘n, = number of atoms in the sth linear group 
_t = number of simple ions (one ionized atom per group) 


Inorganic Compounds?! 


F,, = number of vibrational degrees of freedom of a group 
R = gas constant 
C = molar specific heat at constant volume at norm:\! 
temperatures Ad 
C, = molar specific heat at constant pressure = 
F, = 3n, — 6 
F, = 3n,— 5 [2] 


hold for nonlinear and linear groups respectively. 
It is known that ‘ 


and assumed that 


Hence 


= 3N — >, ( 


n l 
F, = 8N — 3n, — 3n, + 6n + ("] 
1 1 
Since 
n 
7] 
1 1 


and using Equation [4] 
C = R(6n + 51 + 3%) [S] 


Thus, it may be concluded that the molar specific heat is 
the same for a series of compounds consisting of the same type 
and number of groups. Conse quently, the specific heat per 
gram of such compounds will vary inversely as the molecul:r 
weight. 

Furthermore, in agreement with experimental values, tlic 
specific heats of organic compounds consisting of the same 
kinds of groups may be shown to be almost independent of 
molecular weight. For ease of computation, assuming the 
molecules to consist of only one kind of group, say an n grou) 


M =nMw (9) 


- where M = molecular weight, and 1/,, = average molecular 
_ weight of the groups. 


The combination of Equations [8 and 9] yields the specific 
heat 


C/M = 6R/M,y [10] 


Since M,,y for organic compounds does not vary greatly, the 
values of the specific heats of these compounds will fall within 
a narrow range. 

In order to explain the application of Equation [8], several 
examples will be given. Compounds have been divided into 
classes in terms of similar groups according to Equation [S]. 
In the examples presented in Figs. 1 and 2, nonlinear groups 


are circled by heavy lines (—), and linear groups by liglit 
lines (—). 


These halides are assumed to be ionized completely; 


Metallic halides 
hence, 


8 Due to space limitations, the experimental values are not 


listed. 

* Unless noted, the heat capacity values of the inorganic coii- 
pounds and of the elements calculated by this method were 
compared with those listed (in cal per mol C at 25 C) in “Selected 
Values of Chemical Thermodynamic Properties, Circular of tlie 
National Bureau of Standards 500,’ U. 8. Government Printi:g 
Office, Washington, D. C., 1952. 
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Table 1 Heat capacities of inorganic hydrogen-bonded 
compounds 

Compound Cale. C a bs Exp. Cp 
H.O 15.90 18.00 

H.SO, 27.82 32.88 
H.S04-3H20 75.51 49 76.21 (23.26 
H.SO,-4H,O 91.40 92.30 (23.91 C)* 

See (5). = 


from Equation [8], C = 3Ri, where 7 is the number of cations 
al anions per molecule, i.e., the values of 7 are 2 and 3 for 
th: halides of monovalent and divalent cations, respectively. 


Metallic oxides and sulfides 


\s a first approximation, these structures are considered as 
se) urate molecular species, without taking into account their 
de‘ailed crystalline structures.° These compounds are con- 
sid-red to be co-valent. 

in Fig. 1, the C’s of the oxides of the bivalent, trivalent, 
tetravalent and ,monovalent metals (compounds 1 to 4), 
ar- shown to be 9.9, 21.9, 11.9 and 15.9, respectively. The 
va ue of the heat capacity of the oxide of a monovalent metal 
agrces with that of a metal ion added to an ionized bivalent 
mctal oxide. Similar examples occur for compounds of the 
form ,A where M is a monovalent metal. 


Curbonates 


!hese compounds are considered to be ionic. The C’s of 
the carbonates of monovalent and divalent cations (com- 
pounds 5 and 6) are 23.8 and 17.9, respectively. 


Sulfates and other oxygen-containing anions 


The C, of compounds with oxygen-containing anions are 
greater than that of the corresponding carbonates. In terms 
of this model, better agreement with experimental values is 
obtained assuming one metal-oxygen bond to be co-valent. 
Thus, for monovalent cations (compound 7), C = 27.8, and 
for bivalent cations (compound 8), C = 21.9. 

Among the reasons for the divergence between the calcu- 
lated and experimental values could be: The difference 
between C, and C, may be appreciable; and at 25 C, the 


vibrational modes of the anion probably do make a con- 


tribution to the value of C>. 


Effect of hydrogen bonding Tra 


In most cases, the effect of hydrogen bonding both in the 
inorganic as well as in the organic compounds may be neg- 
lected. Acids as well as water are considered to be ionized. 
In combination with the rule stated above for sulfates, the 
heat capacities of the hydrates of sulfuric acid will be based on 
the structure of compound 9. The agreements shown in 

Table 1 are typical for this model. 


Organic Compounds® 


These compounds are divided into groups as defined above, 
similarly to the inorganic compounds. Due to space limita- 
tions the method is illustrated by only a small number of ex- 
amples in Fig. 2. Whenever available, experimental values 
are listed at two temperatures near room temperature. 


5 Details of structures are found in reference books such as: 
Pauling, L., “The Nature of the Chemical Bond,’’ Cornell Univ. 
Press, Ithaca, N.Y., 1939, chapters 5 and 7; also Wells, A. F., 
“Structural Inorganic Chemistry,’’ Oxford University Press, 
London, 1945, chapters 11 and 12. 

° The heat capacity data of the organic compounds were ob- 
tained from Timmermans, J., “Physico-Chemical Constants of 
Pure Organic Compounds,” Elsevier Publishing Co., Inc., New 
York, 1959; also “International Critical Tables,’ vol. V, Mc- 
raw-Hill Book Co., Inc., New York, N. Y., 1929. Units are 
cal per mol C and temperatures are in deg C. 
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These compounds are represented by acetone and acetic 
acid (compounds 10 and 11, respectively). The calculated 
values for paraffins are generally too high by approximately 
50 per cent. 


Aromatic series 


It is assumed that due to the rigidity of the double bonds 
and rings the number of degrees of freedom of the groups are 
restricted. Every CH group of the benzene molecule may be 
thought to possess one translational degree of freedom (out of 
the plane of the ring) instead of three, and one rotational degree 
of freedom instead of two. In these calculations, the number 
of CH groups in the benzene ring will be designated by b. 
Hence, for benzene, b = 6, therefore C = 12R, i.e., 23.8 [cf. 
29.6 and 32.4 at —2.58 C(s) and 21.80 C (J), respectively]. 

Substitution of a hydrogen by another “chemical group” 
forms a new group or groups. The carbon atom of the ben- 
zene ring is included in the group immediately attached to it, 
as shown for toluene, ethyl benzene and benzoic acid (com- 


pounds 12, 13 and 14, respectively). 


Pyridine 
Since the “‘N” is non-ionic, in the sense of the model, it is — 
included with its nearest neighbor in a group (compound 15). 


Polycyclic compounds 


In terms of the model, the group consisting of the two car- 
bon atoms at the junction of the two rings has three degrees of 
freedom instead of five, i.e., two translational and one rotation- 
al, or one translational and one rotational degree less than the 
unrestricted group. The number of groups of two carbon 
atoms at the junctions of the fused rings will be designated by f 
as for naphthalene, quinoline and anthracene (compounds 
16, 17 and 18 respectively). yy 


Cyclic hydrocarbons 

Cyclohexane: Each CHe group has three degrees of free- 
dom, i.e., one more than the CH group in benzene. The num- 
ber of ring CH groups will be designated by m. Thus, for 
cyclohexane, m = 6; therefore C = 18R, i.e., 35.8 [ef. 30.9 
and 36.5 at —2.03C(s) and 11.73 (J), respectively ]. 

Methyl-substituted cyclohexanes: The hydrogen on the sub- 
stituted carbon atom is included with the C-CHs, in one non- 
linear group, as in methy] cyclohexane, and 1,2-trans dimethyl 
cyclohexane (compounds 19 and 20, respectively). 

Tetrahydrofurfuryl alcohol: The calculation of the heat ca-_ 
pacity of the saturated heterocyclic compound (compound 21). 
follows from the above discussion. 


Liquid co-valent compounds containing one central atom, 
AB, 
The heat capacity of most of these compounds is generally | 
3(x + 1)R, i.e., the maximum number of degrees of freedom — 
are excited. A possible explanation is that the atoms are not 
restricted as in the more complex crystalline compounds. 


Elements 


The atomic heats of the elements carbon, boron, beryllium — 
and silicon are less than 3R. Carbon favors co-valent forma-_ 
tion and the others are on the borderline between co-valent — 
and ionic structures. Hence, in terms of the model, it is — 
assumed that the atoms of these elements may not be con-— 
sidered as independent oscillators, but rather, as being bonded — 
in co-valent groups. The number of atoms in a group is | 
designated by G, so that C (element) = C (group)/G. 


Carbon 
Graphite: In this compound, consisting of planar sheets, G _ 
= 4. Due to the rigidity of the rings, it is assumed that the 
total number of degrees of freedom of this group is four, con- 
sidered as two translational and two rotational degrees of free- 
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dom, i.e., the planar structure restricts translations and rota- 
tions in the rings’ plane, similarly as in the f groups. Hence, 
C = 4R/4, i.e., 1.99 (Lit. value at 25 C, 2.066). 

Diamond: This structure is tetrahedral, each carbon 
atom being bonded to four others, so that G = 5. The 
structure’s rigidity decreases each of the two kinds of degrees 
of freedom by one each, so that the group’s number of degrees 
of freedom is four. Hence, C = 4R/5, i.e., 1.59 (Lit. value 
at 25 C, 1.449). 


Boron 


Since the valence is 3, G = = 1. Hence, C = 6R/4, 
ie., 2.98 (Lit. value at 20 C, : '86). Thus, the atomic heat 
value agrees with that of an unrestricted group. 


Beryllium 


Since boron, of valence 3, is calculated as being in an un- 
restricted group, it is expected that beryllium, of valence 2, 
is also in an unrestricted group. Since G = 3,C = 6R/3, i.e., 
3.97 (Lit. value at 25 C, 4.26). 

Silicon 

Although this element, of valence 4, possesses the tetra- 
hedral structure similar to diamond, its C, agrees with the 
value calculated for a linear group of G = 2, 1 = 1 viz., C = 
5R/2, ie., 4.97 (Lit. value at 25 C, 4.75). This apparent 
anomality is explained by the fact that silicon is more 
ionic than carbon, the increased number of degrees of 
freedom of the group being reflected in the greater value of 
the atomic heat. 
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Conclusions 


In abbreviated form, the expression for the heat capacity 
may be written as C = RKM, where K is a row matrix con- 
taining the constants (6532... ], and M is a column matrix 
whose elements are the number of groups corresponding ‘o 
the elements in K, i.e., [n, 1, 7, b,... J. 

The model for the estimation of heat capacity, which h:s 
been shown in the foregoing discussion to be capable of yiel |- 
ing fairly accurate results, appears to emphasize that, «s 
defined in the sense of this paper, the concept of groups is 
valid. Its success, although depending partly on cancell \- 
tion of errors, is in all probability not fortuitous, but rests «n 
the independence of entities in terms of which a molecul..r 
structure may be considered. The mathematical simplific :- 
tions offered by this concept should be useful in gaining furth +r 
insight into the theory of molecular structure and in the es’ i- 


mation of required heat capacity values. teine® ; 
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Note on “Pierce Gun Design for an Ac- 
celerate-Decelerate Ionic Thrust Device” 


J. R. PIERCE! 
Bell Telephone Laboratories, Inc., Murray Hill, N. J. 


T IS gratifying to note that the application of gun design 
procedures which I originally proposed have been sug- 
gested for an ionic thrust device.? 

In connection with a statement “This beam spreading [by 
space charge] is dependent upon beam width... ,’”’ I wish to 
note that for a ribbon beam the absolute amount of spread is 
not dependent on beam width, though the fractional amount 
is. 

In connection with the lens effect of the entrance and exit 
apertures to the field-free region, I wish to note that this is 
quite large. The convergence C of a slit electrostatic lens is 


_ Wi 


[1] 


Here V.’ and Vj’ are the potential gradients to the right and 
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to the left of the slit, and V is the potential at the slit. 

In the cathode slit region, V varies as distance from the 
cathode x to the $ power, and this leads to 


= (4/3) V/zx [2] 


If we assume that the distance between the second aperture 
and the final low potential anode is equal to the distance 
between the cathode and the first aperture, that the strength 
of the lens at the second aperture is roughly equal to that at 
the first aperture and that the distance between the two aper- 
tures is small, we obtain as the sum of the convergences of 
the lenses formed by the fields of the two apertures 


= (4/3) x [3 | 


where x is the spacing between the cathode and the first 
aperture. 

It is not clear just how great this will make the beam width 
at the final anode; the deceleration of the beam tends to 
increase the spread, and the shape of the electrodes tends to 
provide some focusing if the beam spreads beyond its initia! 
diameter. If the ions traveled in straight lines beyond the 
second aperture, the final beam width would be 23 times that 
at the cathode. The spreading will in any case be consider- 
able, and if the potential to which the electrons are deceler- 
ated in the second region is low enough, the outermost elec- 
trons could well turn around and go back toward the cathode. 
The spreading will of course become greater as the distance 

between the two apertures is increased. 
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Determination of Optimum Insulation 
Weight’ 

J. A. ORR? 


Jet Propulsion Laboratory, California Institute of 
Technology, Pasadena, Calif. 


frequent reference has been made in the literature to 
hydrogen fueled space propellant systems which require 
in-ulation of propellant tanks to reduce the heat absorbed 
by and rejected with the vaporizing propellant. This note 
presents a method of determining the amount of insula- 
tion and propellant loss which will result in the best per- 
fo: mance of a stage subjected to storage periods in space. 


CCORDING to Burry and Degner (1),* it should not be 
difficult to store propellants of noncryogenic nature for 
cosiderable periods of time anywhere between the orbits of 
Vi nus and Mars. The cryogenic oxidizers are slightly more 
di icult to store, whereas hydrogen requires considerable pre- 
ca itions. Ifa mission has a requirement of a long storage (or 
co.st) period anywhere within about 5 astronomical units 
(a.1.) of the sun, it will be necessary to provide some type of 
in- lation on a hydrogen tank in order to reduce the amount of 
hy irogen vaporized (and presumed lost—assuming a constant 
pr ssure system). 

,0th the insulation and the-lost propellant serve to reduce 
the effective value of the propellant fraction and, therefore, 
the payload capability of a given system. This effective 
propellant fraction (v,’) can be calculated using the equation 

Wp 


where 
Wp = total tanked propellants less residuals 


Wy = system hardware plus residuals 
W, = tank insulation 
W, = propellant lost by boiloff 

A = exp(AV/c) 


It is evident that proper design of the stage would allow any 
required value of Wz, to be provided without changing the 
engine mixture ratio which should be achieved, merely by 
allowing the tanked mixture ratio to differ from the engine 


Received July 13, 1960. 
' This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of 
Technology, under Contract no. NASw-6, sponsored by NASA. 
* Senior Research Engineer, Systems Design Section. 
’ Numbers in parentheses indicate References at end of paper. 


mixture ratio. Therefore, it is desirable to so select W; and 
that is maximized. Assuming that OWy/OW and 
OW 1/OW; are small (which is a good first-order assumption), 
the relation for maximum »,’ is 


Using this relation in Equation [1] yields 
vp = W,/(We + Wa + 2W2) [3] 


In hydrogen fueled systems, the hydrogen tank presents the 
larger volume as well as the most severe insulation require- 
ment. Therefore, the insulation weights for the system can be 
closely approximated by calculating the requirement for the 
hydrogen tank alone. Assuming a heat balance between the 
sun and the night sky, Roschke (2) gives, for an isolated 
spherical tank with uniform — temperature 


4 = Cs 
oT + T1) [4] 
and 
gor = — Tr) [5] 
where 
= tank radius 
Cs = solar intensity at R = 1 
k = average thermal conductivity of insulation = 
ger = net heat flow to liquid a 
R = distance to center of sun, a.u. a 
= temperature of outer surface 
T, = temperature of tank wall (and “igual 
a = solar absorptivity of outer surface 
Ax = thickness of insulation 
€ = infrared emissivity of outer surface 
o = Boltzmann’s constant 


Changing parameters and remembering Equation [2] gives — 


€ Cs te 
a — 1) |  4R? (6 
where 
H, = heat of vaporization of liquid | 
At = storage (coast) period -_ 
p: = density of insulation 


Equation [6] can be solved numerically for the optimum value 
of Wz for a given set of conditions. 
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Propagation of Errors in a Schuler-Type 
Inertial Navigation System 


— 


JOSEPH G. GURLEY! 
YT Hughes Aircraft Co., Culver City, Calif. 


HE OBJECT of this paper is to characterize the effects, 
on the errors of an inertial navigation system used for 
nu vigation over the surface of Earth, of the cross coupling be- 
tween channels caused by an arbitrary motion of the vehicle. 
Presented at the ARS Semi-Annual Meeting, May 9-12, 1960, 
Los Angeles, Calif. 
Engineer. 


spruary 1961 


= 


Particular attention is given to effects not elucidated by ‘ 
single-channel linear analysis. This object is most con- 
veniently attained by examining the motion of a perfectly in- 
strumented platform, caused by small initial errors in position, 
velocity and attitude. 

The inertial navigation system being discussed can have 
any of a variety of forms, but it must contain the following 
elements: Three one-degree of freedom gyros or equivalent in- 
struments, in order to establish an inertial attitude reference; 
two accelerometers oriented so as to measure the lateral ac- 
celeration; integrators to compute the lateral velocity; an 
independent source of radial distance from the center of 
Earth (e.g., a pressure altimeter); a computer which converts 
linear velocity to angular velocity over Earth’s surface and 
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integrates that to obtain position coordinates; and provision 
for orienting the accelerometers as mentioned. Various 
orientations of the accelerometers (based on local vertical, 
mass attraction vertical or geocentric vertical), variousazimuth 
orientations (north-oriented or free) and various coordinate 
systems affect the instrumentation errors and the accuracy 
and convenience of the computation, but do not affect the 
type of errors described. 

Such a navigation system has seven degrees of freedom, two 
corresponding to its two position coordinates, two correspond- 
ing to its two components of horizontal velocity and three 
corresponding to its attitude. 

Initial errors in the three of these degrees of freedom cor- 
responding to the platform attitude relative to the fixed 
stars will be permanently retained, and will not couple into 
the other four degrees of freedom. Assuming that the plat- 
form is initially vertical and has the correct initial velocity, 
then it will remain vertical and retain the correct velocity. 
However, the indicated position coordinates and azimuth will 
be related to the correct position coordinates and azimuth by 
the rotation required in transforming from the indicated plat- 
form attitude to the actual platform attitude. 

The other four error components represent Schuler-pendu- 
lum-type oscillations in two planes. That is, if the vehicle is 
not moving relative to inertial space, the velocity and position 
errors will undergo sinusoidal oscillations at the Schuler fre- 
quency, which, on the surface of Earth, is about 27/84 min. 

The propagation of initial velocity and position errors is 
complicated by the presence of cross-coupling due to the mo- 
tion of the vehicle. The actual linearized equations satisfied 
by the east-west position error 6z and the north-south position 
error dy are 


dL\? dL . 

E (%) ] 6x — 2 


dL dd 


Poy (2) 7 yer 


dt? dt 
— 
a dt dt dt? 
where 
L, \ = longitude and latitude, respectively, of the vehic'e 
wo. = Schuler frequency 


A general solution to these equations does not appe:r 
feasible, but the special case of uniform circular motion his 
been solved. The errors along the path and normal to tle 
path vary exponentially with time, being proportional to « * 
where 


(k? + G9? — w,y,2)(K? + wo? —Wm? cos? wu) + 4hw,,? cos? uw = 9 


In this equation y is the radius of the circle and w,, the angi:- 
lar velocity of the vehicle in the circle. 

One immediately obtains from this equation the frequenci: s 
observed when an inertial navigation system is operated at 1 
fixed point on Earth. Due to the rotation of Earth, the 
effect is the same as if one were in a vehicle describing a circi- 
lar path whose radius is the co-latitude, at a rate of 27-radia: s 
per day. At the latitude of Los Angeles, this leads to tw» 
periods, one of 81 min and one of 87 min. 

Another case of interest is that of motion about a close | 
path at a period approximating the Schuler period. At e.- 
actly the Scbuler period, one solution is k = 0; the platform 
has neutral stability. If w,, lies between wy and wp sec py, then 
the constant term in the characteristic equation changes sig, 
indicating a condition of instability. However, the exponen- 
tial increase in error is rather slow for circles of reasonable 
size. For example, consider a circle of radius 600 nautica! 
miles. The greatest rate of increase would occur when this 
circle was transversed 1.076 times per Schuler period, or at a 
speed of 2700 knots. The error, however, would increase only 
five per cent each trip around the circle. 


An Interesting Observation on the Point 
Release Into Orbit of a Number of 
Objects 


DONALD B. BRICK! 


Sylvania Electronic Systems, Waltham, Mass. 


/XONSIDER the instantaneous point release of n particles 
(« = 1,..., n) of equal mass m into orbit, under the 
effect of a central gravitational force. (The perturbation 
effects due to other bodies, variances from spherical symmetry 
and rotation of the central mass, and frictional damping are 
neglected.) The instantaneous release mechanism can be 
considered to have the effect of imparting to each particle, at 
the release point, an initial impulsive velocity vector V;. 
This initial velocity (with respect to the inertial frame of ref- 
erence of the central mass) is normally a function of the direc- 
tion in which each particle is released, as indicated by the 
spherical angles 6; and ¢; measured about the radial direction 
ro at the release point, as shown in Fig. 1. An interesting 
observation that has been made is that if the magnitude V; of 
the release velocity vector (the release speed) is not a function 
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of 6; and ¢j, i.e., if the same initial speed, regardless of initial 
direction, is imparted to each particle,? then the orbital periods 
of all particles will be equal, and all particles which are 
released together will, to within the limitations of the approxi- 
mations made, coalesce periodically at the initial release point 
even though they traverse very different orbits. (Of course, 
this result will suffer important perturbations in any practical 
situation due to neglected factors, some of which are men- 
tioned in the foregoing.) 

The proof of the statement is immediately obvious from 
examination of the equations of the classical two-body 
problem. Although the author is convinced that this ob- 
servation must have been made many times previously, he 
has never seen it recorded and therefore feels that this note is 
pertinent now, especially in view of the recent interest in 
placing many small objects in orbit for communications pur- 
poses.* 


2 Note that the condition implies that initial speed is uniform 
with respect to a fixed release point in the inertial frame of the 
central mass. If the particles are released from a carrier, sucli 
as a satellite or missile, traveling with a certain velocity wit! 
respect to the central mass, the carrier’s velocity must be con- 
sidered as part of the initial velocity imparted to each particl: 
and, hence, the release must be shaped with respect to this com- 
ponent in order to provide a resultant constant release speed. 

5 See, for example, Klass, P. J., ““Techniques of ‘Project Needle:’ 
Detailed,’”’ Aviation Week, Sept. 19, 1960, pp. 30-31. 
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ORBIT OF i'” paRTICLE 


p.rticle is‘ 


= 


where 


\f =mass of the central body 
G = gravitational constant 


4 See, for example, Synge, J. L. and Griffith, B. A., ‘Principles 
of Mechaniecs,’’ McGraw-Hill Book Co., Inc., N. Y., 1942, p. 179. 


ef ‘Fig. 1 Geometry of orbit 


for all: = 1,. 


time. 


E,, the energy of the ith particle is a constant in time sub- 
sequent to release, given by (1/2) ¢:) — (@Mm/r). 

For all particles to have equal periods, 7; = 7, a constant 
equal periods require equal energy E; = E, or, from the above 
relationship, V;(6;, ¢:) = V, for all i’s, where E and V are con- 
stants representing the constant energy and initial or release 
speed per particle, respectively. 
one we desired to show. 
released with the same initial speed, each will have the same 
orbital period 7 regardless of the direction 6; and ¢; of the 
initial velocity vector, and thus, if all particles are released at 
the same time they will return to the release point at the same 


If all particles are of equal mass, then 


The last condition is the 
In other words, if all particles are 


The actual numerical value of the initial speed V is given by 


V(0, 4) = | 


te Ire \7?GM 
6. = sin-!| — 
To 2 4n? To 
To 7? GM 
The angular cutoff @, has been introduced somewhat arbi- 
trarily in order to provide the control mechanism to avoid re- 


W/3 
To 7? GM 


0 ,9>0,0<2— 


sin=! - 


leasing particles that intersect the central body or some sphere 
surrounding it (as for example Earth or its sensible atmos- 


phere), indicated by radius r., since such particles will not 
enter periodic orbits. 
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Rocket Propulsion, Barrére, Marcel (Head, 
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nautical Studies and Researches— 
ONERA), Jaumotte, André (Professor, 
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Propellants (by J. Vandenkerckhove); 


5. Internal Ballistics of Solid-Propel- 
lant Rockets (by J. Vandenkerckhove); 
6. Design of Solid-Propellant Rockets 
(by J. Vandenkerckhove); 7. Liquid- 
Propellant Rockets (by M. Barrére); 
8. Experimental Techniques for Rocket 
Propulsion (by M. Barrére); 9. Liquid 
Propellants (by M. Barrére); 10. Com- 
bustion Instability in Liquid-Propellant 
Rocket Motors (by M. Barrére); 11. 
Elementary Problems of Overall Rocket 
Performance (B. Fraeijs de Veubeke); 
12. Variational Methods in Optimizing 
Rocket Performance (B. Fraeijs de Veu- 
beke). 

This book is a comprehensive treatise 
on rocket propulsion that can now be 
regarded as the standard work in the 
field. It is designed for the research and 
development engineer and for advanced 
graduate students in engineering. This 
book is a new work and not simply a 
translation of the earlier French book by 
the same authors. An introduction is 
written by Dr. Theodore von Karman, 
Chairman, AGARD. — 


Elements of Flight Propulsion, Foa, 


Joseph V. (Professor of Aeronautical 
Engineering, Rensselaer Polytechnic In- 
stitute), John Wiley & Sons, Inc., New 
York, 1960, 445 pp. $12.50. 

Chapters: 1. Basic Laws and Concepts; 
2. One-Dimensional Approximations; 3. 
Propagation of Disturbances; 4. One- 
Dimensional Steady Flow; 5. Changes of 
the Frame of Reference; 6. One-Dimen- 
sional Nonsteady Flow; 7. Nonuniform 
Flows; 8. Diffusers and Nozzles; 9. 
Dynamic Flow Machines; 10. Pressure 
Exchange; 11. Combustion Chambers; 
12. Thrust and Drag; 13. Efficiencies— 
Propulsive Cycles; 14. Steady-Flow 
Thrust Generators; 15. Nonsteady-Flow 
Thrust Generators. 

This book is intended for students and 
practicing engineers. It is based on 
classroom use in undergraduate courses 
and in first-year graduate courses at 
Rensselaer Polytechnic Institute. 


An Introduction to Astrodynamics, Ba- 
ker, Robert M. L., Jr. and Makemson, 
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Maud W. (both of the Department of 


Astronomy, University of California), 
Academic Press, New York, 1960, 339 
pp. $7.50. 

Chapters: 1. Introduction; 2. The 


Minor Planets; 3. The Comets; 4. Ge- 
ometry and Coordinate Systems; 5. 
Astrodynamic Constants; 6. Orbit De- 
termination and Improvement; 7. The 
N-Body Problem; 8. Special Perturba- 
tions; 9. General Perturbations; 10. 
Nongravitational and Relativistic Effects; 
11. Observation Theory; 12. Application 
to Interplanetary Orbits. 

This book is partially based on an 
intensive summer course given by Dr. 
Baker, which is derived from a course 
initiated by Dr. Samuel Herrick in 1946, 
The text is directed particularly to the 
engineer or nonastronomer. In this re- 
gard, this work is meant to serve both as 
a brief introduction to the history, no- 
menclature and practical application of 
astrodynamics and as a key or handbook 
of specific astrodynamic techniques. 
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(Assoc. Director, Ramo-Wooldridge Re- 
search Laboratory) and Stehle, Philip 
(Professor of Physics, University of 
Pittsburgh), John Wiley & Sons, Inc., 
New York, 2nd edition, 1960, 389 pp. 
$12. 

Chapters: 1. Kinematics of Particles; 
2. The Laws of Motion; 3. Conservative 
Systems with One Degree of Freedom; 
4. Two-Particle Systems; 5. Time-De- 
pendent Forces and Nonconservative 
Motion; 6. Lagrange’s Equations of 
Motion; 7. Applications of Lagrange’s 
Equations; 8. Small Oscillations; 9. 
Rigid Bodies; 10. Hamiltonian Theory; 
11. The Hamilton-Jacobi Method; 12. 
Infinitesimal Contact Transformations; 
13. Further Development of Transforma- 
tion Theory; 14. Special Applications; 
15. Continuous Media and Fields; 16. 
Introduction to Special Relativity Theory; 
17. The Orbits of Particles in High 
Energy Accelerators. 

This book is intended for students and 
practicing physicists. Completely revised 
to include the applications of the subject 
during the past 10 years, this edition 
includes some applications to problems 
not usually taught in physics depart- 
ments. 


Fundamentals of Aerodynamic Heating, 
Truitt, Robert Wesley (Professor and 
Head of the Aeronautical Engineering 
Dept., Virginia Polytechnic Institute), 
The Ronald Press Co., New York, 
1960, 257 pp. $10. 

Chapters: 1. Basic Concepts; 2. Fun- 
damental Equations; 3. Properties of the 
Laminar Boundary Layer; 4. Theoreti- 
cal Laminar Skin Friction and Heat 
Transfer; 5. Approximate Methods for 
Solution of Laminar Boundary Layers; 
6. The Turbulent Boundary Layer; 
7. Basic Parameters for Low-Density 
Flow; 8. Slip Flow; 9. Free-Molecule 


Flow; 10. Stagnation-Point Heat Trans- 
fer; 
Stagnation Region; 
Skin Temperature. 
The book is based on a course at the 
conducted by the 


11. Mass-Transfer Cooling in the 
12. Calculation of 


senior-graduate level 
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author. It is intended also for practicing 
engineers, physicists and mathematicians 
working in the missile field, especially 
those who have not had the benefit of a 
formal course in boundary layer theory 
and heat transfer. 


Principles of Fluid Mechanics, Kenyon, 
Richard A. (Asst. Professor of Mechanical 
Engineering, Clarkson College of Tech- 
nology), The Ronald Press Co., New York, 
1960, 216 pp. $7. 

Chapters: 1. Fundamental Concepts 
and Fluid Properties; 2. Characteristics 
of Fluids; 3. Fluid Statics; 4. The 
Principle of Conservation of Mass and 
the Continuity Equation; 5. The Prin- 
ciple of Conservation of Energy and the 
Energy Equation; 6. Newton’s Second 
Law of Motion—The Euler Equation of 
Motion and the Bernoulli Equation; 
7. Newton’s Second Law of Motion—Im- 
pulse and Momentum in Steady Flow; 
8. One-Dimensional, Frictionless, Com- 
pressible Gas Flow; 9. Dimensional 
Analysis; 10. Incompressible Flow of a 
Nonideal Fluid; 11. Introduction to 
Boundary-Layer Theory. 

This text is written for a first course in 
fluid mechanics. The author’s goal is 
to present the fundamental principles 
with a greater depth and rigor than is 
found in other elementary texts. It is 
his belief that the study of unsteady com- 
pressible, or general, flow and the appli- 
cation of the calculus in a basic but 
rigorous course in fluid mechanics is 
essential not only for those who will 
pursue advanced work in fluid flow but 
for those whose need is fundamental 


theory. 


Advanced Dynamics for Engineers, 
Downey, Glenn L. and Smith, Gerald 
M., Assoc. Professors of Engineering Me- 
chanics, University of Nebraska), Interna- 


tional Textbook Co., Scranton, Pa., 
1960. 
Chapters: 1. Basic Concepts; 2. Kine- 


matics; 3. Kinetics; 4. Work and Energy; 
5. Impulse and Momentum; 6. Vibra- 
tion—Periodic Motion; 7. Systems with 
Multiple Degrees of Freedom; 8. Basic 
Analog Computer Theory. 

This text is intended for senior level 
undergraduate engineering students and 
beginning graduate students who have 
had the introductory course in dynamics 
and basic knowledge of differential equa- 
tions and mechanics of materials. The 
authors have tried to integrate the 
principles of dynamics with other subject 
matter encountered in the engineering 
curriculum. 


Diffuse Coatings of Iron and Steel, 
Gorbunov, N. S. (Institute of Physical 
Chemistry, Academy of Sciences of the 
USSR), The Israel Program for Scientific 
Translations, 1960, 165 pp. Transl. from 
Russian and available from the Office of 
Technical Services, U. S. Dept. of Com- 
merce, Washington 25, D. C.; $1.25. 
Chapters: 1. The Physico-Chemical 
Conditions in the Formation of Diffuse 
Coatings; 2. Methods of Formation of 
Diffuse Coatings; 3. Determination of 
the Diffusion Coefficients of Chromium 


in Iron by Spectroscopic Methods and by 
Radioactive Tracer Techniques; 4. The 
Roentgenographical and Electronograph- 
ical Analysis of Diffuse Coatings; 
5-10. Diffuse Coatings Formed hy 
Copper, Gold, Zinc, Beryllium, Boron, 


* Aluminum, Silicon, Titanium, Vanadium, 


Chromium, Molybdenum, Tungsten, Ma:.- 
ganese and other Chemical Elements. 

A considerable part of this book, 
originally published in Russian in 195s, 
describes experimental studies carrie | 
out at the Institute for Physical Chemi-- 
try, Academy of Science USSR. Ne 
Methods of applying physico-chemic: | 
principles of the formation of diffu-: 
coatings and the experimental results «f 
investigation on the properties of tle 
coatings obtained are described. 


Frequency-Power Formulas, Penfiel: 
Paul, Jr. (Asst. Professor of Electric: | 
Engineering, Massachusetts Institute « 
Technology), The Technology Press « 
MIT and John Wiley & Sons, In 
New York, 1960, 168 pp. $4. 

Chapters: 1. Introduction; 2. TI 
Energy-Function Method; 3. Four Typ: - 
of Frequency-Power Formulas; 4. Lumpe: 
Reactive Systems; 5. Lumped Dissipativ:: 
Systems; 6. Distributed Systems; 7 
Rotating Machine Applications; 8. Com- 
munications Applications. 

This is the eighth of a series of Tech 
nology Press ‘Research Monographs, 
designed to make selected timely and 
important research studies readily ac- 
cessible to libraries and to the independent 
worker. This book is based on a thesis 
submitted toward a Doctor of Science de- 
gree in Electrical Engineering at MIT. 


Basic Human Factors for Engineers: The 
Task Analysis Approach to the Human En- 
gineering of Men and Machines, Verdier, 
Paul A. (Engineering Psychologist en- 
gaged in industrial and weapons systems 
work), Exposition Press, New York, 
1960, 103 pp. $4. 

Chapters: 1. Human Factors and Task 
Analysis; 2. Analyzing the Task; 3. 
Human Factors Forms and Worksheets; 
4. The Human Engineering Department 
in the Company; 5. The Future of 
Human Engineering. Appendix: A Sug- 
gested Format for a Military Unit Pro- 
ficiency System Personnel Performance 
Test. 

The method presented in this manual 
is intended as the first systematic method- 
ology for the new profession of Human 
Engineering, an essential part of this dis- 
cipline which has been lacking to date. 


An Introductory Treatise on Dynamical 
Astronomy, Plummer, H. C. (Late Pro- 
fessor of Astronomy in the University of 
Dublin and Royal Astronomer of Ire- 
land), Dover Publications, Inc., New 
York, 1960, 343 pp. Paperback reprint 
$2.35. 

Chapters: 1. The Law of Gravitation; 
2. Introductory Propositions; 3. Motion 
Under a Central Attraction; 4. Expan- 
sions in Elliptic Motion; 5. Relations 
Between Two or More Positions in an 
Orbit and the Time; 6. The Orbit in 
Space; 7. Conditions for the Determina- 
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tion of an Elliptic Orbit; 8. Determina- 
tion of an Orbit. Method of Gauss; 
9. Determination of Parabolic and Cir- 
cular Orbits; 10. Orbits of Double Stars; 
11. Orbits of Spectroscopic Binaries; 
12. Dynamical Principles; 13. Variatoni 
of Elements; 14. The Disturbing Fucn- 
tion; 15. Absolute Perturbations; 16 
Secular Perturbations; 17. Secular In- 
equalities. Method of Gauss; 18. Spe- 
cial Perturbations; 19. The Restricted 
Problem of Three Bodies; 20. Lunar 
Theory I; 21. Lunar Theory II, 22. 
Precession, Nutation and Time; 23. 
Libration of the Moon; 24. Formulas 
f Numerical Calculation. 

First published in 1918 and now avail- 
ble in this inexpensive paperback, this 
ook is intended to provide an introduc- 
‘ion to those areas of astronomy which 
quire dynamical treatment. Basic prin- 
iples are stressed thoughout to prepare 
ie student for advanced study. It is 
_seful also as a reference book for astrono- 


‘ers. 


A Manual of Spherical and Practical 
Astronomy, Chauvenet, William, Dover 
Publications, Inc., New York, 1960. 
Paperback reprint in two volumes: 

Vol. 1. Spherical Astronomy, 708 pp. 

Chapters: 1. The Celestial Sphere; 2. 
l'ime—Use of the Ephemeris—Interpola- 
tion—Star Catalogues; 3. Figure and Di- 
mensions of the Earth; 4. Reduction 
of Observations to the Centre of the 
Earth; 5. Finding the Time by Astro- 
nomical Observations; 6. Finding the 
Latitude by Astronomical Observations; 
7. Finding the Longitude by Astronomi- 
cal Observations; 8. Finding a Ship’s 
Place at Sea by Circles of Position— 
Sumner’s Method; 9. The Meridian Line 
and Variation of the Compass; 10. 
Eclipses; 11. Precession, Nutation, Aber- 
ration and Annual Parallax of the Fixed 
Stars; 12. Determination of the Obliquity 
of the Ecliptic and the Absolute Right 
Ascensions and Declinations of Stars by 
Observation; 13. Determination of As- 
tronomical Constants by Observation. 


Vol. 2. Theory and Use of Astronomi- 
cal Instruments, 633 pp. $2.75. 

Chapters: 1. The Telescope; 2. Of 
the Measurement of -Angles or Arcs in 
General—Cireles—Micrometers—Level; 3. 
Instruments for Measuring Time; 4. 
The Sextant, and Other Reflecting Instru- 
ments; 5. The Transit Instrument; 
6. The Meridian Circle; 7. The Altitude 
and Aximuth Instrument; 8. The Zenith 
Telescope; 9. The Equatorial Telescope; 
10. Micrometric Observations. Appendix: 
Method of Least Squares (98 pp.); Tables: 
Bessel’s Refraction Table, Tables for 
Correcting Lunar Distances, ete. (55 pp.) 


These two paperback volumes are una- 
bridged and unaltered republications of 
Chauvenet’s fifth revised and corrected 
classical treatises (copyright 1891). The 
vork is useful as a reference book, as a 
»ook of instruction for the student and 
is a practical manual for navigators. 


An Introductory Treatise on the Lunar 
Theory, Brown, Ernest W. (Professor of 
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Applied Mathematics, Haverford College, 
Pa., Sometime Fellow of Christ’s College, 
Cambridge), Dover Publications, Inc., 
New York, 1960, 292 pp. Paperback 
reprint, $2. 

Chapters: 1. Force-Functions; 2. The 
Equations of Motion; 4. Undisturbed 
Elliptic Motion; 4. Form of Solution: 
The First Approximation; 5. Variation 
of Arbitrary Constants; 6. The Disturb- 
ing Function; 7. De Pontécoulant’s 
Method; 8. The Constants and Their 
Interpretation; 9. The Theory of De- 
launay; 10. The Method of Hanssen; 
11. Method with Rectangular Coordi- 
nates; 12. The Principal Methods; 
13. Planetary and Other Disturbing 
Influences. 

This book was first published in 1896. 
It is for scientists and engineers who are 
interested in orbital calculation, navi- 
gation of space, and other areas where 
the three-body problem is important. 


Theoretical Mechanics: Dynamics of 
Rigid Bodies, Macmillan, William Dun- 
can, Dover Publications, Inc., New York, 
1960, 478 pp. Paperback reprint, $2. 

Chapters: 1. Algebra of Vectors; 2. 
Moments of Inertia; 3. Systems of Free 
Particles; 4. General Theorems on the 
Motion of a Rigid Body; 5. Motion Paral- 
lel to a Fixed Plane; 6. Motion of a 
Rigid Body in Space; 7. Integrable Cases 
of Motion of a Rigid Body about a Fixed 
Point; 8. Rolling Motion; 9. Impulsive 
Forces; 10. The Differential Equations 
of Analytical Dynamics; 11. The Canon- 
ical Equations of Hamilton; 12. The 
Method of Periodic Solutions. 

First published in 1936, this textbook is 
intended for the advanced student. 


Dynamics of a System of Rigid Bodies. 
Part I: The Elementary Part, Routh, 
Edward John, Dover Publications, Inc., 


New York, 1960, 443 pp. Paperback 
reprint, $2.35. 
Chapters: 1. On Moments of Inertia; 


2. D’Alembert’s Principle, etc.; 3. Mo- 
tion About a Fixed Axis; 4. Motion in 
Two Dimensions; 5. Motion in Three 
Dimensions; 6. On Momentum; 7. Vis 
Viva. 

In this elementary half of Routh’s 
work, the student is introduced to the 
dynamical principles of the subject to- 
gether with the more elementary applica- 
tions. 


Principles of Stellar Dynamics, Chan- 
drasekhar, S. (astrophysicist; Morton D. 
Hull Distinguished Service Professor, 
University of Chicago), Dover Publica- 
tions, Inc., New York, 1960, 313 pp. 
Paperback reprint, $2. 

Chapters: 1. Kinematics; 2. The Time 
of Relaxation of a Stellar System; 3. 
Galactic Dynamics: The Dynamics of 
Differential Motions; 4. General Dynam- 
ics of Stellar Systems: Spiral Structure; 
5. The Dynamics of Star Clusters. Later 
papers: Dynamical Friction, New Meth- 
ods in Stellar Dynamics. 

For the student of astronomy, this book 
(originally published in 1942) presents the 
theory of stellar dynamics as a branch of 
classical dynamics. 


PIONEERING IN 


SPACE NAVIGATION _ 
RESEARCH 


The Jet Propulsion Laboratory in Pasa- 
dena, California, has been given the 
responsibility by the National Aeronautics 
and Space Administration of managing 
and executing a number of highly signifi- 
cant explorations in space. They include 
lunar and planetary missions such as 
fly-bys, orbiters, and unmanned roving 
vehicles for the observation of the sur- 
face of the moon and the planets. Other 
missions planned for the future involve 
trips outside of the ecliptic and beyond 
the confines of the solar system. 

The successful execution of these pro- 
grams requires extensive research efforts 
of a basic nature in the areas of celestial 
navigation and the guidance and control 
of vehicles operating far out in space. 
The problem areas being investigated 
include novel concepts in navigation 
based on astrophysical phenomena as 
well as research on inertial, optical, and 
electro-optical sensors of various types. 
Other examples of present research activ- 
ities in this area are cryogenic studies 
related to gyro and computer techniques, 
gas lubrication and flotation of sensing 
masses, research in solid-state physics, 
and many others. 

The Laboratory has a number of posi- 
tions open for scientists who are inter- 
ested in working on challenging problems 
in these areas and who have the ability 
to investigate novel concepts and try un- 
conventional methods. 

Applicants must have an outstanding 
academic background with a Ph.D. 
degree, or equivalent experience and a 
Masters degree, in physics, astronomy, 
or electrical engineering. A minimum of 
five years of industrial or academic ex- 
perience in the following fields will 
normally be required: optical physics, 
astrophysics, cryogenics, inertial guid- 
ance, celestial navigation, and computer 
and logic devices. 

Qualified scientists will be offered the 
opportunity to work in an unusually stim- 
ulating atmosphere and will have avail- 
able excellent supporting facilities for 
experimental and analytical studies. 


Send professional resumé to 
Robert C. Dewar 
California Institute of Technology 
JET PROPULSION LABORATORY 
4800 Oak Grove Drive 
PASADENA.-CALIFORNIA 
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o~ stream thrust reaction propulsion 
oe (2,940,252). W. A. Reinhart, 
view, W: ash., assignor to Boeing Air- 
plane Co. (ARS corporate member). 
Tapered dividers mounted in the dis- 
charge end to separate the gas flow into 
branched streams for noise suppression 
and thrust reversal. 
Ullage compensation for pressurizing sys- 
tems (2,940,256). J. R. Conyers, D. E. 
Aldrich and G. P. Sutton (ARS members), 


Washington, C., assignors to North 
American Aviation, Inc. (ARS corporate 
member). 


Expandable container in the propellant 
tank of a rocket. A flow shifting valve 
redirects the fast burning charge gases to 
the thrust chamber at a predetermined 
point below full tank operating pressure. 
Rocket propellant injector (2,940,259). 

L. Mantler, Webster Groves, Mo., as- 
signor to NASA. 

Parallel co-planar tubes forming a flat- 
tened grating ejecting alternate spray 
sheets of propellants from different sources 

over the entire injector surface. 
Missile launcher adaptor (2,940,362). C. 
N. Paxton, Encino, Calif., assignor to the 
U.S. Air Force. 

Single mounting for supporting the 
weight of a missile formed on the upper 
surface of the missile. An adaptor car- 
ries the missile until a predetermined shear 
force of the mount is exceeded. 

Rocket release mechanism (2,940,363). 
G. A. Hamilton and R. T. Marette, Cleve- 
— Ohio, assignors to the Weatherhead 

0. 

Nonmetallic tube with a latch pivoted 
and extending into the tube. A cam tilts 
the latch in response to axial movement of 
the rocket in the tube. 

Turbine-driven fans (2,940,689). A. R. 
Howell, Cove, Farnborough, England, 
assignor to the British Government. 

Delta wing aircraft with ducted fans in 

the wings. A turbine nozzle supplies 
working fluid to the rotor blades. Rotor 
speed is maintained at constant value over 
the range of output of the fans. 
Aircraft with split flaps and gas jet bound- 
ary layer control (2,940,690). A. D. 
Wood, Ottawa, Ontario, Canada, as- 
signor to National Research Council. 

Ducts from the power units project a gas 
stream through flaps at the trailing edge of 
the wings, deflecting the flow downwardly. 
Vertical takeoff powerplant system 
(2,940,691). C. V. David, San Diego, 
Calif., assignor to Ryan Aeronautical Co. 
(ARS corporate member). 

Vertically thrusting fan providing lift 

when the blade pitch is high, and maintain- 
ing its gyroscopic stabilizing effect when 
feathered. 
Solid composite propellants with burning 
rate catalyst (2,941,352). W. M. St. 
John Jr., Waco, Texas, assignor to Phillips 
Petroleum Co. 


Enitor’s Nore: Patents listed above 
were ry ted from the Official Gazette of 
the U. Patent Office. Printed copies 
of sabia may be obtained from the 
Commissioner of Patents, Washington 25, 
D. C., at a cost of 25 cents each; design 
patents, 10 cents. 
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Method of developing thrust using as a 
base a propellant of inorganic oxidizing salt 
and a binder of a conjugated diene hav- 
ing 4 to 8 carbon atoms per molecule. 

propelled convertiplane (2,941,749). 

. J. Sullivan and H. J. Nozick, Fairfield, 
Conn., assignors to United Aircraft Corp. 
(ARS corporate member). 

Fixed Pow sustain the aircraft in air- 
plane A jet-driven rotor is 
about a vertical axis 
for helicopter flight. 


Guidance system for long range ballistic 
missile (2,946,539). E. M. Fischel, Hunts- 


_ ville, Ala., assignor to the U. 8. Navy. 


Integrated control autonomous after 

launching, and capable of traversing a 
great circle course along the trajectory of a 
Kepler ellipsoid. 
Balloon load launching device (2,941,750). 
H. V. Smith, J. Dwyer and J. A. Winkler, 
Sioux Falls, S. D., assignors to the U. S. 
Air Force. 

Automatically controlled means for 
separating a cord attaching a parachute to 
the balloon rigging at a predetermined 
point in the ascent. 

Rocket propellant (2,942,961). J. R. 
Eiszner and W. C. Stanley (ARS member), 
Seymour, Ind., assignors to Standard Oil 

0. 

Composition of ammonium nitrate, 

Prussian blue catalyst, finely divided car- 
bon and a plastic binder material of cellu- 
lose acetate. 
Stable rocket propellant (2,942,962). E. 
F. Morello, W. A. Porell (ARS member) 
and N. J. Bowman (ARS member), 
Hammond, Ind., assignors to Standard Oil 
Co. 

Combustion catalyst of Prussian blue, 
finely divided carbon, a plastic binder, and 
plasticizer components consisting of a 
liquid _polyesterification condensation 
product. 

Solid propellant combustion catalyst 
(2,942,963). T.A. Burgwald, Hammond, 
Ind., assignor to Standard Oil Co. 

Gas producing grain of ammonium 

nitrate and a combustible plastic binder 
of synthetic resin. 
Stable gas generating composition 
(2,942,964). T.A. Burgwald, J. Linsk and 
E. F. Morello, Joliet, Ill., assignors to 
Standard Oil Co. 

Ammonium nitrate, an inorganic com- 
bustion catalyst consisting of ammonium 
dichromate and insoluble Prussian blue, 
and a binder containing nitrodipheny] 
ether. 

Production of hollow thermal elements 
(2,942,970). C. G. Coetzel and J. L. Ellis, 


George F. McLaughlin, Associate Editor 


White Plains, N. Y., assignors to Sintercast 
Corp. of America. 

Method comprises forming a core of 
high melting and inert material of melting 
point above 1700 deg. F., and providing 
on the external surface a porous coating of 
a refractory material. 


Method of propelling rockets and rocket 
fuels (2,943,439). C. R. Scott, Bartles- 
_ Okla., assignor to Phillips Petroleum 
0 
Oxidant and fuel components of a bipro- 
pellant introduced in the combustion 
chamber. Components are a mixture of a 
Saasmmbered heterocyclic compound and a 
mercaptan. 


Rocket thrust chamber (2,943,442). E. F. 
Baehr, Berea, Ohio. 

Regeneratively cdoled combustion 

chamber able to withstand high flux rates. 
Channels secured together form a hollow 
enclosure. Rod-like means encircle the ex- 
terior, with the channels defining coolant. 
passages. 
Missile safety closure (2,943,445). J. H. 
Ritterskamp and C. A. Weise, Pacific 
Palisades, Calif., assignors to Douglas Air- 
craft Co., Ine. (ARS corporate member). 

Plug-ty pe closure in a container adapted 
to receive a propellant charge and igniter. 
A circuit breaker controls operation of the 
igniter in response to rotation of the plug. 


Stable monopropellants (2,944,385). E. E. 
Toops Jr., Terre Haute, Ind., assignor to 
Commercial Solvents Corp. 

Mixtures having a molar ratio of lithium 
= to ammonia ranging from 1 : 2 to 

: 3, and a bipropellant oxidant of lox, 
isd acid and dinitrogen tetroxide. 
Device for increasing the impulsion cf a 
fluid (2,944,386). J. H. Bertin and H. F. 
Schmitt, Bourg-la-Reine, France, as- 
signors to Société Bertin & Cie. 

Jet augmenter for lift or propulsion. 
Convergent duct ending with an orifice 
open to the atmosphere. Pressure liquid 
supplied to a chamber outside the duct. 
Part of the liquid issues as a divergent jet. 
Air atomizing spray bar (2,944,388). F.C. 
Bayer, Euclid, Ohio, assignor to Thomp- 
son Ramo Wooldridge, Inc. (ARS cor- 
porate member). 

Inside tube with air injection orifices at 
intervals along its length, and surrounded 
by a second tube for discharging air atom- 
ized fuel into the combustion chamber. 


Rotating rocket motor (2,944,389). C. E. 
Weinland (ARS member), China Lake, 
Calif., assignor to the U.S. Navy. 

Ring surrounding an insulated metal 
collar at the rear end of the rocket. 
Electrical wires from an igniter have one 
end connected to the collar; the other is 
grounded. 


Termination of thrust in solid propellant 
rockets (2,944,390). A.C. Keathley and 
N. A. Kimmel, Waco, Texas. 

Safety disk having an area sufficiently 
greater than that of the nozzle, so as to re- 
duce the pressure in the motor case to a de- 
gree insufficient to maintain combustion. 


Combustion Chamber for jet propulsion 
motors (2,944,398). R. J. Naegele Jr. 
(ARS member), Menlo Park, Calif., as- 
signor to Lockheed Aircraft Corp. (ARS 
corporate member). 

Ramjet with burner in the air passage 
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between the housing and center body. 
Burner has downstream diverging walls to 
direct combustible mixture into the burner. 
Jet engine noise reducer (2,944,623). A. 
G. Bodine Jr., Van Nuys, Calif. 

Twisted vanes in the constricted throat 

of an exit nozzle impart spin to the column 
of gases which is radially expanded by cen- 
trifugal force. 
Aircraft (2,944,762). T. R. Lane, Cleve- 
land, Ohio, assignor to Thompson Ramo 
Wooldridge, Inc. (ARS corporate mem- 
ber). 

Circular configuration in plan. A com- 
pressor enclosed at the center of the saucer 
-haped fuselage directs air over particular 
portions of the upper surface of the airfoil 
ror vertical, horizontal and hovering flight. 
Guidance system (2,944,763). R. Grand- 

ent and T. Petrides, New York, N. Y., 
sssignors to Republic Aviation Corp. 
‘ARS corporate member). 

For controlling the flight of a missile 
‘sunched from a moving base. Optical 
means tracks the missile and produces sig- 
vals indicating its position, and converts 
‘he signals into command signals. 

Jet propelled aircraft (2,946,540). H. 
(oanda, Paris, France, assignor to Sebac 
Nouvelle 8S. A. Corp. 

Slits of the Coanda-type extending 

around the fuselage forward of the wing 
and along the wing leading edge, adapted 
‘o direct emerging fluid rearwardly. 
Air vehicle (2,947,495). W. M. Ham- 
mond Jr., Middle River, Md., assignor 
to the Martin Co. (ARS corporate mem- 
er). 

Air towed spherical body for carrying 
detection instrumentation. Stabilizing 
_ rotatably mounted so as to contribute 
no lift. 

Jet propelled aircraft (2,947,496). A. L. 
Leggett, Los Angeles, Calif. 

Space craft with centrally mounted 
resonant jet engine. Horizontal disk 
with radial passages provides lift and 
gyroscopic stabilization. 

Rocket power plants for aircraft (2,947,- 
500). K. Dreyer, W. Wessel and L. 
Bélkow, Stuttgart-Degerloch, Germany, 
assignors to Bélkow-Entwicklungen KG. 

Solid fuel rocket power acceleration 
plant and continuous drive plant. One 
nozzle from the acceleration plant extends 
downwardly and rearwardly at an acute 
angle. 


Jet deflectors for aircraft (2,947,501). 


J. A. Flint, Cove, Farnborough, England, 
assignor to Power Jets (Research and 
Development) Ltd. 

Pipe junction in the form of a T-piece. 

Butterfly valves guide the deflected jets 
into a downward path. 
Ejection seat for aircraft (2,947,503). 
G. A. Holeomb, Columbus, Ohio, assignor 
to North American Aviation, Inc. (ARS 
corporate member). 

Rocket attached to a seat to provide a 
primary seat lifting force. A plate under 
the seat provides a secondary lift force 
when moved in an air stream. 

Combined rocket and ramjet engine 
(2,948,112). K. W. Smith, Dallas, Texas. 

Nose valve in the passageway from the 
forward end of the body to the combustion 
chamber provides flow of oxidant when 
closed, and shuts off flow when open. 


Supersonic wind tunnel for a variable 
Mach number (2,948,148). L. M. G. 
de Jurquet de la Salle d’Anfreville, J. H. 
Bertin and M. Kadosch, Paris, France, 
assignors to SNECMA Co. 

Nozzle in the form of a slot-like passage 
opening through the test chamber wall 
at the throat, and facing upstream. 


AND THE 
BIRDMAN WARP 


EONARDO DA VINCI (1452-1519) was an intellectual giant who loved 
to discourse on the subject of “Natural and Mechanical Flight” He pro- 
pounded a theory of aerodynamics and recognized the importance of wing 
warp and airframe stresses. In his treatise on the mechanical birdman he 
cautions that, “‘...its joints should be made of strong tanned hide, and sewn 
with cords of strong raw silk. And let no one encumber himself with iron 
bands, for these are very soon broken..:?’ 


Here at CEA, our scientists and engineers analyze advanced systems. For 
example, we supply missile and ground support equipment manufacturers 
with detail data on the response of their structures to thermal and aero- 
elastic environments. In our studies, we use an invention that would have 
delighted the probing intellect of Da Vinci: our Direct Analog Computer. 


COMPUTER ENGINEERING ASSOCIATES, INC. 
350 N. Halstead 
Elgin 5-7121 
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‘The James Forrestal Research Center, Princeton University 


Combustion and Propellants 


Preflame Reactions in the Autode- 
composition of Acetylenic Compounds, 
by V. U. Henderson Jr., Experiment Inc. 
TP-161, Dec. 31, 1959, 23 pp. 

Ion Identification and Ionzation Proc- 
esses in Flames, by A. Van Tiggeleu, 
Louvain University Laboratory for In- 
organic Chemistry, Final Report, May 
1960, 45 pp. 

Ignition and Flame Stabilization of 
Stream of Combustible Gaseous Mixtures 
by Hot Jet, by Hiroshi Tsuji, Tokyo, 
University Aeronautical Res. Institute, 
Rep. no. 357, June 1960, 18 pp. 

Propagation of Free Flames in Laminar- 
and Turbulent-Flow Fields, by Ray E. 
Bolz and Henry Burlage Jr., NASA 
Tech. Note D-551, Sept. 1960, 66 pp. 

Liquid-Phase Heat-Release Rates of 
the Systems Hydrazine-Nitric acid and 
Unsymmetrical Dimethylhydrazine-Nitric 


Epitor’s Nore: Contributions from Pro- 
fessors E. R. G. Eckert, E. M. Sparrow 
and W. E. Ibele of the Heat Transfer Lab- 
oratory, University of Minnesota, are 
acknowledged. 


Acid, by Somogyi, Dezso and Charles E. 
Feiler, LeRC., NASA TN D-469, Sept. 
1960, 16 pp. 

Stability of Some Potential Rocket 
Fuels in the Molten State, by R. P. 
Rastogi, R. K. Nigam and Harbans Lal, 
ARS Journat, vol. 30, Sept. 1960, pp. 
905-907. 

Concerning the Analogy Between Com- 
bustion in a Detonation Wave and in a 
Rocket Engine, by Yu. N. Denisov, Ya. 
K. Trashin and K. I. Shchelkin, ARS 
JOURNAL, vol. 30, Sept. 1960, Russian 
Suppl., pp. 834-840 

The Infrared Fundamental Band of 
Liquid and Solid Hydrogen, by H. P. 
Gush, W. F. J. Hare, E. J. Allin and H. L. 
Welsh, Canadian J. Phys., vol. 38, Feb. 
1960, p. 176-193. 

Theory of the Infrared and Raman 
Spectra of Solid Para-Hydrogen, by J. 
Van Kranendonk, Canadian J. Phys., 
vol. 38, Feb. 1960, p. 240-261. 

The Flame Decomposition of Some 
Substituted Ethyl Nitrates, by J. Powling, 
W. A. W. Smith and J. Thynne, Combus- 
tion and Flame, vol. 4, Sept. 1960, pp. 
201-212. 

Chlorine Inhibition of Carbon Mon- 
oxide Flames, by H. B. Palmer and D. J. 
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spectrum of problems. 
proven ability and experience. 


Mr. E. P. James, Head 
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PROFESSIONAL OPPORTUNITIES IN = 
STRUCTURES ENGINEERING AT 
AEROJET-GENERAL’S SOLID ROCKET PLANT 


In the sixties, as in the forties, Aerojet-General stands foremost in the solid rocket 
field. Our Solid Rocket Plant near Sacramento, California, is the nation’s largest 
facility for the development and production of solid rocket power plants. 


To continue our growth and expansion into new fields of rocketry, we are seeking 
mature, experienced engineers who have specialized in the areas of structural 
analysis, shell theory, large-deformation theory, heterogeneous construction 
(such as filament-winding), photoelastic analysis, and quantitative structural 
testing. A degree in mechanical, aeronautical or civil engineering is required. 


The intricate and highly refined load-carrying components of modern missiles 
present interesting challenges to our structural engineering staff. 
problems are brought about by the complex interaction of the very large pro- 
pellant grain, chamber, interstage structures and applied loads which a modern 
large solid rocket motor must withstand. These problerns demand the attention 
of structural analysts and test engineers of the highest talent. 


Our top specialists are given responsibility and freedom to work on a broad 
Excellent salaries are offered, commensurate with 
Our location near Sacramento, between Lake 
Tahoe and San Francisco, offers the finest living conditions. 


We invite you to send your resume and any detailed questions to: a 


Technical and Scientific Personnel 


AEROJET-GENERAL CORPORATION 


Sacramento, California 


Intriguing 
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Seery, Combustion and Flame, vol. 4, 
Sept. 1960, pp. 213-222. 

Mechanisms of Extinction of Liquid 
Fires with Water Sprays, by D. J. Ras- 
bash, Z. W. Rogowski and G. W. V. 
Stark, Combustion and Flame, vol. 4, 
Sept. 1960, pp. 223-234. 

Heterogeneous Combustion of Multi- 
component Fuels, by B. J. Wood, H. 
Wise and 8. H. Inami, Combustion’ and 
Flame, vol. 4, Sept. 1960, pp. 235-242. 

Kinetic Parameters for the Hydrogen 
and Ethylene Flames from Flashback 
Measurements, by B. Fine, Combustion 
and Flame, vol. 4, Sept. 1960, pp. 243- 
252. 

Activation Energy and Reaction Order 
in Methane-Oxygen Flames, by : 
Vandenabeele, R. Corbeels and A. Van 
Tiggelen, Combustion and Flame, vol. 4, 
Sept. 1960, pp. 253-260. 

The Formation of Polycyclic Aromatic 
Hydrocarbons and Carbon Deposits from 
Normal and Reversed Diffusion Flames, 
by A. J. Lindsey, Combustion and Flame, 
vol. 4, Sept. 1960, pp. 261-264. 

The Spontaneous Ignition of Aliphatic 
tation, oy C. F. Cullis and B. A. Khok- 
har, Combustion and Flame, vol. 4, Sept. 
1960, pp. 265-269. 

The Reaction of Hydrogen Atoms with 
Solid Propene at Low Temperatures, 
by Ralph Klein, Milton D. Scheer and 
John G. Walker, J. Phys. Chem., vol. 64, 
Sept. 1960, pp. 1247-1253. 

Chemical Reactions of Free Radicals 
at Low Temperature, by R. A. Ruehr- 
wein, J. S. Hashman and J. Edwards, 
J. Phys. Chem., vol. 64, Sept. 1960, 
pp. 1317-1322. 

The Solubility of Nitrogen, Argon, 
Methane, Ethylene and Ethane in Normal 
Primary Alcohols, by Franklin L. Boyer 
and Louis J. Bircher, J. Phys. Chem., 
vol. 64, Sept. 1960, pp. 1330-1335. 

Investigation of the Mass Transfer 
Behind Flameholders, by G. Winterfeld, 
Zeitschrift fiir Flugwissenschaften, vol. 
8, Aug. 1960, pp. 219-225. (In German.) 


Materials and Structures 


Rocket Motor Gear Tooth Analysis 
(Hertzian Contact Stresses and Times), 
by E. K. Gatcombe and R. W. Prowell, 
J. Engng. for Industry (ASME Trans.), 
vol. 82, Series B, no. 3, Aug. 1960, p. 223. 

The Strain Analysis of Solid Propellant 
Rocket Grains, by M. L. Williams, //. 
Aero/Space Sci., vol. 27, Aug. 1960, pp. 
574-586. 

Oxygen Transport and Steel Corrosion, 
by L. B. Johnson Jr., 1/EC: Indl. & 
Engng. Chem., vol. 52, Aug. 1960, pp .71- 
73A. 


Spectral Emissivity, Total Emissivity, 
and Thermal Conductivity of Molybdenum, 
Tantalum, and Tungsten Above 2300°, by 
Robert D. Allen, Louis F. Glasier Jr. and 
Paul L. Jordan, J. Appl. Phys., vol. 31 
Aug. 1960, pp. 1382-1387. 

The Analysis of Redundant Structures 
by the Use of High-speed Digital Com- 
puters, by Walter J. Crichlow and Gernot 
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W. Haggenmacher, J. Aero/Space Sci., 
vol. 27, Aug. 1960, pp. 595-606. 


Fluid Dynamics, Heat Transfer 


and MHD 


Influence Coefficients for Radiation in a 
Circular Cylinder, by E. W. Parkes, 
Stanford Univ., Dept. Aeron. Engng., Rep. 
SUDAER 92, March 1960, 11 pp. 

Studies'in the Heating of a Supersonic 
yas Stream by a Radio Frequency Dis- 
harge, by Frederick O. Smetana, Southern 
‘alif. Univ., Rep. USCEC 56-214, 
luly 15, 1960, 88 pp. 

Temperature Histories in Ceramic 
nsulated Heat-sink Nozzle, by Carl C. 

iepluch, NASA TN D-300, July 1960, 
5) pp. 

Transport Properties of Free Molecule 
Knudsen) Flow, by G. N. Patterson, 
niv. Toronto, Inst. Aerophys., UTIA Rev. 

, March 1958, 22 pp. 

Design Study of the UTIA Low Density 
Plasma Tunnel, by J. B. French and E. P 

funtz, Univ. Toronto, Inst. Aerophys., 

‘TIA TN 34, March 1960, 34 pp. 
Oblique Shock Relations for Air at 

Mach 7.8 and 7200 R Stagnation Tem- 


perature, by H. T. Nagamatsu, J. B. 
\Vorkman and R. E. Sheer Jr., ARS. 
joURNAL, vol. 30, no. 7, July 1960, 


pp. 619-622. 

Mass Transfer and Shock Generated 
Vorticity, by H. Hoshizaki, ARS JOURNAL, 
vol. 30, no. 6, July 1960, pp. 628-634. 

Magnetohydrodynamic Cavities, by 
Bernard Steginsky, ARS JourNAL, vol. 
30, no. 7, July 1960, pp. 642-642. 

Analytic Formulation for Radiating Fins 
with Mutual Irradiation, by E. R. G. 
Eckert, T. F. Irvine Jr. and E. M. 
Sparrow, ARS Journal, vol. 30, no. 7, 
July 1960, pp. 644-646. 

Condensation Shocks in Supersonic 
Nozzles, by A. A. Stepchkov, ARS 


JouRNAL, vol. 30, no. 7, July 1960, 
Russian Supplement, pp. 695-699. 

Approximate Free Molecule Aero- 
dynamic Characteristics, by D. M. 


Schrello, ARS Journat, vol. 30, no. 8, 
Aug. 1960, pp. 765-767. 

Free Molecule Flow over Nonconvex 
Bodies, by Ira M. Cohen, ARS Journat, 
vol. 30, no. 8, Aug. 1960, pp. 770-772. 

Aerodynamic Heating Charts for Solid 
Propellant Rocket Motors, by Gerald R. 
Guinn, ARS Journat, vol. 30, no. 8, 
Aug. 1960, pp. 776-778. 

Transient State Heat Transfer and 
Diffusion Problems, by Tung Tsang, J/EC: 
Indl. & Engng. Chem., vol. 52, Aug. 1960, 
pp. 707-710. 

An Experimental Investigation of the 
Effect of Ejecting a Coolant Gas at the 
Nose of a Bluff Body, by C. H. E. Warren, 
J. Fluid Mech., vol. 8, part 3, July 1960, 
pp. 400-417. 

Magnetohydrodynamic Flow of a 
Viscous Fluid Past a Sphere, by Richard 
Van Blerkom, J. Fluid Mech., vol. 8, part 
3, July 1960, pp. 482-441. 

Rocket Heat-transfer Literature, J. Heat 
Transfer (ASME Trans.), vol. 82, series C, 
10. 3, Aug. 1960, p. 155. 

Unsteady Turbulent Heat Transfer in 
Tubes, by E. M. Sparrow and R. Siegel, 
’. Heat Transfer (ASME Trans.), vol. 
$2, series C, no. 3, Aug. 1960, pp. 170-180. 

Improved Lumped Parameter Method 
for Transient Heat Conduction Calcula- 
ions, by H. G. Elrod Jr., J. Heat Transfer 

ASME i Trans.), vol. 82, series C, no. 3, 
\ug. 1960, pp. 181-188. 
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The result | 


Laboratories. This transmitter, more than 

: of complex twice as powerful as the formerly largest 

unit of its class, will be used in the elec- 

> challenges tronic exploration of the atmosphere and 

. FXR has an extensive achievement record in solving 


| FXR’s advanced techniques and facilities 
' have produced the 50 Megawatt “‘S” Band 
Radar Transmitter for Cornell Aeronautical 


demanding problems. Put this creative ability to work to 
help solve your High Power Electronics problem. 


_ For detailed information concerning your 

particular application, contact your FXR 
applications engineer. He is only a phone 
call away. 


FXR, Ine. 


Design * Development * Manufacture 
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Local and Average Heat Transfer and 
Pressure Drop for Refrigerants Evaporat- 
ing in Horizontal Tubes, by M. Altman, 
R. H. Norris and F. W. Staub, J. Heat 
Transfer (ASME Trans.), vol. 82, series C, 
no. 3, Aug. 1960, pp. 189-198. 

Experiments on Heat Transfer from 
Spheres Including Combined Natural and 
Forced Convection, by T. Yuge, J. Heat 
Transfer (ASME Trans.), vol. 82, series C, 
no. 3, Aug. 1960, pp. 214-220. 

Heat Transfer to Freon 12 Near the 
Critical State in a Natura] Circulation Loop, 
by J. P. Holman and J. H. Boggs, J. 
Heat Transfer (ASME Trans.), vol. 82, 
series C, no. 3, Aug. 1960, pp. 221-226. 

Combined Free and Forced-convection 
Heat-generating Laminar Flow inside 
Vertical Pipes with Circular Sector Cross 
Sections, by Pau-Chang Lu, J. Heat 
Transfer (ASME Trans.), vol. 82, series C, 
no. 3, Aug. 1960, pp. 297-232. 

On Combined Free and Forced Convec- 
tion in Channels, by L. N. Tao, J. Heat 
Transfer (ASME Trans.), vol. 82, series 
C, no. 3, Aug. 1960, pp. 233-238. 

The Role of the Skin in Heat Transfer, 
by A. M. Stoll, J. Heat Transfer (ASME 
Trans.), vol. 82, series C, no. 3, Aug. 1960, 
pp. 239-242. 

Heat Transfer by Laminar Flow from a 
Rotating Cone, by C. L. Tein, J. Heat 
Transfer (ASME Trans.), vol. 82, series 
C, no. 3, Aug. 1960, p. 252. 

The Effect of Mass Transfer on Free 
Convection, by R. Eichhorn, J. Heat 
Transfer (ASME Trans.), vol. 82, series 
C, no. 3, Aug. 1966, pp. 260-262. 

Boundary Layer Transition and Heat 
Transfer in Shock Tubes, by R. A. 
Hartunian, A. L. Russo and P. V. 
Marrone, J. Aero/Space Sci., vol. 27, Aug. 
1960, pp. 587-594. 

The Thickness of a Melting Ablation- 
type Heat Shield, by 


Ernst Wilhelm 


Adams, J. Aero/Space Sct., vol. 27, Aug. 
1960, pp. 620-621. 

Mass-transfer Cooling in a Turbulent 
Boundary Layer, by J. P. Hartnett, D. J. 
Masson, J. F. Gross and Carl Gazeley 
Jr., J. Aero/Space Sci., vol. 27, Aug 
1960, pp. 623-624. 

Some Mass-Transfer Results with 
External-Flow Pressure Gradients, by J. 
R. Baron and P. E. Scott, J. Aero/Space 
Sci., vol. 27, Aug. 1960, p. 625. 

The Effect of a Deceleration Force on a 
Melting Boundary Layer, by Simon 
Ostrach, Arthur W. Goldstein and Jesse 
Hamman, J. Aero/Space Sci., vol. 27, 
Aug. 1960, p. 626. 

Heating of a Plasma by Acoustic Waves, 
by Taro Dodo, J. Phys. Soc., Japan, vol 
15, July 1960, pp. 1292-1294. 

Statistical Mechanics of Transport in 
Fluids, by James A. McLennan Jr., 
Phys. of Fluids, vol. 3, no. 4, July-Aug. 
1960, pp. 493-502. 

Turbulence Theory and Functional 
Integration, by Gerald Rosen, Phys. of 
Fluids, vol. 3, no. 4, July-Aug. 1960, pp. 
519-528. 

Energy Transfer in a Turbulent Fluid, 
by B. Samuel Tanenbaum and David 
Mintzer, Phys. of Fluids, vol. 3, no. 4, 
July-Aug. 1960, pp. 529-538. 

Influence of Pressure History on 
Momentum Transfer in Rarefied Gas 
Flows, by F. C. Hurlbut, Phys. of Fluids, 
vol. 3, no. 4, July-Aug. 1960, pp. 541-544. 

Blunt Body Viscous Layer With and 
Without a Magnetic Field, by Hakuro 
Oguchi, Phys. of Fluids, vol. 3, no. 4, 
July-Aug. 1960, pp. 567-580. 

Plasma Viscosity in a Magnetic Field, 
by Allan N. Kaufman, Phys. of Fluids, vol. 
3, no. 4, July-Aug. 1960, pp. 610-616. 

Experiments of Plasmoid Motion Along 
Magnetic Fields, by David M. Wetstone, 
Melvin P. E inrlic h and | David Finkelstein, 
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Phys. of Fluids, vol. 3, no. 4, July-Aug. 
1960, pp. 617-630. 

On Certain Properties of Hydromagnetic 
Shocks, by W. B. Ericson and J. Bazer, 
Phys. of Fluids, vol. 3, no. 4, July-Aug 
1960, pp. 631-640. 

On the Newtonian Theory of Hypersonic 
Flow for a Blunt Body, by N. C. Freeman, 
Princeton Univ., Dept. Aeron. Engng., 
Rep. no. 467, May 1959, 13 pp. 

Flow Properties of An Unyawed 10- 
Deg. Cone for 7 = 1.28 to 1.40 At Mach 
Numbers of 1.5 to 8, by W. T. Strike Jr. 
and B. B. Norton Jr., Arnold Engng. 
Dev. Center, ARO, Inc., TN no. 60-178, 
Oct. 1960, 85 pp. 

Distribution of Time-Averaged Pres- 
sure Fluctuations Along the Boundary 
of a Round Subsonic Jet, by Walton L. 
Howes, NASA TN no. D-530, Nov. 1960, 
20 pp. 

A Visual Technique for Determining 
Qualitative Aerodynamic Heating Rates 
on Complex Configurations, by P. Calvin 
Stainback, NASA TN D-385, Oct. 1960, 
25 pp. 

Effect of Surface Roughness on Charac- 
teristics of Spherical Shock Waves, 
by Paul W. Huber and Donald R. Mc- 
Farland, NASA TR no. R-23, 1959, 
25 pp. 

Heat Transfer to Sharp and Blunt 
Yawed Plates in Hypersonic Air-Flow, 
by J. G. Hall and T. C. Golian, Cornell 
Aeron. Lab. Rep. no. AD-1052-A-11, 
sept. 1960, 4 pp. (AFOSR TN no. 60- 
938.) 

Variational Procedure for Minimizing 
Heating Effects During the Re-Entry 
of a Lifting Vehicle, by Ely S. Levinsky, 
Wright Air Dev. Div., TR no. 60-369, 
July 1960, 81 pp. 

A Generalized Ohm’s Law of Plasma, 
by Ching-Sheng Wu, Calif. Inst. Tech., 
Jet Propulsion Lab., TR no. 32-23, May 
1960, 23 pp. 

Boundary-Layer Transition on Blunt 
Bodies With Highly Cooled Boundary 
Layers, by Kenneth F. Stetson, Avco- 
Everett Res. Lab., Res. Rep. 41, Jan. 
1959, 11 pp. 

Shock-Wave Laminar-Boundary-Layer 
Interaction on a Convex Wall, by Isaac 
Greber, NASA TN D-338, Oct. 1960, 
77 pp. 

Flight Measurement of Wall-Pressure 
Fluctuations and Boundary-Layer Tur- 
bulence, by Harold R. Mull and Joseph 
8. Algranti, NASA TN D-280, Oct. 1960, 
26 pp. 

Numerical Solutions of Shock-Induced 
Unsteady Boundary Layers, by S. 
Lam, Princeton Univ., Dept. Aeron. 
Engng., Rep. 480, Aug. 1959, 37 pp. 
(AF OSR TN 59-926.) 

Turbulent Skin Friction at High Mach 
Numbers and Reynolds Numbers in 
Air and Helium, by Fred W. Matting, 
Dean R. Chapman, Jack R. Nyholm and 
Andrew G. Thomas, NASA TR R-82, 
1960, 85 pp. 

Three-Dimensional Boundary Layer 
Equations of an Ionized Gas in the 
Presence of a Strong Magnetic Field, 
by Ching-Sheng Wu, Calif. Inst. Tech., 
Jet Propulsion Lab., TR 32-17, March 
1960, 24 pp. 

Transient Characteristics of a Rotating 
Plasma, by Ching-Sheng Wu, Calif. 
Inst. Tech., Jet Propulsion Lab., Tech. 
Release 34-122, Oct. 1960, 19 pp. 

Nearly Free Molecular Flow Through 
an Orifice, by Roddam Narasimha, 
Calif. Inst. Tech., Guggenheim Aeron. 
Lab., Oct. 1960, 19 pp. 


Moment Equations and Boundary 


278 


Conditions for Magneto-Gas Dynamics, 
by Hsun-Tiao Yang, Univ. Southern 
Calif., Engng. Center, USCEC Rep. 56- 
216, July 1960, 51 pp. 

Low-Speed Plane Couette Flow of a 
Rarefied Conducting Gas in a Uniform 
Transverse Magnetic Field, by Hsun- 
Tiao Yang, Univ. Southern Calif., Engng. 
Center, USCEC Rep. 56-218, Aug. 1960, 
24 pp. (AF OSR TN 60-1002.) 

The Structure of an Electromagnetically 
Driven Shock, by Vernal Josephson and 
Richard W. Hales, Space Tech. Labs., 
Inc., Phys. Res. Lab., TR 60-0000-19313, 
Sept. 1960, 30 pp. 

On the Distribution Function and 
Mean Energy of Electrons in a Slightly 
Ionized Gas in the Presence of Magnetic 
and Electric Fields, by Ching-Sheng Wu, 
Calif. Inst. Tech., Jet Propulsion Lab., 
TR 32-14, July 1960, 23 pp. 

The Magnetic Field of a Finite Solenoid, 
by Edmund E. Callaghan and Stephen 
H. Maslen, NASA TN D-6465, Oct. 
1960, 23 pp. 

Hypersonics, by Richard D. Linnell, 
Astronautics, vol. 5, Nov. 1960, p. 
36. 

Magnetohydrodynamics. by Ali Bulent 
Cambel, AstrRoNAUTICS, vol. 5, Nov. 1960, 
p. 39. 

Measurement of Convective Heat 
Transfer by Means of the Reynolds 
Analogy, by R. A. Granville and G. 
Boxall, Brit. J. Appl. Phys., vol. 11, 
Oct. 1960, pp. 471-474. 

Determination of Streaming Velocity 
and the Flow of Heat and Mass in High 
Current Arcs, by T. B. Reed, J. Appl. 
Phys., vol. 31, Nov. 1960, pp. 2048- 
2051. 

An Experimental Investigation of Tur- 
bulent Spots and Breakdown to Turbu- 
lence, by J. W. Elder, J. Fluid Mech., 
vol. 9, Oct. 1960, pp. 235-246. 

On Unsteady Laminar Boundary Layers, 
by H. A. Hassan, J. Fluid Mech., vol. 9, 
Oct. 1960, pp. 300-304. 

Transient Temperatures and Thermal 
Stresses in Hollow Cylinders Due to 
Heat Generation, by John E. Schmidt 
and George Sonnemann, J. Heat Transfer 
(ASME Trans.), vol. 82C, Nov. 1960, 
pp. 273-278. 

Mass Transfer, Flow and Heat Transfer 
About a Rotating Disk, by E. M. Sparrow 
and J. L. Gregg, J. Heat Transfer (ASME 
Trans.), vol. 82C, Nov. 1960, pp. 294- 
302. 

Heat Transfer and Effectiveness for 
a Turbulent Boundary Layer With Tan- 
gential Fluid Injection, by R. A. Seban, 
J. Heat Transfer (ASME Trans.), vol. 
82C, Nov. 1960, pp. 303-312. 

Laminar Skin Friction and Heat Trans- 
fer on Flat Plates With Wedge-Shaped 
Grooves in Flow Direction, by T. F. 
Irvine Jr., and E. R. G. Eckert, J. Heat 
Transfer (ASME Trans.), vol. 82C, 
Nov. 1960, pp. 325-332. 

Heat Transfer to Liquid Metals With 
Variable Properties, by R. Viskanta 
and Y. S. Touloukian, /. Heat Transfer 
(ASME Trans.), vol. 82C, Nov. 1960, 
pp. 333-340. 

An Experimental Study of the Effects 
of Nonuniform Wall Temperature on 
Heat Transfer in Laminar and Turbulent 
Axisymmetric Flow Along a Cylinder, 
by R. Eichhorn, E. R. G., Eckert and 
A. D. Anderson, J. Heat Transfer (ASME 
Trans.), vol. 82C, Nov. 1960, pp. 349- 
359. 

Geometric Factors for Radiative Heat 
Transfer Through an Absorbing Medium 
in Cartesian Coordinates, by A. K. 


Oppenheim and J. T. Bevans, J. Heat 
Transfer (ASME Trans.), vol. 82C, 
Nov. 1960, pp. 360-368. 

Thermal Radiation From a Cylindrical 
Enclosure With Specified Wall Heat 
Flux, by C. M. Usiskin and R. Siegel, 
J. Heat Transfer (ASME Trans.), vol. 
82C, Nov. 1960, pp. 369-374. 

Application of Variational Methods to 
Radiation Heat Transfer Calculations, 
by E. M. Sparrow, J. Heat Transfer 
(ASME Trans.), vol. 82C, Nov. 1960, 
pp. 375-380. 

Heat Transfer to Boiling Mercury, 
by F. E. Romie, 8S. W. Brovarney and 
W. H. Giedt, J. Heat Transfer (ASME 
Trans.), vol. 82C, Nov. 1960, pp. 387- 
388. © 


Flight Mechanics 


Physics and Medicine of the At- 
mosphere and Space, /nternational Sym- 
posium on the Physics and Medicine of the 
Aimosphere and Spare, 2d, San Antonio, 
Texas, Nov. 10-12, 1959, ed. by Otis O. 
Benson Jr. and Hubertus Strughold, 
John Wiley & Sons, New York, 1960, 
645 pp. 

Deceleration During Entry into 
Planetary Atmospheres, by Dean R. 
Chapman, pp. 339-351. 

A Flight Study of a Power-off Landing 
Technique Applicable to Re-entry Vehicles, 
by Richard 8. Bray, Fred J. Drinkwater 


III and Maurice D. White, NASA TN 


D-323, July 1960, 27 pp. 


Vehicle Design, Testing and 
Performance 


Measurement of the Maximum Altitude 


Attained by the X-15 Airplane Powered 
With Interim Rocket Engines, by W. H. 
Stillwell and T. J. Larson, NASA TN 
no. D-623, Oct. 1960, 12 pp. 

Measurement of the Maximum Speed 
Attained by the X-15 Airplane Powered 
With the Interim Rocket Engines, by 
W. H. Stillwell and T. J. Larson, NASA 
TN no. D-615, Sept. 1960, 14 pp. 

Analytical and Computational Aspects 
of Dynamic Programming Processes of 
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11-734. 


instrumentation and 
Communications 


Transmission of Information in a 
Channel with Feedback, by R. L. Dob- 
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1-5. 

The Calculus of Radar Observations, 

by P. M. Woodward, pp. 6-11. 
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Observation of Re-entry of an IRBM, 

by David D. Woodbridge, pp. 113- 124’ 

Earth Satellite Observations Made with 
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187. 


Vehicle Motions as Inferred from 


bership 


AANGE-OF-ADDRESS NOTICE 


In the event of a change of address, it is necessary to include both your old and new 


Radio-signal-strength Records, by 
William C. Pilkington, pp. 188-235. 
Forty Megacycle Satellite Images and 
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Radio-frequency Mass Spectrometer for 
the Investigation of the Ionic Composition 
of the Upper Atmosphere, by V. G. 
Istomin, ARS JourNAL, vol. 30, no. 7, 
July 1960, Russian Supplement, pp. 676- 
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